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Null controllability of Kolmogorov-type
equations

K. BEAUCHARD * ¥

Abstract

We study the null controllability of Kolmogorov-type equations 0, f +
00, f—O2f = u(t, z,v)1,(2,v) in a rectangle , under an additive control
supported in an open subset w of €.

For v = 1, with periodic-type boundary conditions, we prove that null
controllability holds in any positive time, with any control support w.
This improves the previous result [5], in which the control support was a
horizontal strip.

With Dirichlet boundary conditions and a horizontal strip as control
support, we prove that null controllability holds in any positive time if
v =1, or if vy = 2 and w contains the segment {v = 0}, and only in large
time if v = 2 and w does not contain the segment {v = 0}.

Our approach, inspired from [7, 31|, is based on 2 key ingredients: the
observability of the Fourier components of the solution of the adjoint sys-
tem, uniformly with respect to the frequency, and the explicit exponential
decay rate of these Fourier components.

Key words: null controllability, degenerate parabolic equations, Carleman es-
timates, hypoelliptic systems.

1 Introduction

1.1 Main result
We consider Kolmogorov-type equations
Oif +070,f — 02 f = u(t,xz,v)1u(z,v), (t,2,v) € (0,+00) xQ, (1)

where v € N*, Q =T x (—1,1), T is the 1D-torus, w is an open subset of , 1,
is the characteristic function of this set and w(¢,z,v) is a source term located
on the subdomain w. It is a linear control system in which the state is f and
the control u is supported in the subset w.

Depending on the value of 7, we use different boundary conditions in variable
v: periodic type boundary conditions when v =1

flt,x—t,—-1) = f(t,z +t,+1), (t,z) € (0,400) x T, @)
avf(taxftaf]-):avf(t7x+t71)v (tax)€(03+oo>XT7
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or Dirichlet boundary conditions when v € N*
f(ta,—1) = f(t,5,41) =0, (t,z) € (0,4+00) x T. (3)
We will also use initial data

f(0,z,v) = folz,v), (z,v)€N. (4)

Definition 1 (Null controllability). Let T > 0 and v € N*. System (1)-(2)
(resp. System (1)-(8)) is null controllable in time T if, for every fo € L?(12),
there exists u € L*((0,T) x Q) such that the solution of the Cauchy problem

(1)-(2)-(4) (resp- (1)-(3)-(4)) satisfies f(T,,) = 0.

When v = 1 and w = T x (a, b) for some a,b € (—1, 1), the null controllability
of system (1)-(2) is proved in [5]. The goals of this article are

1. to improve the strategy of [5] in order to conclude with more general
control supports, in the case of periodic-type boundary conditions when
v =1 (i.e. for system (1)-(2)),

2. to study the case of Dirichlet boundary conditions (i.e. system (1)-(3)),

3. to give an indication about the possible critical parameter ~ for the null
controllability (possibly v = 2), for system (1)-(3), as for Grushin equa-
tions in [4].

The main results of this paper are the following ones.

Theorem 1. 1. If vy = 1 and w is an open subset of 2, then the system
(1)-(2) is null controllable in any time T > 0.

2. Ify=1and w=T x (a,b) with —1 < a < b < 1, then the system (1)-(3)
is null controllable in any time T > 0.

3. Ify=2andw=Tx (a,b) with0 < a <b <1 then there exists T* > a*/2
such that
o the system (1)-(3) is null controllable in any time T > T*,
o the system (1)-(3) is not null controllable in time T < T*.

4. If y=2and w =T x (a,b) with —1 < a <0 < b < 1 then the system
(1)-(3) is null controllable in any time T > 0.

Note that in the third statement, the set {v = 0} is not contained in the
control location w, contrary to the fourth case. Theorem 1 emphasizes several
behaviors:

1. asensitivity to boundary conditions (see the asymptotic behavior of Fourier
components in Propositions 2, 10 and 17),

2. a finite speed of propagation through the set {v = 0} with v = 2 and
Dirichlet boundary conditions.
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By duality, Theorem 1 is equivalent to observability results for the adjoint

system
0rg — 10,9 — 029 =0, (t,z,v) € (0,400) x Q, (5)

associated to the following boundary conditions when v =1

g(tax_T+t7_1):g(tax""T_tvl)a (t,x)E(O,—i—oo)x’]I‘, (6)
avg(t7x_T+t7_1) :8vg(tax+T_t71)7 (t,l’) € (O,+OO) X Tv

or the following ones for v € N*
g(t,x,—1) =g(t,z,1) =0, (t,z) € (0,400) x T. (7
We will also use initial data
g9(0,z,v) = go(z,v), (x,v)€N. (8)

Definition 2 (Observability). Let T > 0 and v € N*. System (5)-(6) (resp.
System (5)-(7)) is observable in w in time T if there exists C > 0 such that,
for every go € L%(), the solution of the Cauchy problem (5)-(6)-(8) (resp.
(5)-(7)-(8)) satisfies

T
/ |9(T, z,v)|*dxdv < C/ / lg(t, z,v)|*dzdvdt .
Q 0 w
Theorem 2. 1. If v = 1 and w is an open subset of ), then the system

(5)-(6) is observable in w in any time T > 0.

2. Ify=1and w=Tx (a,b) with0 < a < b <1, then the system (5)-(7) is
observable in w in any time T > 0.

3. Ify=2andw=Tx(a,b) with0 < a < b < 1, then there exists T* > a*/2
such that

o the system (5)-(7) is observable in w in any time T > T*,
o the system (5)-(7) is not observable in w in time T < T*.

4. If y=2and w =T x (a,b) with —1 < a <0 < b < 1 then the system
(5)-(7) is observable in w in any time T > 0.

Remark 1. Let us emphasize that, when v = 2, w = T X (a,b) with 0 < a <
b<1andT <T*, then unique continuation holds for system (5)-(7), i.e. any
solution g of (5)-(7) satisfies

g=0o0on (0,T)xw = g¢g=0o0n(0,T)xQ

(see Proposition 9 for a proof).

1.2 Motivation and bibliographical comments
1.2.1 Null controllability of the heat equation

The null and approximate controllability of the heat equation are essentially
well understood subjects for both linear and semilinear equations, for bounded
or unbounded domains (see, for instance, [16], [19], [21], [22], [23], [26], [30],
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[31], [33], [36], [37], [42], [43]) and also with discontinuous (see, e.g. [17], [6], [7],
[39]) or singular ([40] and [18]) coefficients.

In particular, the heat equation on a smooth bounded domain 2 of R¢ (d €
N*), with a source term located on an open subset w of € is null controllable in
arbitrarily small time 7" and with an arbitrarily small control support w. This
result is due, for the case d = 1, to H. Fattorini and D. Russell [20, Theorem 3.3],
and, for d > 2, to O. Imanuvilov [28], [29] (see also the book [25] by A. Fursikov
and O.Imanuvilov) and G. Lebeau and L. Robbiano [31]. It is then natural to
wonder whether the same result holds for degenerate parabolic equations.

1.2.2 Boundary-degenerate parabolic equations

The null controllability of parabolic equations degenerating on the boundary of
the domain in one space dimension is well-understood, much less so in higher
dimension. Given 0 < a < b < 1 and « > 0, let us consider the 1D equation

Opw + 9 (¥ Opw) = u(t, z)1(qp) (), (t,z) € (0,00) x (0,1),

with suitable boundary conditions. Then, null controllability holds if and only if

€ (0,1) (see [13, 14]), while, for v > 1, the best result one can show is “regional
null controllability”(see [12]), which consists in controlling the solution within
the domain of influence of the control. Several extensions of the above results
are available in one space dimension, see [1, 34] for equations in divergence
form, [11, 10] for nondivergence form operators, and [9, 24] for cascade systems.
Fewer results are available for multidimensional problems, mainly in the case
of two dimensional parabolic operators which simply degenerate in the normal
direction to the boundary of the space domain, see [15].

1.2.3 Parabolic equations degenerating inside the domain

In [35], the authors study linearized Crocco type equations

{8tf+61f3wfu(t,x,v)lw(:c,v), (t,x,v) € (0,T7) x T x (0,1),
f(t,x,O):f(Lm,l):O, (,CC)G(O, )XT

For a given strict open subset w of T x (0, 1), they prove that null controllability
does not hold: the optimal result is regional null controllability. Note that,
for Kolmogorov equation (1), the coupling between the diffusion (in v) and the
transport (in = at speed v) generates diffusion both in variables z and v (see
Propositions 2, 10 and 17).

In [4], we study Grushin-type equations

Ouf —02f — 2|00 f = ult,z,y)lu(z,y), (t,z,y) € (0,T) x €, 9
{ £t 2,0) =0, oy € 0.1 <00, O

where Q := (—1,1) x (0,1), w C (0,1) x (0,1), and v > 0. Here, the parabolic
operator degenerates along the line {0} x (0,1). We prove that

e null controllability holds in any time 7" > 0 when v € (0, 1),

e null controllability does not hold (whatever T' > 0) when v > 1,
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e when v = 1 and w = (a,b) x (0,1) with 0 < a < b < 1, there exists
Trnin = a?/2 such that null controllability holds when T' > Tj,,;,, and does
not hold when T < T},,,-

Note that, contrary to Grushin-type equations (9), in Kolmogorov equations
(1), the parabolic operator degenerates everywhere on the domain.

1.2.4 Null controllability and hypoellipticity

It could be interesting to analyze the connections between null controllability
and hypoellipticity.

We recall that a linear differential operator P with C'*° coefficients in an open
set 0 C R? is called hypoelliptic if, for every distribution v in €, v must be a
C*° function in every open set where so is Pu. The following sufficient condition
(which is also essentially necessary) for hypoellipticity is due to Hormander (see

[27])-

Theorem 3. Let P be a second order differential operator of the form P =
22:1 ij + Xo + ¢, where Xy, ..., X, denote first order homogeneous differential
operators in an open set 0 C R™ with C™ coefficients, and ¢ € C*° (). Assume
that there exists n operators among

lev [Xj17Xj2]7 [Xju [ij’st]]» ey [lev [ij [st’ [’ XJ;JHL

where j; € {0,1,...,r}, which are linearly independent at any given point in (.
Then, P 1is hypoelliptic.

The Kolmogorov operator K := v79, + 02 satisfies Hormander condition for
every v € N*, Indeed, K = X + X? where

Xo(z,v) = ( “(; ) . Xi(zv) = ( (1) )
and

[Xo, X1](z, ) = ( il ) X X, X)) (2, 0) = ( =20 ) .

Thus, when v = 1, the first iterated Lie bracket is sufficient, whereas when
~ = 2, the second one the required (at v = 0), to satisfy Hérmander’s condition.

First, we emphasize that hypoellipticity is not sufficient for unique contin-
uation. For instance, Alinhac and Zuily built a zero order C*°-perturbation of
the Kolmogorov operator K for which unique continuation does not hold: there
exists C>°-functions u(t,x,v) and a(t,r,v) on a neighborhood V of 0 in R3
such that Ku + au =0, u(t,z,v) = v(t,z,v) = 0 when v < 0, and 0 € Supp(u)
[2]. Therefore, hypoellipticity cannot be sufficient neither for null controllability.

Let us recall that the Grushin operator G := 93 + |x[*79; is the hypoelliptic
operator of type II associated to the vector field (X, X1) (i.e. G = X& + X3),
whereas Kolmogorov operator K is the one of type I (i.e. K = Xo + X?). Both
are prototypes of hypoelliptic operators.
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For Grushin-type equations, null controllability (with control on a verti-
cal strip) holds only when the first iterated Lie-bracket is sufficient to satisfy
Hormander’s condition (y € (0,1]). For Kolmogorov-type equations, null con-
trollability (with control on a horizontal strip) holds when the two first iterated
Lie-brackets are sufficient (v € {1,2}). A general result which relates null con-
trollability of hypoelliptic operators (depending on their type) to the number
of iterated Lie brackets that are necessary to satisfy Hormander’s condition
would be very interesting, but remains—for the time being—a challenging open
problem.

This article also underlines an important influence of the boundary condi-
tions on the validity of null controllability, through the exponential decay rate
of Fourier components (see Propositions 2 and 17).

1.3 Structure of the article

In Section 2, we state a global Carleman estimate, for 1D heat equations with
parameters, which is a preliminary result for the whole article. In Section 3, we
prove Theorem 1 for v = 1 with periodic type boundary conditions. In Section
4, we study the well posedness and the Fourier decomposition of the solutions
of (1)-(3) when v € {1,2}. In Section 5 (resp. 6), we prove Theorem 1 for v = 2
(resp. v = 1), with Dirichlet boundary conditions.

2 Preliminary

The goal of this section is the statement of a global Carleman estimate for the
Fourier components (in x) of the solution of the adjoint system (5). For n € Z
and v € N*, we introduce the operator

Pryg = 0hg +inv7g — O2g.

Proposition 1. We assume v € N* (resp. v = 1). Let a,b be such that
—1 < a < b < 1. There exist a weight function 8 € C'([-1,1],R%), pos-
itive constants C1,Cy such that, for every n € Z, v € {1,2}, T > 0 and
g € C°0,T), L*(—1,1))NL3(0,T; H (—1,1)) (resp. g € C°([0,T],L*(—1,1))N
L2(0,T; H' (—1,1)) such that g(t, —1) = g(t,1)e®> 7=t and

Dug(t, —1) = Dyg(t, +1)e?™T=1) ) the following inequality holds

T r1 2 3 2\ _MB(v)
Cl fO f—l (% %(t,v)‘ +W{Mw’g('ﬁ,v)‘ )e t(T—t)d’Udt

_ MB(v) _ MB(w)
< Jy L PuglPe T 0 dvdt + [ [ i lgslo(t, v)Pe” 0 dudt

(10)

where M := Co max{T + T?; \/|n|T?}.

The proof of this estimate is classical (see [25]): our weight 5 is the usual
one (see (36), (37), (38) and (39)). We only track carefully the behavior with
respect to n of the different constants. For sake of completeness, a proof is
reproduced in Appendix, in the case of Dirichlet boundary conditions on g. For
periodic-type boundary conditions, one may use a periodic weight function /3,
as in [5].
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3 Proof of Theorem 1 with v = 1 and periodic-
type boundary conditions

In all this section, we take v = 1.

3.1 Well posedness, Fourier decomposition and dissipa-
tion
We have the following well posedness result, for the Cauchy-problem (1)-(2).

Proposition 2. Let T > 0, fo € L?(Q) and v € L*((0,T) x Q). There ex-
ists a unique solution f € C°([0,T),L?(Q)) of the Cauchy problem (1)-(2)-(4).
Moreover, if u = 0, the Fourier components

fu(t,v) = / flt,z,v)e” ™ dx, te (0,4+00),v € (~1,1),ne€Z
T
satisfy

n2¢3
an(t, ')HL2(71,1) < an((), .)||L2(,171)€_T,vt > 0,7’L € 7.

Proof of Proposition 2: The function h(t,z,v) := f(t,x + vt,v) solves a
linear equation with coefficients depending only on ¢, and periodic boundary
conditions. Thus, we have an explicit expression

3
2t = ez(na:+p7rv)

Wtw0)= 5 f(n,p)ewmitenmmn
pPNEL

4 Z (f (,7_ n p)e(pﬂ') T— np71'7'2+n2§> ef(pﬂ)2t+np7rt2fn2gei(n:z:+p7r'u)
p,nEL

where

f(” ) // folz,v)e —inepT0) Gy,

(7,m,p) // (z + vt,v)u(T, = + vt,v)e_i("’“'pm)dvd:c.

The dissipation result is a consequence of the relation

t3 nt 2 n2¢3
2 2 2
—(pm)°t +nprt® —n*"— = —t | pmr — — - —.
(p ) np n 3 (p 5 ) 1

We refer to [5] for more details. O

3.2 Null controllability of initial data with a finite number
of Fourier modes

The goal of this section is the proof of the following result.

Proposition 3. There exists C > 0 such that, for every T > 0, N € N* and
fo € L3(Q) of the form fo(z,v) = 2 oin<N fon(v)ei™® there exists a control
u € L2((0,T) x Q) such that the solution of (1)-(2)-(4) satisfies f(T,.,.) = 0
and

TeC(1+%+N)

HUHLQ((O,T)XQ) < Hf0||L2(Q).
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By duality, this null controllability result is equivalent to the following ob-
servability inequality.

Proposition 4. There exists C > 0 such that, for every T > 0, N € N* and
go € L*(Q) of the form go(x,v) = 2o inl<N go.n(v)e™® the solution of (5)-(6)-(8)
satisfies

T
/|g(T,£L',”U)|2d$d’U<T260(1+%+N)/ /|g(t,x,v)|2dacdv.
Q 0 w

For the proof of Proposition 4, we need the 2 following ingredients. The first
one is a classical inequality, proved, for example, in [31] (see also [32]).

Proposition 5. Let ¢,d € R be such that ¢ < d. There exists C > 0 such that,
for every N € N* and (b,) | <n € RN,

N d
Z |bn|2 < eC’N/
C

n=—N

N 2
Z be™®| dx.

n=—N

The second ingredient is an estimate of the observability constant for the
Fourier components of g.

Proposition 6. Let a,b € R be such that —1 < a < b < 1. There exists C > 0
such that, for every T >0, n € Z, go.n € L?(—1,1), the solution of

Dign + invgy — 929, =0, (t,v) € (0,400) x (—1,1),
Gn(t,—1) = gn(t, +1)e2MT=1) t € (0,400), 11
Bugn(t,—1) = Dygalt, +1)e2nT=0 |t € (0,+00), ()
gn(oav) :go,n(v)a v e (_171)7

satisfies

1 T b
/ \gn(T,v)Pdng%C(l*%*\/@/ / \gn (£, 0) 2 dvdt.
1 0 a

Proof of Proposition 6: For ¢t € (T'/3,2T/3), we have
4 < 1 < 9
T2 = (T —1t) = 2717

and

1 1
/ 9 (T, 0) Pdo < / (gt 0)|2do.
—1 —1

Thanks to Proposition 1, we get

64 M3 T (! b
o, M o 7/ \gn(T,u)\Zdvgcg/ / \n (£, 0)[2dvdt
T6 3 0 0 a

where 0* := max{f(z);z € [-1,1]}, Bs := min{f(z);z € [-1,1]} and C5 :=
max{z3e %, r € [~1,1]}. Using the inequality M > Co[T + T?], we get

1 T /b
/ lgn (T, v)|2dv < C4T2601% / / |gn(t,v)|2dvdt (12)
0 0 a



hal-00826117, version 1 - 26 May 2013

for some constants ¢;,Cs > 0 (independent of n, T and go ).

First case: /|n| <1+ 7. Then, M = Co(T + T?) thus

1 T b
/ |gn(T,v)|2du<C4T260102(1+%)/ / |9 (£, v)2dvdt.
—1 0 a

Second case: y/|n| > 1+ £. Then, M = Cy+/|n|T?, thus

1 T b
/ |gn (T, v)|2dv < C4T2eclc“/m/ / lgn (t, ’U)|2d”dt-
0 0 a

This gives the conclusion. O
Now, let us prove Proposition 4, thanks to Propositions 5 and 6.

Proof of Proposition 4: Let a,b,¢c,d € R be such that a < b, ¢ < d and
(¢,d) x (a,b) C w. Let g, be the solution of (11) for n = —N, ..., N. Then
g(t,z,v) =32, <n In(t, v)en(z), where ey (z) := e™*. From the orthogonality
of the family (e, )nez in L?(T), Propositions 6 and 5, we deduce

Jo9(Tz,v)dadv = Y f |gn (T, v)|?dv

In|<N
<72 TVN) S5 [T lgat, o) Pdvdt
n|<
In| )
< T2eC(N+H+VN) foT fb fd > gn(t,v)en(z)| drdudt
n|<N
< T2+ fo I lg(t, z,v)Pdzdvdt
where the constant C' may change from line to line. O

3.3 Construction of the control function

The goal of this section is the proof of the statement 1 of Theorem 1. The
construction of the control is the one of [7] (itself inspired from [31], see also
[32]).

For n € Z, we define e,(z) := ¢™™® and H, := e, ® L?(0,1), which is a
closed subspace of L?(2). For j € N, we define E; := ®|n|<2 Hn and Ilg, the
orthogonal projection from L?(Q) to E;.

Let T > 0 and fy € L?(Q) and let us build a control u € L2((0,T) x ) such
that the solution of (1)-(3)-(4) satisfies f(T') = 0. Let p € R with

1
0<p<§. (13)

Let K = K(p) > 0 be such that K'Y 72,277 = T. Let (a;)jen be defined by
ap =0, ajy1 = a; + 2T; where Tj := K277 for every j € N. We now define the
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control function w in the following way. On [a;,a; + T}], we apply a control u
such that Ilg; f(a; + T;) = 0 and

lullL2((ay,a;4+15)x2) < Cjllf(as)ll2 (@)

C(2]+T%') (see Proposition 3). Then

1 (aj + T2y < 1+ VTG (a7) ] 22(0)-

On [a; + Tj,a;41], we apply no control, to take advantage of the dissipation of
the solution proved in Proposition 2

where C; := Tje

1f (@)l L2(0) < e—w%snf(aj + )| 126
Thus, we obtain
29 o3
I1f(aj+1)llz2(e) < i MO I foll L2(0)-

The choice of p ensures that the sum in the exponent tends to —oo when j —
+00, this gives f(T) = 0. Arguing in the same way, one proves that the control
built above belongs to L2((0,7) x Q).

4 With Dirichlet boundary conditions: well posed-
ness, Fourier decomposition, unique continua-
tion

In this section v € {1,2}. Let

V:i={feC®Tx(-1,1));3K C (-1,1) compact s.t. Supp(f) C T x K}.

1/2
Iflv == (/Q |3vf(x,v)|2dxdv>

and V := Adh), (V). Observe that H}(Q) C V C L?*(Q2), thus V is dense in
L*(Q). We define the operator A., by

D(A,) == {f € V;=02f +v70,f € L*(V)},

Ayf = —02f + 070, f.

Then D(A,) is dense in L*(Q), (A,,D(A,)) is closed and both A, and A%
are dissipative, thus (A,, D(A,)) generates an strongly continuous semigroup
S, (t) of contractions of L?*(Q2) (see Lumer-Phillips theorem [38, Corollary 4.4,
Chapter 1, page 15], or HilleYosida theorem [8, Theorem VIIL.4, page 105]). For
every T >0, u € L?((0,T) x Q), fo € L?(Q2), the weak solution of (1)-(3)-(4) is

For f € V, we define

f(t) =8y()fo +/0 Sy (t —s)(1,u)(s)ds

and the following existence and uniqueness result follows.

10
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Proposition 7. Let~y € {1,2}. For everyT > 0, u € L*((0,T)xQ), fo € L*(Q)
there exists a unique weak solution f € C°([0,T], L*(Q)) N L*((0,T),V) of (1)-
(3)-(4). Moreover, f(t) € D(A,) and Of(t) € L*(Q) for a.e. t € (0,T).

Let us consider a solution of (5)-(7)-(8) in the sense above. Since g €
C°([0,T],L?(Q)), the function z — g¢(t,z,v) belongs to L*(T) for almost ev-
ery (t,v) € [0,400) x (—1,1), thus, it can be developed in Fourier series of x as
follows

g(t, z,v) Zgn (t,v)e™®  where g, (t,v) := /g(t,x,v)efmxdm, Vn € Z.
nez T

(14)
Proposition 8. For every n € Z, g, s the unique solution of
8tgn - inlﬂgn - ggn = Ov (ta U) € (Oa +OO) X (715 1)7
gn(t,£1) =0, t € (0,+00), (15)
gn(O,U) :gO,n(U>7 v E (_171)7

where go., € L*(—1,1) is given by

go.n(v) == /go(z,v)efim"dz, ve(-1,1).
T
This result may be proved by following the same steps as in [4, Section 2.2].
Then, the following unique continuation property follows.

Proposition 9. Let v € {1,2}, w =T x (a,b) where0 <a<b<1,T >0 and
g € C°([0,T), L3(2))NL2((0,T),V) a solution of (5)-(7). If g =0 on (0,T) xw,
then g =0 on (0,T) x Q.

Proof of Proposition 9: Let n € Z and g, be defined by (14). Then g, =0
n (0,7) x (a,b) and g, solves (15). Thus, Proposition 1 ensures that g, = 0
n (0,7) x (=1,1). Therefore, g =0 on (0,T) x . O

5 Proof of Theorem 1 when v =2

In all this section, we take v = 2 and w = T x (a,b) where —1 < a <b < 1. In
the first 4 subsections, we prove the statement 3 of Theorem 1 and in the last
subsection, we prove the statement 4.

5.1 Dissipation speed on (-1,1)
The goal of this section is the proof of the following dissipation property.

Proposition 10. There exists K,5 > 0 such that, for every n € Z — {0} and
gon € H'(—1,1), the solution of (15) satisfies

1 1
1
n(t,0)[2do < Ke™° lnlf/ — |9ugo.n(v)]? n(v)|?)dov, ¥t > 0.
/l\g(,v)l v< Ke _1(\/ﬁ| 90.n(0)|* + v/nlvgo, (v)\)v,

The proof of Proposition 10 relies on the following result.

11



hal-00826117, version 1 - 26 May 2013

Proposition 11. There exists A, B,C,§ > 0 with B?> < AC such that, for every
L >0 and hg € H'(—L, L), the solution of

a‘rh = 83h+ly2h7 (Ta y) € (05;_00) X (_L7L)a

h(r,£L) =0, T € (0,400), (16)
h(0,y) = ho(y),  ye (=L, L),
satisfies
L(t) < L£(0)e™°T, V1 > 0, (17)
where
L
£r) = [ (Wr )P + A (ry)? ~ 2RI 910,h(r.0)) + Cluhlr ) ) d.
L

Proof of Proposition 11: This proof is inspired from [41]. Let A, B,C > 0
be such that

B
B? < AC and A?4C%*< 5 (18)

(for instance A = e!l,~ B :fB, C = ¢C for any A,B,C,e > 0 such that
B? < AC and €¢(A? + C?) < B/2). Easy computations give

39 = =3Bl|lyh|* — [9,]* = Cllydyhl* — Allogh|*
FO|R|? - 243 [ I yaﬁh] ~2BS [ = yagﬁayh] .

where ||| is the usual L?((—L, L), C)-norm, i.e.

L
9= [ 1Py
-L
Thanks to the following inequalities
2
Cllr|* < QCLHyhllllath < S llyhl® + 25 19yh]1%,
- 2
—2A | f; yd,hh| < Zllyhll® + 259,12,
I — 2
~2BY [ [y yoRhoyh| < ANORIP + B lyo,h)?,
we get
2dr B
Thanks to (18), there exists § > 0 (independent of L) such that 95 < —6L,
which gives the conclusion. O

1dc 2(A2 4 2
< —2B|yh|? - (1 - >) 18,111

Proof of Proposition 10: One may assume that n > 0, otherwise, consider
Gn- In order to simplify the notations, we write g, instead of g,. The function

h(t,y) defined by
g(t,v) = h(v/nt, V/nv)

satisfies (16) with L = ¢/n and ho(y) := go,n(y/+/n). From the previous propo-
sition, we know that

/ A —
L(t) = / (|g(t,v)|2+ﬁ|8vg(t,v)|2—2B%[vg(t,v)avg(t,v>]+0\/ﬁlvg<t,v)IQ)dv

-1

12
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satisfies £(t) < £(0)e~?V™. Moreover, using (18) and

2 2 2
gll” < 2|jvgl||0vgll < Vnlvg dug
gll lvg|ll|Ougll lug|l* + \fll l
we get
~ 2A+1
£(0) < / ( Dugo(v >|2+<2c+1>¢ﬁ|vgo<v>|2) do.
1\ Vn
Thus
I 1gn(t,v)2dv <f:(t)
< E(O) —3/nt
<K [ (E10u90(0) P + Vitlogo(v) ? ) dve 5V

where K := max{24 4+ 1;2C + 1}. O

5.2 Null controllability in large time 7" when 0 <a <b < 1

In this section, we assume 0 < a < b < 1. Our goal is to prove the existence of
a time 77 > 0 such that, for every T' > Ty, the system (5)-(7) is observable in w
in time 7. The following uniform observability result gives the conclusion.

Proposition 12. There exists T1,C > 0 such that for every T > T, n € Z and
gon € L2(—1,1), the solution of (15) satisfies

1
/gnTv C’//gntv )dudt.
-1

Proof of Proposition 12: Working as in the proof of Proposition 6, we get

2T/3

1 T b
Cse=¢ VT / (\/ﬁ\avg|2+n3/2|g|2> dvdt<C4/ / lg|2dvdt  (19)
—1 0 a

T/3

for n large enough, where Cs := Cy max{4Ci; (4C1)%}, ¢* == 3Co max{B(v);v €
[~1,1]}, C4 := max{z3e ;2 > 0} and B, := min{B(v);v € (a,b)}. Moreover,
thanks to Proposition 10, we have, for any ¢ € (T7'/3,2T/3),

REPRENDRE ICI

L (Valdug(t v) P + 02 |g(t, 0)[?) dv
= (wlf%g (t,0)* + V/alog(t,0)) dv
FeVIE 1 1g(T,0)2dv.

1 1 . T b
/ 19(T)2dv < —=Cyele —5T/3W/ / g dvdt
1 nT' 0 Ja

where Cs := 3KC4/Cs3. This gives the conclusion with T} := 3¢*/§. O

AV

Thus,

13
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5.3 No null controllability when 0 <a<b<1land T < a2/2

In this section, we assume 0 < a < b < 1. The goal of this section is to prove
that (5)-(7) is not observable in w in time T < a?/2, which is equivalent to the
following non uniform observability result.

Proposition 13. Let T < a2/2. For every C' > 0, there exists n € Z, gon €
L?(—1,1) such that the solution of (15) satisfies

1 T b
/ gn(T,v)*dv > C’/ / gn(t,v)%dvdt.
-1 0 a

Proof of Proposition 13:
First step: Approximate solution. Let ¢ > 0 be such that b < 1 — € and
0 € C*(R) be such that

Supp(d) C (-1 —¢,—14+¢€)U(l—¢€,1+¢), 0(£1) =1.
For n € N*, we define

Galtre) = %(eim% - e*@H(v))eﬂ/ﬁt

where Vi := e¢'%. We have
0t Gn + 3G, — 02, = %e‘@ (x/ﬁﬁ +60" — im}zﬂ) e~ Vint,
Jgn(t,£1) = 0.

Let g,, be the solution of

v

Oign + inv?g, — 929, =0, (t,v) € (0,T) x (0,1),
t

gn(t, £1) =0, € (0,7),
9n(0,v) = G, (0,v), v e (0,1).
We have
%%”(Qn - gn)(t)||2L2(_171) = 7Hav(gn - gn)(t)||2L2(_1,1)

(1, e T (Vino(v) + 0" (0) = inv?0(v) ) e~ (G — gu) (1 0)dv)
Thanks to Poincare and Cauchy-Schwarz inequalities, we get

V2n  _ V/2nt

d, . . - _
221 = 90)Ollz2(-1,1) < =CPll(Fn = gn) Ol 2(-1,1) + Cin?/fe™ T e
where Cp is the Poincare constant on (—1,1) and C is a positive constant that

depends only on 6. Thus

~ _ \2n
1(Gn — 92) (B[l 22(—11) < Con®Fe™ 5 vt > 0. (20)

where C5 > 0 does not depend on n.

Second step: Conclusion. Let T < a?/2. Working by contradiction, we
assume that there exists C'r > 0 such that, for every n € N*,

1 T /b
/ 9n (T, v)*dv < CT/ / gn(t,v)?dvdt.
-1 0 a

14
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Thanks to the triangular inequality and (20), we deduce that

. T (b~ |2 1/2 ~
19 (Tl L2(-1,1) < (CT Jo S, 13nl dvdt) (G0 = 9) (M 22(-11)
. , 1/2
+ (CT fO fa |gn _gn| d’l)dt)
1/2 -
< (Cr J7 [N 1guPdvdt) "+ (1 VTOR)Con®/5e= 4

However, there exists C3, Cy > 0 such that, when n — +o0,

~ _ \2nT
[gn(T)|[12 ~ Ce™ 2

T b 1/2
- 04 _ \/Zna?
( I |gn<t,v>|2dvdt> ~ e

which gives a contradiction. O

5.4 End of the proof of Theorems 1.3 and 2.3

Let us consider v =2 and w = T X (a,b) with 0 < a < b < 1. From Proposition

12 and Bessel Parseval equality, we know that system (5)-(7) is observable in w
ll2

in any time 7' > T1. From Proposition 13, we deduce that for any time T' < %,

(5)-(7) is not observable in w in time T'. Thus, the quantity
T* :=inf{T > 0; system (5)(7) is observable in w in time T" }

is well defined and belongs to [%, +00). Clearly, observability in some time T}

implies observability in any time 1" > T}, so
e for every T > T*, (5)-(7) is observable in w in time T,

o for every T < T*, (5)-(7) is not observable in w in time T'.

5.5 Null controllability in any time 7" > 0 when a <0< b

In this section, w = T X (—a, a) where a > 0. We fix 8 € (0,a). Our goal is the
proof of the statement 4 of Theorem 1, thanks to a cut-off argument.

5.5.1 Preliminary

We define Qp :=T x (5,1), w1 :=T X (5,a) and we consider the system

O f + 020, f — 02 f = u(t,z,v)1y, (v,0), (t,xz,v) € (0,T) x Oy,
flt,z,B8) = f(t,z,1) =0, (t,z) € (0,T) x T,

The goal of this section is the proof of the following result.
Proposition 14. The system (21) is null controllable in any time T > 0.

As in section 5.2, this is equivalent to the following observability result.

15
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Proposition 15. There exists C > 0 such that, for every n € Z and go, €
L?(B,1), the solution of

atgn - inv2gn - aiz;gn = 07 (t,”U) ( ) X (6; 1)7
gn(t, B) = gn(t,1) =0, t € (0,+00 ), (22)
gn(o,v) = gO,n(U)7 (S (6 1)’

satisfies

1 T ra
/ |gn (T, v)dv < C/ / |gn(t,v) > dvdt.
B 0 JB

For the proof of Proposition 15, we need the following dissipation result.

Proposition 16. There exists K,6 > 0 such that, for every n € Z, gon €
HY(B,1), the solution of (22) satisfies

1 1
Py 1
[ lantto)do < Ke [ (10000 + 100,00 ) do.
8 8 n|?/

Proof of Proposition 16: One may assume that n > 0, otherwise, consider
Gn- To simplify the notations, we write g, instead of g,. Let B,C > 0 be such
that

B?<2C and 3B > 4C? (23)

(for instance B = +/C with C' > 0 small enough). The function

)= [ (1ot + 3755 [t 02000] + oot o) o

satisfies
2/3
342 = =22 lug|]® - [|0ug]® — 751|029
1
—20n1 /3 [f vg@vg] - n{%% [f U&Jgaggl .
B B
Thanks to
1
—2Cn'/3S [f vg9,g | < 5]10ugl? + 2C*n*/3||ug]|?,
B
1 2
_n{?’/s% lf ’Uavgagg < n2c/s Ha?;gHQ + %Hav9”2v
B
we get

ldﬁ 3B 1 B2
2B 902 n2/3582 4112 — 2
3ot <= (2 -2t} wrsigr - (3 - ) 10wl

Thanks to (23), there exists § > 0 (independent of n) such that %= < —§n2/3L,
which gives the conclusion. O

Proof of Proposition 15: Working as in the proof of Proposition 12, we get

2T/3

1 T a
Cye=c" VA / (Valougl? +n*?|gl?) dvdt < € / / lg*dudt  (24)
E 0 /8

T/3

16
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for n large enough. Moreover, thanks to Proposition 16, we have, for any ¢ €
(T'/3,2T/3),
S5 (Valdug(t,v) +n*2g(t,0)]?) dv
> 07/ 3 (A 10ug(t,0) 2+ lg(t,v)?) do
> e 1 g(T,v)2dv.

Thus,
/1 |g(T)|2dv < ie[c*ﬁf&rﬁmT/S] /T /a |g|2dvdt
P = opr/er o Js

where C5 := 3KC,/Cs, which gives the conclusion. O

5.5.2 Cut-off strategy
Let & € C*(R) for ¢ = 1,2,3 such that 0 < & < 1 and

S1+&+8&=1

&G)=0 ifv<p, &w)=1 ifv>a
&)=1 ifv<—a, &)=0 ifv>-0
&G)=1 ifw<B, &x)=0 if |jv|>a

(25)

By Proposition 14, there exists u; € L((0,7) x Q1) such that the solution of

8tf1 +U2azf1 - agfl = Ul(t7$7v)1w1 ($7U)7 (tvx7v) € (OvT) X Qy,
fl(t7$,ﬁ):f1(t7fl},1):0, (t7$)€(07T)XT,
fl(07x7’0):f0(xav)7 (x,v)te,

satisfies f1(T,.,.) = 0. Similarly, let Q5 := T x (=1,-03), wa := T X (—a,—p);
there exists us € L2((0,T) x Q5) such that the solution of

i fa + 020, fo — 02 fo = ua(t, z,v) 1y, (7,v), (t,z,v) € (0,T) x Qo
fo(t,z,=1) = fo(t,z,—B) =0, (t,x) € (0,T) x T,
fg(O,lL’,U):fo(ﬂf,U), (IE,’U)EQQ,

(27)
satisfies fo(7T,.,.) = 0. Finally, let Q3 := T x (=4, ) and f3 be the solution of

atf3+v281f37812;f3:0, (t,fE,U)G(O,T) XQZ)’a

f3(t,z,£6) =0, (t,z) € (0,T) x T, (28)
f3(0,2,0) = fo(z,v), (x,v) € Q3.

We extend f; and u; by zero on (0,T) x [Q — Q;] for j = 1,2,3. Then, the

functions

T

- t§3(v)f3(t7$= ’U),

f(t,x,v) = §1(v)f1(t7x,v) + 52(U)f2(t7$7v) + T

u(t,x,v) := : & ()uy(t, x, )1y, (z,v) — %ﬁg(v)fg(t,:c, v)

<

3
- (26500t 2,0) + €/ (W) f; (t,,v) )

solve (1)-(3)-(4), as well as f(T,.,.) =0 on €. O

17
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6 Proof of Theorem 1 with v = 1 and Dirichlet
boundary conditions

In all this section, we take vy =1 and w = T x (a,b) where —1 < a < b < 1. Our
goal is the proof of the statement 2 of Theorem 1. The strategy is the same as
in the previous sections, it relies on the following dissipation property.

Proposition 17. There exists K,5 > 0 such that, for every n € Z — {0} and
gon € HY(—1,1), the solution of (15) satisfies

sln|2/3
gn()l|2(=1,1) < Ke oIn| "Ugomller(=1,1), VE>0. (29)

Moreover, the power “2/3n the exponential Tate is optimal as n — +oo, and
necessarily 6 < &5, where u is the first zero (from the right) of Airy function in
the half line (—o0,0).

The proof of Proposition 17 relies on the following result.

Proposition 18. There exists B,C,§ > 0 with B> < C such that, for every
L >0 and hg € L*>(—L, L), the solution of

d;h = Ojh +iyh,  (1,y) € (0,400) x (=L, L),
h(r,£L) =0, 7€ (0,+00), (30)
h(07y) :hO(y)7 ye (_L7L)a
satisfies
L(1) < L(0)e™", V1 >0, (31)
where

L [
£r)i= [ (Intr) P~ 2B 90, ) + CIO,h(r.0) ) dy

—L

Proof of Proposition 18: Let B,C > 0 be such that
4B* < C and 20%*<B (32)

(for instance, B = v/C'/3 with C' > 0 small enough). Easy computations show
that

rL L
1dL 2 7 2 27 27112
§E:7B||h|\ -CS /hayh — |0yh]|* — 2B /8yh8yh — C|o,hl|"
-L —L
Thanks to _
L —
—2BS | [ 02h0,h| < Cl|02h|1% + Z2|19,h]P%,
-L
- B 2
—CS | [ hoyh| < ZIhl* + S5 10,0l
-L
we get

c _ B, ., B (2 )
il = —l1-=-= )
<5l - (1- % - 55) 1ol

18



hal-00826117, version 1 - 26 May 2013

Thanks to (32), there exists § > 0 such that dC/dt < —0L, which gives the
conclusion.O

Proof of Proposition 17:
First step: Proof of (29): One may assume that n > 0, otherwise, consider

Gn- In order to simplify the notation, we write g, instead of g,. The function

h(7,y) defined by
9(t,0) = h(n¥t, n}v)
satisfies (30) with L = n® and ho(y) := gom(y/n%). From the previous propo-

sition, we know that

Eeyi= [ (lat0)? = 2000010900, 0)] + 2 Bug(e, o) )do

—1
satisfies £(t) < £(0)e~?"*t. Moreover, using B2 < C' we get

<(-2)'m
(1) s e

f |gn (t,v)|?dv

<
/
§Ke 23tH90n”H1

for some constant K > 0.

Second step: Proof of the optimality. First, let us recall that the function

e(y) = Ai(e'Sy+p),

satisfies
=" (y) +iyp(y) = Ap(y), v € (0,+00) (33)
¢(0) =0,
C _Qy3/2
|<,0(y)| < We 3 ) Vy € (0,—}—00), (34)

where A := —¢!% 11, C' > 0 (see [3, formulas (2.12) and (A.12)]).

Working by contradiction, we assume that there exists T > 0, n* € N*,
(Tn)nez € (0,4+00)% such that

e any solution of (15) satisfies

Hgn(t)”LQ(—l,l) < Ke—rnt”go,nHHl(—l,l)7 vt € [07T]7’I’L € Za

e 1, > (N +6)|n|>3, ¥|n| = n*, where \, := R(\) = |u|/2 and § > 0.

Let us consider n € N* and 6§ € C2°(R) such that §(+1) = 1. Thanks to (33),
the function

Gn(t,v) == (<p ( 3 (04 1)) (zn%) g(v)) o~ (2 —in)t
satisfies

Ogn + invg, — 023, = F,,,  (t,v) € (0,+00) x (=1,1),
Gn(t,£1) =0, t € (0, +00),

19
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where
Fa(t,v) = (208 ) (D = in(o + 1)]0(0) + 0" (v) ) O im0t
Thanks to (34), there exists C; > 0 such that, for every n € N* and ¢ € R,
|Eu@)llar < Crnitem At

Thanks to the Duhamel formula and (34) we get the following inequality, for
every n = n* and t € [0,7]

|G (@)l 2 < Ke™™*

n t 2
Gn(0)]| g1 + Czn%e*%/ e rn(t=s)=Am3s g
0

where Cy > 0. Thus, there exists a constant C3 > 0 such that, for every n > n*

and t € [0,T

Apn3t t N3t
et L O lem ™ + R(n)e” 5 e T ,

where R is a rational fraction. We get a contradiction by considering the limit
n — +oo (with a fixed ¢ € (0,7]). This ends the proof of the optimality. O

Remark 2. The optimality of n/3 in the exponential rate shows that, we cannot
expect to prove the null controllability of (1)-(3) in the same way as we did for
(1)-(2). Indeed, the dissipation in e~ "t s not sufficient to compensate for the
constant €™ of Proposition 5. Therefore, with Dirichlet boundary conditions, if
the null controllability holds with arbitrarily small control supports w, the proof

requires another strategy.

7 Conclusion and open problems

In this article, we have studied the null controllability of Kolmogorov type equa-
tions (1), with v € {1,2}, in the rectangle Q = T x (—1,1), with a distributed
control localized on an open subset w of €.

The following questions are still open.

1. When « > 2, does null controllability hold? In [4], the proof of the non
uniform observability relies on a comparison argument (maximum princi-
ple), which cannot be used here because the 1D heat equation has complex
valued coefficients.

2. When v = 2, what is the value of the minimal time T*? We conjecture
that T* = a?/2.

3. What happens for v € (1,2)? (with v replaced by |v|)

4. With v = 1 and Dirichlet boundary conditions in v, does null controlla-
bility hold with an arbitrary control support w?

20
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5. Is it possible to extend these results to multidimensional configurations?
The technique of this paper should possibly extend to cylindrical domains
of the form T x (—1,1)™. However, the generalization to more general
configurations or boundary controls, is widely open.
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A Proof of Proposition 1

Let o/,b' be such that —1 < a < @’ < b < b < 1. All the computations of
the proof will be made assuming, first, g € H'(0,7; L?(—1,1)) N L?(0,T; H*> N
H}(—1,1)). Then, the conclusion of Proposition 1 will follow by a density
argument.

Consider the weight function

ot v) = t](‘éﬁ(“t)) . (tv) e (0,T) xR, (35)
where 3 € C%([—1,1]) satisfies
B>=1on(-1,1), (36)
|8’ > 0on [-1,a']U[V,1], (37)
g'(1)>0, p(-1)<0, (38)
" <0on[-1,d UV, 1] (39)
and M = M(T,n,3) > 0 will be chosen later on. We also introduce the function
2(t,v) = g(t,v)e ) (40)
that satisfies
e “Png=Piz+ Pyz+ P32z, (41)
where
Pz = —%—l—(at—a%)z, Pz = %—Zav%—i—imﬂz, (42)
Pz = —aypz.

We develop the classical proof (see [25]), taking the L?(Q)-norm in the iden-
tity (41), then developing the double product, which leads to

— 1
/ (%[Plngz] - 2|P3z2> dudt < / le™*P,g|*dvdt (43)
Q Q

where @ := (0,7) x (—1,1) . After computations (see [5] for details, we get

—_

1P { = = a2t ((@r - aDaul, ~ ja?, Javi
Q 2

—|—/Q{n71)71$ <zgi> — Quy 02

N}

ov

2
aw}dvdté/ le™*P,g|*dvdt . (44)
Q
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Now, in the left hand side of (44) we separate the terms on (0,7") x (a/,b") and
those on (0,T) x [(—1,a’) U (¥',1)]. One has

—Qyy(t,v) = Vo e [-1,d U, 1], t € (0,T),

M
M8 o (45)

|y (t,0)] < Yo € [d,b], t € (0,T),

HT — 1)
where C; = C1(f) := min{— ﬂ”( );x € [—1,a'] U [V, 1]} is positive thanks to
the assumption (39) and Cy = Ca(f) := sup{|ﬁ“( );z € [@/,b']}. Moreover,
L 2 ol 1 T2 _ 92
(@ = el + [l = adanly — 50t = (T_t))3{MB(3Tt 7% - 3t%)

M2 [(Qt —T)(B"B +287) — M] f 3M36"6’2} .

Hence, owing to (37) and (39), there exist m; = m1(8) > 0 C5 = C3(8) > 0
and Cy = Cy4(B) > 0 such that, for every M > M; and ¢ € (0,T),

1 9 1 5 Cs3 M3 , ,
- - Y 2 ) 71 )
= 5o —ad)e + [(ar — af)aw]y — 5o, T DT Yo € [0,a') UV, 1]
L o CyM?

— %(at —a?) + [(ar — a®) ]y — Vo € [a,b']  (46)

2% | S T — o

where
My = My(T, ) := m1(B)(T + T?). (47)

Using (44), (45) and (46), we deduce, for every M > M,

T
/ / ClM ’ dvdt
0 t(T —t)

(=1,a")u(¥’,1)

. /OT / Gl = ' (552 ) v

—1,a")U(b’,1)

CoM |0z CyM 2 -1l 87
/ / [ -1 ’ +7(t(T t))3|z| + |n|yv 507 dvdt
+/ le™*P,g|?dvdt . (48)
Q

Let
My = My(T, ) o= LY (49)
4@
When M > M,, we have

2
dz
ov

<1 |2 |2 1 (#(T—))°
=2 (¢ T t))3 2 03M3

< 1 CsM | |2 _CiM |2
N 2 ((T-t))3 2t(T—t) Bv

‘nvv'y’lg (%E) ‘

(50)

because

LMT=1)% 2 2 _ _ciM _ H(T—1)"y*n?
3 G TV T 5Tt CiCsM3
1M (T?/4)*5*n®
2t(T—t) §103M4

N
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From now on, we take
M = M(T,n, B) := Coymax{T + T?;\/|n|T?} (51)

where

Co = Co(f) := max {ml; WéTCE}

so that M > M; and Mj (see (47) and (49)). We have

Lo (zsz |+ g )

(0— 1a’)U(b’ 1)
<[ LGl

where Cs = Cs(8) := Cy + C3/2, C, = Co(B) = Cy + C1/2. Since for every
e>0

2 Ce M 2 —a
- 7@@ 5 2| )dvdt+/ 6™ Pag|*dvdt
(52)

Cl 89 2+ 03M3 | |2
(T —t)lox Y 2(t(Tft))3 g
1 M3 ,
> — -
/<1 1+e) T-1) ’a ’ 2(H(T — 1))3 (Cs = <Ca(8)) ol (53)
and choosing
C3
€E=¢€ ==
A

from (52), (53) and (40) we deduce that

/ [ (Geslel %)e_md”dt

(0,a)U(b’,1)

— C M3|g‘2 CSM ag 2 —2a
/|e 9] dvdt—i—/ / ( +t(T_t)‘% )e duvdt

(54)

where C7 = C7(B) := [1-1/(1+¢€)]C1/2, Cs = Cs(B) := 2C% and Cy = Cy(B) :=
Ce + 2Ch sup{B'(z)%;z € [a’,1]}. Adding the same quantity in both sides, we
get

J, (e sla

2 CSM3|9‘2 —2a — 2
— = dvdt < *P,.g|*dvdt
wwr-np) / [e™ " Pagldv

3| 4|2
/ / (CUM i CloM ‘a )eQdedt, (55)

where Cqg = Olo(ﬁ) = Cs +C7and C11 = 011(5) = Cg + 03/4 Thanks to a
cut-off function p such that

0<p<1l, p=1lon(d,b), Supp(p) C (a,b)
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it is classic to get

M 2
/ / C1o —g‘ e 2*dvdt
MS 2 2«
/|77ng|2 2O‘dvdt+/ / % |g| 21222 9L gudt

for some constant C12 = Ci12(f8) > 0. Combining (55) with the previous in-
equality, we get

CrM 2 C3M?|g|? ) —2
3 L) e dudt
/Q ( ‘a A(H(T = 1))3
3
/2|e*a ng|2dvdt+/ / CraM ‘g| ce~ 2 dvdt,  (56)

where C13 = C13(8, p) := C11 + C12. Then, the global Carleman estimates (10)
holds with

min{C7; C5/4}

C1 = Cl(ﬁ) = max{2;013} .
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