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✲ é❝♦❧❡ ♥♦r♠❛❧❡ s✉♣ér✐❡✉r❡ ❞❡ ▲❨❖◆ ✲

▲❛❜♦r❛t♦✐r❡ ❞❡ ❧✬■♥❢♦r♠❛t✐q✉❡ ❞✉ P❛r❛❧❧é❧✐s♠❡

❚❍➮❙❊

❡♥ ✈✉❡ ❞✬♦❜t❡♥✐r ❧❡ ❣r❛❞❡ ❞❡

❉♦❝t❡✉r ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ▲②♦♥ ✲ ➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡ ❞❡ ▲②♦♥

s♣é❝✐❛❧✐té ✿ ■♥❢♦r♠❛t✐q✉❡

❛✉ t✐tr❡ ❞❡ ❧✬ ➱❝♦❧❡ ❞♦❝t♦r❛❧❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❡t ■♥❢♦r♠❛t✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡

♣rés❡♥té❡ ❡t s♦✉t❡♥✉❡ ♣✉❜❧✐q✉❡♠❡♥t ❧❡ ✷✺ s❡♣t❡♠❜r❡ ✷✵✵✽ ♣❛r

▼♦♥s✐❡✉r ❏❡❛♥✲❋r❛♥ç♦✐s P■◆❊❆❯

❈♦♠♠✉♥✐❝❛t✐♦♥✲❛✇❛r❡ s❝❤❡❞✉❧✐♥❣

♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s

❉✐r❡❝t❡✉r ❞❡ t❤ès❡ ✿ ▼♦♥s✐❡✉r ❨✈❡s ❘❖❇❊❘❚
❈♦✲❡♥❝❛❞r❛♥t ❞❡ t❤ès❡ ✿ ▼♦♥s✐❡✉r ❋ré❞ér✐❝ ❱■❱■❊◆

❆♣rès ❛✈✐s ❞❡ ✿ ▼♦♥s✐❡✉r ❖❧✐✈❡r ❙■◆◆❊◆ ▼❡♠❜r❡✴❘❛♣♣♦rt❡✉r
▼♦♥s✐❡✉r ❉❡♥✐s ❚❘❨❙❚❘❆▼ ▼❡♠❜r❡✴❘❛♣♣♦rt❡✉r

❉❡✈❛♥t ❧❛ ❝♦♠♠✐ss✐♦♥ ❞✬❡①❛♠❡♥ ❢♦r♠é❡ ❞❡ ✿

▼♦♥s✐❡✉r ❊♠♠❛♥✉❡❧ ❏❊❆◆◆❖❚ ▼❡♠❜r❡
▼♦♥s✐❡✉r ❏❡❛♥✲❈❧❛✉❞❡ ❑Ö◆■● ▼❡♠❜r❡
▼♦♥s✐❡✉r ❨✈❡s ❘❖❇❊❘❚ ▼❡♠❜r❡
▼♦♥s✐❡✉r ❖❧✐✈❡r ❙■◆◆❊◆ ▼❡♠❜r❡✴❘❛♣♣♦rt❡✉r
▼♦♥s✐❡✉r ❉❡♥✐s ❚❘❨❙❚❘❆▼ ▼❡♠❜r❡✴❘❛♣♣♦rt❡✉r
▼♦♥s✐❡✉r ❋ré❞ér✐❝ ❱■❱■❊◆ ▼❡♠❜r❡
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✐✐✐

▼❡r❝✐ ✦

❆✉ ❝♦✉rs ❞❡ ❝❡s ❛♥♥é❡s ❞❡ t❤ès❡✱ ♣❛ssé❡s ❛✉ s❡✐♥ ❞❡ ❧✬éq✉✐♣❡ ●❘❆❆▲✱ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥✱
♠❛❧❣ré ♠♦♥ t❡♠♣ér❛♠❡♥t ❞❡ ❣r✐③③❧② ❡r♠✐t❡ ❤✐❜❡r♥❛♥t✱ ❞❡ r❡♥❝♦♥tr❡r ❞❡ ♥♦♠❜r❡✉s❡s ♣❡rs♦♥♥❡s
✐♥❝r♦②❛❜❧❡♠❡♥t s②♠♣❛t✐q✉❡s ❡t ❣é♥ér❡✉s❡s✳ ❏❡ ♣r♦✜t❡ ❞♦♥❝ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ♣♦✉r ♠♦♥tr❡r q✉❡
❧❡✉rs ❛❝t✐♦♥s ♥❡ s♦♥t ♣❛s ♣❛ssé❡s ✐♥❛♣❡rç✉❡s✳

▼❡r❝✐ à t♦✐✱ ❨✈❡s✱ ♣♦✉r ❛✈♦✐r t♦✉❥♦✉rs ♠♦♥tré ❧❡ ❝ôté ❢✉♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠✐q✉❡ ❡t ❞❡ ❧✬♦r❞♦♥✲
♥❛♥❝❡♠❡♥t✱ ❞ès ❧❡s ♣r❡♠✐❡rs ❝♦✉rs ❞❡ ▲✸✳ ▼❡r❝✐ ❞♦♥❝ ♣♦✉r ♠✬❛✈♦✐r ❞♦♥♥é ❣♦ût à ❝❡s ❞♦♠❛✐♥❡s✱
♣♦✉r ♠✬❛✈♦✐r ❛✐❣✉✐❧❧é ✈❡rs ❍❡♥r✐ ❈❛s❛♥♦✈❛ ❧♦rs ❞❡ ♠♦♥ st❛❣❡ ❞❡ ▼✶✱ ♣♦✉r ❛✈♦✐r t♦✉❥♦✉rs été
à ❧✬é❝♦✉t❡ ❞❡ ♠❡s q✉❡st✐♦♥♥❡♠❡♥ts✱ ♣♦✉r ♥❡ ♣❛s ❛✈♦✐r ♣❡r❞✉ ❡s♣♦✐r ❧♦rsq✉❡ ♠❡s ❡①♣ér✐❡♥❝❡s ❞❡
♣r♦❞✉✐t ❞❡ ♠❛tr✐❝❡s ♣✐ét✐♥❛✐❡♥t✱ ❡t ❡♥✜♥ ♣♦✉r t♦✉t❡s t❡s ✏❥♦❦❡s✑ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡s ✸ ✭✹ ❄✮ ❛♥♥é❡s✳

▼❡r❝✐ à t♦✐✱ ❋r❡❞♦✱ ♣♦✉r t❛ ❣r❛♥❞❡ ❡♠♣❛t❤✐❡✱ ♣♦✉r ❛✈♦✐r ✈♦✉❧✉ r❡✈✐✈r❡ ❡♥ ♠ê♠❡ t❡♠♣s q✉❡ ♠♦✐
❧❡s ❥♦✐❡s ❞❡ ❧❛ ré❞❛❝t✐♦♥✱ ❡♥ é❝r✐✈❛♥t t♦♥ ❍❉❘ ♣❡✉ ❞❡ t❡♠♣s ❛✈❛♥t ♠❛ ré❞❛❝t✐♦♥ ❞✉ ♠❛♥✉s❝r✐♣t✳
❚✉ ❛s ♠ê♠❡ ✈♦✉❧✉ ♣❛rt❛❣❡r ❧❛ ♣r❡ss✐♦♥ q✉❡ ❥✬❛✈❛✐s ❛❧♦rs q✉❡ ❥❡ ❝♦rr✐❣❡❛✐s ❧❡ ♠❛♥✉s❝r✐t à q✉❡❧q✉❡s
❥♦✉rs ❞❡ ❞❡✈♦✐r ❧❡ r❡♥❞r❡✱ ❡♥ ❝♦♠❜✐♥❛♥t ❧❛ r❡❧❡❝t✉r❡ ❞❡ ♠♦♥ ♠❛♥✉s❝r✐♣t✱ ❧❛ s♦✉♠✐ss✐♦♥ ❞❡ ✷ ❛r✲
t✐❝❧❡s✱ ❡t ✉♥ ❞é♠é♥❛❣❡♠❡♥t à ❍❛✇❛✐✐✳ P♦✉r t♦✉t ❝❡❧❛✱ ♠❡r❝✐✳ ▼❛✐s ✐❧ ♥❡ ❢❛✉t ♣❛s q✉❡ ❥✬♦♠❡tt❡
♥♦♥ ♣❧✉s t❛ r✐❣✉❡✉r s❛♥s ❢❛✐❧❧❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡s ❛♥♥é❡s✳ ▼❡r❝✐ ❞❡ ♥❡ ♣❛s ❛✈♦✐r ♣❡r❞✉ ❡s♣♦✐r
❞❡ ♠❡ tr❛♥s♠❡ttr❡ ✉♥ s♦✉♣ç♦♥ ❞❡ t❛ ✏♣♦✐♥t✐❧❧♦s✐té✑✱ ❡t ❞❡ ♥❡ ♣❛s ❛✈♦✐r ❤és✐té à ✉s❡r t❡s ♣ré❝✐❡✉①
st②❧♦s r♦✉❣❡s à ❧❛ tâ❝❤❡✳ ▼♦♥ ♣r✐♥❝✐♣❛❧ r❡❣r❡t ❡st ❞❡ ♥❡ ♣❛s ❛✈♦✐r ré✉ss✐ à t❡ ♣rés❡♥t❡r ❧✬❛rt✐❝❧❡
s✉r ❧❡q✉❡❧ ✐❧ ♥✬② ❛✉r❛✐t ♣❛s ❡✉ ❜❡s♦✐♥ ❞❡ r♦✉❣❡ ✭♠❛✐s ét❛✐t✲❝❡ ✈r❛✐♠❡♥t ✉♥ rê✈❡ ❛❝❝❡ss✐❜❧❡ ❄✮✳ ❏✬❛✐
❝❡♣❡♥❞❛♥t ❣r❛♥❞❡ ❝♦♥✜❛♥❝❡ q✉❡ t♦✉t❡s t❡s r❡♠❛rq✉❡s ♠✬♦♥t ♠❛rq✉é❡s✱ ❡t q✉✬❡❧❧❡s ❝♦♥t✐♥✉❡r♦♥t
❞❡ ♠✬✐♥✢✉❡♥❝❡r ❞❛♥s ❧❡s ❛♥♥é❡s à ✈❡♥✐r✳

❚❤❛♥❦ ②♦✉✱ ❖❧✐✈❡r✱ t♦ ❤❛✈❡ ❛❝❝❡♣t❡❞ t❤❡ ❞✉t② ♦❢ ❜❡✐♥❣ ♦♥❡ ♦❢ ♠② ✏r❛♣♣♦rt❡✉r✑✳ ❨♦✉ ❣❛✈❡ ♠❡
❡①❝❡❧❧❡♥t ❛❞✈✐❝❡s t♦ ✐♠♣r♦✈❡ ♠② t❤❡s✐s✱ ❛♥❞ ♦✉r t✇♦✲❤♦✉r t❛❧❦✱ ✇❤✐❝❤ ❜❡❣❛♥ ✇✐t❤ ❛ ❝♦✛❡❡✲❜r❡❛❦✱
✇❛s ✈❡r② ♣❧❡❛s❛♥t✳

▼❡r❝✐ ❛✉ss✐ à t♦✐✱ ❉❡♥✐s✱ ♣♦✉r t❡s r❡♠❛rq✉❡s ♣❧✉s ❝r✐t✐q✉❡s s✉r ♠♦♥ ♠❛♥✉s❝r✐♣t✱ ❝❡ q✉✐ ♠✬❛
♣❡r♠✐s ❞❡ ♠❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡s ♣♦✐♥ts q✉✬✐❧ ❢❛❧❧❛✐t ♠❡ttr❡ ♣❧✉s ❡♥ ❛✈❛♥t✳

▼❡r❝✐ ❡♥✜♥ à ✈♦✉s✱ ❊♠♠❛♥✉❡❧ ❡t ❏❡❛♥✲❈❧❛✉❞❡✱ ❞✬❛✈♦✐r ❛❝❝❡♣té s✐ ❝❤❛❧❡✉r❡✉s❡♠❡♥t ❞✬êtr❡
♠❡♠❜r❡s ❞✉ ❥✉r②✳

❆ ♣r♦♣♦s ❞❡ ❧✬❛♠❜✐❛♥❝❡ ❞❡ tr❛✈❛✐❧✱ ❥❡ ✈♦✉❞r❛✐s à ♣rés❡♥t r❡♠❡r❝✐❡r ♠❡s ♣r✐♥❝✐♣❛✉① ❝♦✲❜✉r❡❛✉
❧❡ ❧♦♥❣ ❞❡ ❝❡s ✸ ❛♥♥é❡s✱ ❘❛♣❤❛ë❧ ❡t ▼❛tt❤✐❡✉✱ ♣♦✉r ♥✬❛✈♦✐r ❥❛♠❛✐s été ❛ss♦✉r❞✐ss❛♥ts ❞❡ ♣❛r♦❧❡s
♦✉ ❞❡ q✉❡st✐♦♥s✱ ♠✬✐♥❝✐t❛♥t t♦✉❥♦✉rs à ♣❡rsé✈ér❡r ❡♥ ❢❛✐s❛♥t ❧❛ s♦✉r❞❡ ♦r❡✐❧❧❡ à ♠❡s q✉❡st✐♦♥s
❢✉❣❛❝❡s✱ ♣❧✉tôt q✉❡ ❞❡ ♠❡ ❧❛✐ss❡r t♦♠❜❡r ❞❛♥s ❧❛ ❢❛❝✐❧✐té ❡♥ é❝♦✉t❛♥t s✐♠♣❧❡♠❡♥t ✈♦s ré♣♦♥s❡s✳
▼❡r❝✐ ❛✉ss✐ ❞✬❛✈♦✐r s✉ r❡st❡r st♦ïq✉❡s ❞❡✈❛♥t ♠❡s ❞é❜♦✐r❡s ❞❡ ♠✐s❡ à ❥♦✉r ❞✉ s②stè♠❡✳ ❇✐❡♥ ❡♥✲
t❡♥❞✉✱ ♥❡ ♣r❡♥❡③ r✐❡♥ ❛✉ sér✐❡✉① ❞❡ ❝❡ q✉✐ ❡st ❛✉ ❞❡ss✉s✱ à ♣❛rt ❧❡ ♠❡r❝✐✳

▼❡r❝✐ é❣❛❧❡♠❡♥t à t♦✉s ❧❡s ❛✉tr❡s ♠❡♠❜r❡s ❞❡ ❧✬éq✉✐♣❡✱ ▲♦r✐s✱ ❱ér♦♥✐❦❛✱ ❊♠♠❛♥✉❡❧✱ ❈é❞r✐❝✱
❆♥♥❡✱ ❈❧é♠❡♥t✱ ❡t t♦✉s ❧❡s ❛✉tr❡s✱ q✉✐ ❞♦♥♥❡♥t ✉♥❡ ❛♠❜✐❛♥❝❡ ♠❛❣✐q✉❡ à ❝❡s ❜✉r❡❛✉① ❀

▼❡r❝✐ à ❈❛r♦❧✐♥❡✱ ❙②❧✈✐❡✱ ❈♦r✐♥♥❡✱ ❡t ■s❛❜❡❧❧❡✱ ♣♦✉r ❧❡✉r s♦✉r✐r❡s ❝♦♥st❛♥t✱ ♠ê♠❡ ❛♣rès q✉❡
❥❡ s♦✐s ♣❛rt✐ ❛✉① ➱t❛ts✲❯♥✐s s❛♥s ❜✐❧❧❡t ❞✬❛✈✐♦♥ ✭♠❛✐s ❝❡ ♥✬ét❛✐t ♣❛s ✶✵✵✪ ♠❛ ❢❛✉t❡✮ ❀
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◆♦✇❛❞❛②s✱ ♥♦t ♦♥❧② ♠✐❝r♦❝♦♠♣✉t❡rs ❛r❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ t❤r♦✉❣❤ t❤❡ ♥❡t✇♦r❦✱ ❜✉t t❤❡② ❛r❡
✐♥t❡♥s✐✈❡❧② ✉s❡❞ ♦♥ ❣r✐❞s ❝♦♠♣♦s❡❞ ♦❢ ✇♦r❦st❛t✐♦♥s ❧♦❝❛t❡❞ ❛❧❧ ❛r♦✉♥❞ t❤❡ ✇♦r❧❞✳ ❚❤❡s❡ ❣r✐❞s
r❡♣r❡s❡♥t ❛ ❝❤❡❛♣❡r ❛❧t❡r♥❛t✐✈❡ t♦ s✉♣❡r✲❝♦♠♣✉t❡rs✱ ✇❤✐❝❤ ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ r❡❞✉❝❡❞ ♥✉♠❜❡r
♦❢ ✐❞❡♥t✐❝❛❧ ♣♦✇❡r❢✉❧ ♣r♦❝❡ss♦rs✳ ❆s ②♦✉ ♠❛② ❡①♣❡❝t✱ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ s✉❝❤ ❣r✐❞s r❡♥❞❡rs
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢
t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♠❛❝❤✐♥❡s ♦♥ s✉❝❤ ♣❧❛t❢♦r♠s✳ ■❢ ②♦✉ ❛r❡ ✇♦r❦✐♥❣ ✐♥ ▲②♦♥ ❛♥❞ ❛r❡
♣❧❛♥♥✐♥❣ t♦ ❡♥r♦❧❧ ♠♦r❡ ❝♦♠♣✉t❡rs t♦ ❡①❡❝✉t❡ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥✱ ②♦✉ ✇❛♥t t♦ ❦♥♦✇ t❤❡ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ ✉s✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❡r ❢r♦♠ ❑♥♦①✈✐❧❧❡ ♦r ♦♥❡ ❢r♦♠ ●r❡♥♦❜❧❡✱ ❛♥❞ s♦ ②♦✉ ♥❡❡❞ t♦
❦♥♦✇ ❤♦✇ ❧♦♥❣ ✐t ✐s ❣♦✐♥❣ t♦ t❛❦❡ t♦ s❡♥❞ ❛ ♠❡ss❛❣❡ ❢r♦♠ ♦♥❡ ❝♦♠♣✉t❡r t♦ t❤❡ ♦t❤❡r✱ ❛♥❞ ✇❤❛t
♠❛② ❜❡ t❤❡ ✐♥t❡r❢❡r❡♥❝❡s✳

❚❤❛t ✐s ✇❤② ♦♥❡ ♥❡❡❞s t♦ ✉s❡ r❡❛❧✐st✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s ✇❤❡♥ ✇♦r❦✐♥❣ ♦♥ t❤❡s❡ ❣r✐❞s✱
❛♥❞ t❤❛t ✐s ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥s ■ ♠❛✐♥❧② ❢♦❝✉s❡❞ ❞✉r✐♥❣ t❤❡s❡ ❧❛st t❤r❡❡ ②❡❛rs ♦♥ ❝♦♠♠✉♥✐❝❛t✐♦♥✲
❛✇❛r❡ s❝❤❡❞✉❧✐♥❣✳

■♥ t❤✐s t❤❡s✐s✱ ■ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ❛ ♠❛st❡r✲✇♦r❦❡r
♣❧❛t❢♦r♠ ✖ ✇❤✐❝❤ ✐s ♦♥❡ ♠♦❞❡❧ ♦❢ ❞✐str✐❜✉t❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❚❤❡ ❝♦♠♠♦♥ ♣♦✐♥t ♦❢
♠② ✇♦r❦ ✐s t♦ ❛❧✇❛②s ✉s❡ ❛ r❡❛❧✐st✐❝ ♠♦❞❡❧ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡
♠❛❝❤✐♥❡s ♦❢ t❤❡ ♣❧❛t❢♦r♠✳

▼♦❞❡❧s

■♥ ❈❤❛♣t❡r ✷✱ ■ ✇✐❧❧ ❞✐s❝✉ss ♣❧❛t❢♦r♠ ♠♦❞❡❧s✱ ❛♣♣❧✐❝❛t✐♦♥s✱ s❝❤❡❞✉❧✐♥❣ t❡❝❤♥✐q✉❡s✱ ❛♥❞ ❛❧s♦ ❡♥✲
✈✐s✐♦♥ t❤❡ ♦❜❥❡❝t✐✈❡s t❤❛t ✇❡ ♠❛② ❝♦♥s✐❞❡r✳ ■ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ❛♥❞
❥✉st✐❢② ✐ts ✉s❡ ✭❙❡❝t✐♦♥ ✷✳✷✮✳ ■ ✇✐❧❧ ❛❧s♦ ❞❡t❛✐❧ t❤❡ ♠♦❞❡❧s t❤❛t ✇❡ ❤❛✈❡ ❛t ♦✉r ❞✐s♣♦s❛❧ t♦ r❡♣r❡s❡♥t
❝♦♠♣✉t❛t✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✸✮ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✹✮ ✐♥ ❧❛r❣❡✲s❝❛❧❡ ❛r❝❤✐t❡❝t✉r❡s✳ ❊❛❝❤
t✐♠❡✱ ■ ✇✐❧❧ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ♠♦❞❡❧s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳ ❚❤❡♥ ■ ✇✐❧❧
♣r❡s❡♥t t✇♦ ❦✐♥❞ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❛♥❞ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✺✮✳ ■ ✇✐❧❧
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✷ ❈❍❆P❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

♣♦✐♥t ♦✉t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ s❝❤❡❞✉❧✐♥❣ ✐❞❡♥t✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ❢r♦♠ t❤❡ s❝❤❡❞✉❧❡r ♣♦✐♥t ♦❢
✈✐❡✇✱ ❛♥❞ ■ ✇✐❧❧ ❥✉st✐❢② t❤✐s ❤②♣♦t❤❡s✐s ❜② ❣✐✈✐♥❣ r❡❛❧✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ✐♥✈♦❧✈❡ s✉❝❤ t❛s❦s✳
◆❡①t✱ ■ ✇✐❧❧ ✐♥✐t✐❛t❡ ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t s❝❤❡❞✉❧✐♥❣ ♠♦❞❡❧s ✭❙❡❝t✐♦♥ ✷✳✻✮✱ ✐✳❡✳✱ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥
r❡❧❛t❡❞ t♦ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ✇❡ s✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛t ♦✉r ❞✐s♣♦s❛❧ ✇❤❡♥
tr②✐♥❣ t♦ ✜♥❞ ❛ ❣♦♦❞ s❝❤❡❞✉❧❡✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ②♦✉ ❤❛✈❡✱ t❤❡ ❜❡tt❡r ❛❧❣♦r✐t❤♠
②♦✉ ❝❛♥ ✜♥❞✱ ❜✉t ✐t ✐s ♥♦t ❛❧✇❛②s r❡❛❧✐st✐❝ t♦ ❛ss✉♠❡ t❤❛t ❡✈❡r②t❤✐♥❣ ✐s ❦♥♦✇♥ ❜❡❢♦r❡❤❛♥❞✳ ■
✇✐❧❧ ♣r❡s❡♥t t❤❡ t❤r❡❡ ❝❧❛ss❡s ♦❢ s❝❤❡❞✉❧✐♥❣ ♠♦❞❡❧s t❤❛t ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✳
❋✐♥❛❧❧②✱ ■ ✇✐❧❧ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s t❤❛t ✇❡ ✇✐❧❧ tr② t♦ ♠✐♥✐♠✐③❡✱ ❛♥❞
■ ✇✐❧❧ ❥✉st✐❢② t❤❡✐r ✐♠♣♦rt❛♥❝❡ ✭❙❡❝t✐♦♥ ✷✳✼✮✳ ❚❤❡ ❧❛st s❡❝t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✽✮ ✇✐❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡
♥♦t❛t✐♦♥s ✐♥ ♦r❞❡r t♦ q✉✐❝❦❧② ✉♥❞❡rst❛♥❞ ✇❤✐❝❤ ♠♦❞❡❧ ✇❡ ✉s❡✱ ❛♥❞ ✇❤❛t ✐s t❤❡ ♣r♦❜❧❡♠ ✇❡ ❛r❡
✇♦r❦✐♥❣ ♦♥✳

❚❤❡ ❞✐✣❝✉❧t② ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥✲❛✇❛r❡ s❝❤❡❞✉❧✐♥❣

❙❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ❛❧r❡❛❞② ❞✐✣❝✉❧t ♦♥ tr❛❞✐t✐♦♥❛❧ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s✱ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t✲
❢♦r♠s✳ ❚❤❡② ❜❡❝♦♠❡ ❡①tr❡♠❡❧② ❝❤❛❧❧❡♥❣✐♥❣ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡rs✱ ✇❤❡r❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s
❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✱ ✇❤❡r❡ t❤❡ ♥❡t✇♦r❦ ♠❛② s✉✛❡r ❢r♦♠ ❝♦♥t❡♥t✐♦♥ ♣r♦❜✲
❧❡♠s✱ ❛♥❞ ✇❤❡r❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡s ❛r❡ s♦♠❡t✐♠❡s ✉♥♣r❡❞✐❝t❛❜❧❡✳ ❚❤✐s
❤♦❧❞s tr✉❡ ❡✈❡♥ ✇❤❡♥ ❡♠❜❛rr❛ss✐♥❣❧② ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳

■♥ ❈❤❛♣t❡r ✸✱ ■ ✇✐❧❧ tr② t♦ ✉♥❞❡r❧✐♥❡ t❤❡ ❞✐✣❝✉❧t② ♦❢ s❝❤❡❞✉❧✐♥❣ ✐❞❡♥t✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s
♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡✳ ■ ✇✐❧❧ ❞✐st✐♥❣✉✐s❤ ❢♦✉r
❝❛s❡s✿ ✭✐✮ t❤❡ ♣❧❛t❢♦r♠ ✐s ❤♦♠♦❣❡♥❡♦✉s ✭❙❡❝t✐♦♥ ✸✳✷✳✶✮❀ ✭✐✐✮ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦♥❧② ❝♦♠❡s ❢r♦♠
t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✭❙❡❝t✐♦♥s ✸✳✷✳✷✱ ✸✳✷✳✸✱ ❛♥❞ ✸✳✸✳✶✮❀ ✭✐✐✮ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦♥❧② ❝♦♠❡s ❢r♦♠ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ✭❙❡❝t✐♦♥s ✸✳✷✳✸✱ ❛♥❞ ✸✳✸✳✷✮❀ ♦r ✇❤❡t❤❡r t❤❡ ♣❧❛t❢♦r♠ ✐s ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s
✭❙❡❝t✐♦♥s ✸✳✷✳✸✱ ❛♥❞ ✸✳✸✳✸✮✳ ◆♦t s✉r♣r✐s✐♥❣❧②✱ ✇❤❡♥ ❜♦t❤ s♦✉r❝❡s ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❛❞❞ ✉♣✱ t❤❡
❝♦♠♣❧❡①✐t② ❣♦❡s ❜❡②♦♥❞ t❤❡ ✇♦rst s❝❡♥❛r✐♦ ✇✐t❤ ❛ s✐♥❣❧❡ s♦✉r❝❡✳

❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❇✶✱ ❇✷✱ ❆✷❪✳

▼❛tr✐① ♣r♦❞✉❝t

❉❡s♣✐t❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ♦r ♠❛②❜❡ ✏t❤❛♥❦s t♦✑ t❤❡♠✱ ✇❡ ❛✐♠ ✐♥ ❈❤❛♣t❡r ✹
❛t ♦♣t✐♠✐③✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡
❦♥♦✇ t❤❛t t❤✐s ✐s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✱ ❜✉t t❤✐s ✐s ✐♥ ❢❛❝t ❣♦♦❞ ♥❡✇s✦ ❇❡❝❛✉s❡ ✇❡ ❦♥♦✇ t❤❛t ✐t ✇✐❧❧
❜❡ ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❞♦ s♦✱ ❛♥❞ ✇❡ ♠❛② ✜♥❞ s♦♠❡ ✐♠♣r♦✈❡♠❡♥ts✳

❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ✇✐❧❧ ✜♥❞ t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ✐s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✭❙❡❝✲
t✐♦♥ ✹✳✸✮✳ ❚❤❛t ✐s ✇❤② ✇❡ ✇✐❧❧ st♦♣ tr②✐♥❣ t♦ ♠✐♥✐♠✐③❡ ✐t✳ ■❢ ✇❡ ❢♦r❣❡t t❤❛t ✐s ♦✉r ♦❜❥❡❝t✐✈❡✱ ✇❤❛t
✐s ❧❡❢t ❄ ❲❡ ✇❛♥t t♦ ♣❡r❢♦r♠ ❛ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ ❛ ❣r✐❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♠❛❝❤✐♥❡s
❝❛♥ ❜❡ ❢❛r ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❆♥❞ ❛s ✇❡ ❢♦❝✉s ♦♥ ✐♥tr♦❞✉❝✐♥❣ r❡❛❧✐st✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s✱ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐❝❡s ❜❡t✇❡❡♥ t❤❡ ♠❛❝❤✐♥❡s ♠❛② ❜❡ t❤❡ ❜♦tt❧❡♥❡❝❦ ♦❢ t❤❡
❛♣♣❧✐❝❛t✐♦♥✳ ❚❤✉s✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✳

❋✐rst ✇❡ ✇✐❧❧ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ t❤❛t ✐s ♥❡❡❞❡❞ ✐♥
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❡♠♦r② ❝♦♥str❛✐♥ts ✭❙❡❝t✐♦♥ ✹✳✹✮✱ ❛♥❞ ✇❡ ❞❡✈❡❧♦♣ ❛♥ ❛❧❣♦r✐t❤♠ ✇❤♦s❡ ❛✐♠ ✐s t♦
♠✐♥✐♠✐③❡ t❤❡s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✹✳✷✮✳ ■♥ ♦r❞❡r t♦ ❛♣♣r❡❤❡♥❞ t❤❡ s♦❧✉t✐♦♥ ❢♦r ❤❡t❡r♦✲
❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ✇❡ ✜rst ❞❡❛❧ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✹✳✺✮✱ ❛♥❞ ✇❡ ♣r♦♣♦s❡ ❛
s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ✐♥❝❧✉❞❡s r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✳ ❚❤❡♥ ✇❡ ❛❞❞r❡ss t❤❡ ❞❡s✐❣♥ ♦❢ ❛❧❣♦r✐t❤♠s
❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✹✳✻✮✱ ✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ ❛ tr✉❧② ❝❤❛❧❧❡♥❣✐♥❣ ❛❧❣♦r✐t❤♠✐❝
t❛s❦✳ ❆♥❞ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss ❤♦✇ t♦ ❡①t❡♥❞ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤❡s t♦ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✼✮
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✸

❜❡❢♦r❡ r❡♣♦rt✐♥❣ s❡✈❡r❛❧ ▼P■ ❡①♣❡r✐♠❡♥ts ✭❙❡❝t✐♦♥ ✹✳✽✮✳

❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❇✸✱ ❆✶✱ ❇✹❪✳

❙t❡❛❞②✲st❛t❡

❊✈❡♥ ✐❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ✐s ♣r♦✈❡❞ t♦ ❜❡ ❤❛r❞ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱
t❤❡ ❧❛st ❝❤❛♣t❡r s❤♦✇❡❞ t❤❛t t❤❡r❡ ✐s st✐❧❧ s♦♠❡ ❤♦♣❡✳ ■♥ ❈❤❛♣t❡r ✺ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ✇❛② t♦
❜②♣❛ss t❤❡ ❞✐✣❝✉❧t②✳

■♥❞❡❡❞✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ t✐♠❡ ♦❢ ❞❡♣❧♦②♠❡♥t ❛♥❞ ♦❢ t❤❡ ❞✐✣❝✉❧t② ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ ❣r✐❞
♣❧❛t❢♦r♠s✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❣r✐❞ ✉s❡rs ✇✐❧❧ ❞❡♣❧♦② ❧❛r❣❡r ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♠♦r❡ ❝♦st✲
❡✛❡❝t✐✈❡✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ✇❤❡r❡ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♠♣♦s❡❞ ♦❢ ❛ ❤✉❣❡ ♥✉♠❜❡r ♦❢
t❛s❦s ❛r❡ s✉❜♠✐tt❡❞ t♦ t❤❡ ♣❧❛t❢♦r♠✳

❋♦r s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ♣❧❛t❢♦r♠s✱ ■ ✇✐❧❧ ✜♥❞ ❛ ❜❡tt❡r ♦❜❥❡❝t✐✈❡ t❤❛♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢
t❤❡ ♠❛❦❡s♣❛♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ ❢♦❝✉s✐♥❣ ♥♦t ♦♥ t❤❡ ♠❛❦❡s♣❛♥ ❜✉t ♦♥ st❡❛❞②✲st❛t❡ ✭✇❤✐❝❤
♦❝❝✉rs ♥❡❝❡ss❛r✐❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✐♥❝r❡❛s❡s✮✱ ♣r♦❜❧❡♠s ❜❡❝♦♠❡ ♠✉❝❤ ❡❛s✐❡r t♦ s♦❧✈❡
❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ s❝❤❡❞✉❧❡ t❤❛t ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧✳ ❚❤❡ st❡❛❞②✲st❛t❡ ✐s ❝♦♠♣✉t❡❞
t❤❛♥❦s t♦ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s
❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✸✮✱ ✇✐t❤ t❤❡ ❛✣♥✐t② ♦❢ t❛s❦s ✇✐t❤ ❝❡rt❛✐♥ t②♣❡s ♦❢ ♠❛❝❤✐♥❡s ✭❙❡❝✲
t✐♦♥ ✺✳✹✮✱ ❛♥❞ ✇✐t❤ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ❝♦♥str❛✐♥ts ✭❙❡❝t✐♦♥ ✺✳✺✮✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧ s❝❤❡❞✉❧✐♥❣ t❤❛t ❛❝❤✐❡✈❡s t❤❡ st❡❛❞②✲st❛t❡✱ ❛♥❞ ✇❡ s❤♦✇ ✐ts ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t②✳

P❛rt ♦❢ t❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❇✺❪✳ ❆❧❧ t❤❡ ✇♦r❦ ❛❜♦✉t ❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥
✭❙❡❝t✐♦♥ ✺✳✺✮ ✐s st✐❧❧ ✐♥ ♣r♦❣r❡ss✱ ❛♥❞ ❤❛s ♥♦t ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ②❡t✳
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❈❤❛♣t❡r ✷

❋r❛♠❡✇♦r❦

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❣✐✈❡ ❛ ❜r♦❛❞ s✉r✈❡② ♦❢ t❤❡ ♦❜❥❡❝ts t❤❛t ✇❡ ❞❡❛❧ ✇✐t❤ t❤r♦✉❣❤♦✉t
t❤✐s t❤❡s✐s✳

❲❡ st❛rt ❜② ❞❡s❝r✐❜✐♥❣ t❤❡ ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✷✳✶✮✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧s ✭❙❡❝✲
t✐♦♥ ✷✳✸✮ ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s ✭❙❡❝t✐♦♥ ✷✳✹✮✳ ❚❤❡♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✭❙❡❝✲
t✐♦♥ ✷✳✺✮ ❛♥❞ t❤❡ s❝❤❡❞✉❧✐♥❣ ♠♦❞❡❧s ✭❙❡❝t✐♦♥ ✷✳✻✮✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡s
t❤❛t ✇❡ tr② t♦ ♦♣t✐♠✐③❡ ✭❙❡❝t✐♦♥ ✷✳✼✮✱ ❛♥❞ ♥♦t❛t✐♦♥s t❤❛t s✉♠♠❛r✐③❡ ❛❧❧ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛
♣r♦❜❧❡♠ ✭❙❡❝t✐♦♥ ✷✳✽✮✳

✷✳✶ ▲❛r❣❡ s❝❛❧❡ ♣❧❛t❢♦r♠s✿

❢r♦♠ s✉♣❡r✲❝♦♠♣✉t❡rs t♦ ❞❡s❦t♦♣ ❣r✐❞s

❙✐♥❝❡ t❤❡ s✐①t✐❡s✱ t❤❡ ✜rst ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s✱ ❛❧s♦ ❝❛❧❧❡❞ ✏s✉♣❡r✲❝♦♠♣✉t❡rs✑✱ ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞
❜② ❛❣❣r❡❣❛t✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ ♣r♦❝❡ss♦rs✱ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣♦✇❡r❢✉❧ ❝♦♠♠✉♥✐❝❛t✐♦♥
♥❡t✇♦r❦✳ ❙♦♠❡ s✉♣❡r✲❝♦♠♣✉t❡rs✱ ❈r❛②✱ ■❇▼ ♦r ❙●■✱ ✇❡r❡ ❜✉✐❧t ❛♥❞ ❤❛❞ t❤❡✐r ♠♦♠❡♥t ♦❢ ❣❧♦r②✳
❍♦✇❡✈❡r✱ t❤❡s❡ ♠❛❝❤✐♥❡s ✇❡r❡ ✈❡r② ❡①♣❡♥s✐✈❡✱ ❛♥❞ ♥♦t ❡✈❡r②♦♥❡ ✇❤♦ ♥❡❡❞❡❞ ❝♦♠♣✉t✐♥❣ ♣♦✇❡r
❝♦✉❧❞ ❛✛♦r❞ t♦ ❜♦♦❦ s♦♠❡ ❤♦✉rs ♦♥ t❤❡♠✳ ■♥ t❤❡ ♥✐♥❡t✐❡s✱ t❤❡ ❝♦❧❧❛♣s❡ ♦❢ ❝♦♠♣❛♥✐❡s ♠❛r❦❡t✐♥❣
t❤❡ s✉♣❡r✲❝♦♠♣✉t❡rs ✇❛s ❝❛✉s❡❞ ❜② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝❧✉st❡rs ♦❢ ✇♦r❦st❛t✐♦♥s✳

❚❤❡s❡s ❝❧✉st❡rs ❝❛♠❡ ❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ✐s ✇❛s ❝❤❡❛♣❡r t♦ ❣❛t❤❡r ♠❛❝❤✐♥❡s s♣r❡❛❞ ♦✈❡r
r❡♠♦t❡ ❡①✐st✐♥❣ s✐t❡s✳ ❚❤✐s ❞❡✈❡❧♦♣♠❡♥t ✇❛s ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ ❝♦♥st❛♥t ❡✛♦rt ✐♥ t❡r♠s ♦❢ ❞❡s✐❣♥
❛♥❞ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣♠❡♥t ✭♣❛rt✐❝✉❧❛r❧② ✇✐t❤ ❧✐❜r❛r✐❡s s✉❝❤ ❛s ❙❝❛▲❆P❆❈❑ ❬✸✸❪✱ P❱▼ ❬✼✵❪ ❛♥❞
▼P■ ❬✼✸✱ ✽✽❪✱ ❛♥❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛s②♥❝❤r♦♥♦✉s ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ t❤r❡❛❞s✮ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡
♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛❞✈❛♥❝❡s ✐♥ ♣✉❜❧✐❝ ♠❛❝❤✐♥❡s ✭❤✐❣❤✲s♣❡❡❞ ♥❡t✇♦r❦✱ s✉♣❡r✲s❝❛❧❛r ♣r♦❝❡ss♦rs✱ ❡t❝✳✳✳✮✳
❍❡t❡r♦❣❡♥❡♦✉s ♥❡t✇♦r❦s ♦❢ ✇♦r❦st❛t✐♦♥s ❛r❡ ♥♦✇ ✉❜✐q✉✐t♦✉s ✐♥ ✉♥✐✈❡rs✐t② ❞❡♣❛rt♠❡♥ts ❛♥❞ ❝♦♠✲
♣❛♥✐❡s✳ ❚❤❡② r❡♣r❡s❡♥t t❤❡ t②♣✐❝❛❧ ♣♦♦r ♠❛♥✬s ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❡r✿ ❘✉♥♥✐♥❣ ❛ ❧❛r❣❡ P❱▼ ♦r
▼P■ ❡①♣❡r✐♠❡♥t ✭♣♦ss✐❜❧② ❛❧❧ ♥✐❣❤t ❧♦♥❣✮ ✐s ❛ ❝❤❡❛♣ ❛❧t❡r♥❛t✐✈❡ t♦ ❜✉②✐♥❣ s✉♣❡r✲❝♦♠♣✉t❡r ❤♦✉rs✳
❲❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ ❛❧❣♦r✐t❤♠s ♦♥ s✉❝❤ ♣❧❛t❢♦r♠s✱ t❤❡ ✐❞❡❛ ✐s t♦ ♠❛❦❡ ✉s❡ ♦❢ ❛❧❧ ❛✈❛✐❧❛❜❧❡ r❡✲
s♦✉r❝❡s✱ ♥❛♠❡❧②✱ s❧♦✇❡r ♠❛❝❤✐♥❡s ✐♥ ❛❞❞✐t✐♦♥ t♦ ♠♦r❡ r❡❝❡♥t ♦♥❡s✳ ❇✉t t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ s✉❝❤
♣❧❛t❢♦r♠s ♠❛❦❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t ♣r♦❣r❛♠s ❤❛r❞❡r✱ ❛♥❞ ❤❡♥❝❡ t❤❡✐r ✉s❡ ✐s r❡s❡r✈❡❞
❢♦r r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❞♦ ♥♦t r❡q✉✐r❡ ❛ str♦♥❣ s②♥❝❤r♦♥✐③❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts✳

❚❤❡ ♣❧❛t❢♦r♠ t♦♣♦❧♦❣② t❤❛t ✇❡ ❝♦♥s✐❞❡r ❝♦♥s✐sts ♦❢ ♥❡t✇♦r❦ ❧✐♥❦s ✇✐t❤ ✈❛r✐♦✉s ❝❤❛r❛❝t❡r✐st✐❝s
t♦ ❝❧✉st❡rs ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✳
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✻ ❈❍❆P❚❊❘ ✷✳ ❋❘❆▼❊❲❖❘❑

Primergy

Primergy

r♦✉t❡r

❢r♦♥t ❡♥❞

❝❧✉st❡r

❜❛❝❦❜♦♥❡ ❧✐♥❦

❋✐❣✉r❡ ✷✳✶✿ ❈♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠ ♠♦❞❡❧✳

✷✳✷ ❚❤❡ ▼❛st❡r✲❲♦r❦❡r ♣❧❛t❢♦r♠

❚❤❡ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ✐s ❛ ❝❡♥tr❛❧✐③❡❞ ♠♦❞❡❧ t♦ r❡♣r❡s❡♥t ❛ ❣r✐❞ ♦❢ ✇♦r❦❡rs✳ ■♥ t❤❡s❡
♣❧❛t❢♦r♠s✱ ♦♥❡ ♠❛❝❤✐♥❡✱ t❤❡ ♠❛st❡r✱ ♣❧❛②s ❛ s♣❡❝✐❛❧ r♦❧❡ ✐♥ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❝❡ss❀ ✐t ✐s t❤❡
♣r♦❝❡ss♦r t❤❛t ❤♦❧❞s t❤❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ❛♥❞✱ ♠♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ t❛s❦s t❤❛t t❤❡ ✇♦r❦❡rs
❤❛✈❡ t♦ ♣r♦❝❡ss✳ ❋♦r t❤❛t r❡❛s♦♥✱ ✐t ❛❧s♦ ❤❛s ❛ s♣❡❝✐❛❧ ♣❧❛❝❡ ✐♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❛st❡r ❤❛s ♥♦ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t②✱ ❛♥❞ ✐s ❡①❝❧✉s✐✈❡❧② ❞❡❞✐❝❛t❡❞ t♦ t❤❡
s❝❤❡❞✉❧✐♥❣ ❛♥❞ t♦ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ s✉♣♣♦s❡❞ t❤❛t t❤❡ ♠❛st❡r ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ t♦ ❡❛❝❤ ✇♦r❦❡r✱ ❜✉t t❤❡
✇♦r❦❡rs ❝❛♥♥♦t ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s ❧❡❛❞ t♦ ❛ s♣❡❝✐❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✲
✇♦r❦✿ t❤❡ st❛r ♥❡t✇♦r❦ ✭s❡❡ ❋✐❣✉r❡ ✷✳✷✮✱ ❛❧s♦ ❝❛❧❧❡❞ s✐♥❣❧❡✲❧❡✈❡❧ tr❡❡✳ ❖♥ s✉❝❤ ❛ ♣❧❛t❢♦r♠
S = {P0, P1, P2, . . . , Pp} t❤❡ ♠❛st❡r P0 ✭❛❧s♦ ❝❛❧❧❡❞ P♠❛st❡r✮ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✱
❛♥❞ ✐s ❝♦♥♥❡❝t❡❞ t♦ ✐ts p ✇♦r❦❡rs P1, . . . Pp✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s st❛r ♥❡t✇♦r❦ ❝❛♥ ❜❡ ❛ ❧♦❣✐❝❛❧ ♦✈❡r✲
❧❛② ❜✉✐❧t ✉♣♦♥ ❛ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ✐♥t❡r❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦✳ ■♥ ❛ ❝❧✉st❡r ✇❤❡r❡ ♣r♦❝❡ss♦rs ❛r❡
❝♦♥♥❡❝t❡❞ t❤r♦✉❣❤ ❛♥ ♦✈❡r✲❞✐♠❡♥s✐♦♥❡❞ s✇✐t❝❤✱ ❛❧❧ ♣❛✐r✲✇✐s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝♦✉❧❞ ❤❛♣♣❡♥ ✐♥
♣❛r❛❧❧❡❧✱ ✇✐t❤♦✉t ✐♥✢✉❡♥❝✐♥❣ ❡❛❝❤ ♦t❤❡r✱ ✐❢ t❤❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ✐s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s
♦❢ ❡❛❝❤ ♦❢ t❤❡ ♣r♦❝❡ss♦rs✳

❚❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞✐str✐❜✉t❡❞ ●r✐❞ ♣❧❛t❢♦r♠s✱ t❤❛t ❛❣❣r❡❣❛t❡ ♠✉❧t✐♣❧❡ ♣❛r❛❧❧❡❧
❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠s✳ ❚❤❡s❡ ♣❧❛t❢♦r♠s ❝❛♥ ❜❡ ❡❛s✐❧② ♠♦❞❡❧❡❞ ❛s s✐♥❣❧❡✲❧❡✈❡❧ tr❡❡s✱ ✇❤❡r❡ ❡❛❝❤
❧❡❛❢ ✐s ❛ ✇♦r❦❡r ❛♥❞ t❤❡ r♦♦t ✐s t❤❡ ♠❛st❡r ❤♦❧❞✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✬s ✐♥♣✉t ❞❛t❛✳

❖♥❡ ❝❛♥ ❛❧s♦ r❡♠❛r❦ t❤❛t ♣❛r❛♠❡t❡r s✇❡❡♣ ❛♣♣❧✐❝❛t✐♦♥s ❬✹✷❪ ❛♥❞ ❇❖■◆❈✲❧✐❦❡ ❝♦♠♣✉t❛✲
t✐♦♥s ❬✸✺❪ ✉s✉❛❧❧② ♦r❣❛♥✐③❡ ♣❛rt✐❝✐♣❛t✐♥❣ ♣r♦❝❡ss♦rs ✐♥t♦ ❛ ♠❛st❡r✴✇♦r❦❡r ♣❧❛t❢♦r♠✳

❚❤❡ ♠❛✐♥ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠s ❛r❡ t❤❡ ❝♦♠♣✉t✐♥❣ r❡✲
s♦✉r❝❡s t❤❡♠s❡❧✈❡s✱ ❛♥❞ t❤❡ ✐♥t❡r❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦s✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ❛❜♦✉t ♠♦❞❡❧s ❢♦r ❜♦t❤ ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥s✳ ❚❤❡ ♠❡♠♦r② ❛♥❞ ❞❛t❛ st♦r❛❣❡ ❝❛♣❛❝✐t✐❡s ❛r❡ ♦❢t❡♥ ✐❣♥♦r❡❞ ❜✉t t❤❡② ♠❛② ❛❧s♦
♣❧❛② ❛ ❣r❡❛t r♦❧❡ ✐♥ ♦✉r ❛❧❣♦r✐t❤♠✐❝ ♣r♦❜❧❡♠s✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✹✳
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❋✐❣✉r❡ ✷✳✷✿ ❚❤❡ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✳

✷✳✸ ❈♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧s

❚♦ ❞❡s✐❣♥ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧s✱ ♦♥❡ ♥❡❡❞s t♦ ❦♥♦✇ ✇❤❛t ❦✐♥❞ ♦❢ r❡s♦✉r❝❡s ✇❡ ❤❛✈❡ ✭❤♦♠♦❣❡♥❡♦✉s✱
✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✱ ✉♥❛❜❧❡ t♦ ♣❡r❢♦r♠ s♦♠❡ ❦✐♥❞ ♦❢ t❛s❦s✱ ✳✳✳✮✱ ❛♥❞ ❤♦✇ t❤❡ t❛s❦s ❛r❡ ❝♦♠♣✉t❡❞
♦♥ t❤❡♠ ✭t✐♠❡✲s❤❛r✐♥❣✱ ❛t♦♠✐❝ ❝♦♠♣✉t❛t✐♦♥s✱ ❡t❝✳✳✳✮✳

✷✳✸✳✶ ❚❤❡ ♣r♦❝❡ss♦rs

▲♦♥❣ t✐♠❡ ❛❣♦✱ t❤❡ ♠❛✐♥ ♣❧❛t❢♦r♠s ✇❡r❡ ❡①❝❧✉s✐✈❡❧② ❝♦♠♣♦s❡❞ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✳ ❊✈❡♥
✐❢ ♥♦✇❛❞❛②s✱ ♠♦st ♣❧❛t❢♦r♠s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✱ ✇♦r❦✐♥❣ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ❤❡❧♣s t♦
❞❡s✐❣♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ✉s❡ s✉❝❤ ♣❧❛t❢♦r♠s ❛s ❜❛s❡❧✐♥❡ r❡❢❡r❡♥❝❡s✱ ♦r t♦
str❡ss t❤❡ ✐♠♣❛❝t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣r♦❜❧❡♠s ♦r ♦♥ t❤❡ ❞❡s✐❣♥ ♦❢ s♦❧✉t✐♦♥s✳
❚❤❡ ❧❛♥❞♠❛r❦ ❢❡❛t✉r❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠s t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐s t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡✐r ❝♦♠♣✉t✐♥❣
r❡s♦✉r❝❡s✳ ❙✉❝❤ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ✐s ♦❜✈✐♦✉s ✐♥ ●r✐❞ ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠s✳ ❙❝❤❡❞✉❧✐♥❣ t❤❡♦r② ✐s
♣r♦♣♦s✐♥❣ ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s ✐♥t♦ t❤r❡❡ ♣❧❛t❢♦r♠ t②♣❡s✿

✶✳ ❚❤❡ ♣❛r❛❧❧❡❧ ❛♥❞ ✐❞❡♥t✐❝❛❧ ♠❛❝❤✐♥❡s ♠♦❞❡❧ r❡❢❡rs t♦ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳

✷✳ ❯♥✐❢♦r♠ ♠❛❝❤✐♥❡s ❛r❡ ♣❧❛t❢♦r♠s ✇❤❡r❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❛ ♣r♦❝❡ss♦r
✐s ❡q✉❛❧ t♦ ❛ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❛❝❤✐♥❡✱ t✐♠❡s ❛ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❇❛s✐❝❛❧❧②✱ t❤❛t ♠❡❛♥s t❤❛t ♦♥❝❡ ✇❡ ❦♥♦✇ t❤❡ r❡❧❛t✐✈❡ s♣❡❡❞s ♦❢ t❤❡
♣r♦❝❡ss♦rs ❢♦r ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡♥ t❤❡② ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ r❡❧❛t✐✈❡ s♣❡❡❞s ❢♦r ❛❧❧ ❦✐♥❞s
♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳

✸✳ ❚❤❡ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ♠♦❞❡❧ ✐s t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ✉♥❞❡r t❤✐s ♠♦❞❡❧
t❤❡ ❝❛s❡ ♦❢ r❡str✐❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s✱ ✇❤❡r❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❝❛♥♥♦t r✉♥ ♦♥ s♦♠❡ ♠❛❝❤✐♥❡
✭❜❡❝❛✉s❡✱ ❢♦r ✐♥st❛♥❝❡✱ ✐t ♥❡❡❞s s♦♠❡ s♣❡❝✐❛❧ ❧✐❜r❛r✐❡s ♦r ♦♣❡r❛t✐♥❣ s②st❡♠✮✳ ❲❡ ❝❛♥ ❛❧s♦
✜❧❡ ✉♥❞❡r t❤✐s ♠♦❞❡❧ t❤❡ ❝❛s❡ ♦❢ ✐❞❡♥t✐❝❛❧ ♣r♦❝❡ss♦rs ✇❤✐❝❤ ❞♦ ♥♦t ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❛♠♦✉♥t
♦❢ ❛✈❛✐❧❛❜❧❡ ♠❡♠♦r②✿ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❡①❡❝✉t✐♦♥ ✇✐❧❧
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♦r ✇✐❧❧ ♥♦t ✜t ✐♥ t❤❡ ♠❛✐♥ ♠❡♠♦r② ♦❢ ❛❧❧ t❤❡ ❞✐✛❡r❡♥t ♣r♦❝❡ss♦rs✱ ❛♥❞ t❤✉s ✇✐❧❧ ♦r ✇✐❧❧ ♥♦t
❤❛✈❡ t❤❡ s❛♠❡ r✉♥♥✐♥❣ t✐♠❡ ♦♥ t❤❡♠✳

❇❡s✐❞❡s t❤❡ ♣♦t❡♥t✐❛❧ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❤❛r❞✇❛r❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡r❡ ♠❛② ❜❡
s♦❢t✇❛r❡ ❛♥❞ ♦♣❡r❛t✐♥❣ s②st❡♠ ❝❤❛r❛❝t❡r✐st✐❝s ✇❤✐❝❤ ♠❛② ✐♥✢✉❡♥❝❡ t❤❡ ✇❛② s❝❤❡❞✉❧❡rs ❝❛♥ ❞❡❛❧
✇✐t❤ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s✱ ❛♥❞ t❤✉s ✇❤✐❝❤ ✐♥✢✉❡♥❝❡ t❤❡ ✇❛② r❡s♦✉r❝❡s ❝❛♥ ❜❡ ✉s❡❞✳ ❊s♣❡❝✐❛❧❧②✱
t❤❡r❡ ✐s t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r ✐t ✐s ♠❛♥❞❛t♦r② t❤❛t✱ ♦♥❝❡ st❛rt❡❞✱ ❛ t❛s❦ ✐s ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ ❛♥②
♦t❤❡r t❛s❦ ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ♦♥ t❤❡ s❛♠❡ ♣r♦❝❡ss♦r✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❝♦♠♣✉t❛t✐♦♥
♠♦❞❡❧s ✇✐t❤ ❞✐✛❡r❡♥t ❛♥s✇❡rs t♦ t❤❛t q✉❡st✐♦♥✳

✷✳✸✳✷ ❋❧✉✐❞ ❝♦♠♣✉t❛t✐♦♥

❯♥❞❡r t❤❡ ✢✉✐❞ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t s❡✈❡r❛❧ t❛s❦s ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ❛t t❤❡ s❛♠❡
t✐♠❡ ♦♥ ❛ ❣✐✈❡♥ ✇♦r❦❡r✱ ✇✐t❤ ❛ t✐♠❡✲s❤❛r✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡
❝♦♠♣✉t❛t✐♦♥ r❛t❡ ❢♦r ❡❛❝❤ t❛s❦ ❝❛♥ ❜❡ t♦t❛❧❧② ❝♦♥tr♦❧❧❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ t❤❛t t✇♦ t❛s❦s
A ❛♥❞ B ❛r❡ ❡①❡❝✉t❡❞ ♦♥ t❤❡ s❛♠❡ ✇♦r❦❡r ❛t r❡s♣❡❝t✐✈❡ r❛t❡s α ❛♥❞ β ✭α + β ≤ 1✮✳ ❉✉r✐♥❣ ❛
t✐♠❡ ♣❡r✐♦❞ ∆t✱ α ·∆t ✉♥✐ts ♦❢ ✇♦r❦ ♦❢ t❛s❦ A ❛♥❞ β ·∆t ✉♥✐ts ♦❢ ✇♦r❦ ♦❢ t❛s❦ B ❛r❡ ❝♦♠♣❧❡t❡❞✳
❚❤❡s❡ ❝♦♠♣✉t❛t✐♦♥ r❛t❡s ♠❛② ❜❡ ❝❤❛♥❣❡❞ ❛t ❛♥② t✐♠❡ ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ t❛s❦✳

✷✳✸✳✸ ❆t♦♠✐❝ ❝♦♠♣✉t❛t✐♦♥

❆♥♦t❤❡r ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✱ t❤❡ ❛t♦♠✐❝ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✱ ❛ss✉♠❡s t❤❛t ♦♥❧② ❛ s✐♥❣❧❡ t❛s❦
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ ❛ ✇♦r❦❡r ❛t ❛♥② ❣✐✈❡♥ t✐♠❡✱ ❛♥❞ t❤✐s ❡①❡❝✉t✐♦♥ ❝❛♥♥♦t ❜❡ st♦♣♣❡❞ ❜❡❢♦r❡
✐ts ❝♦♠♣❧❡t✐♦♥ ✭♥♦ ♣r❡❡♠♣t✐♦♥✮✳

✷✳✸✳✹ ❙②♥❝❤r♦♥♦✉s st❛rt

❯♥❞❡r ❜♦t❤ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧s✱ ❛ ❣✐✈❡♥ ✇♦r❦❡r ❝❛♥♥♦t st❛rt ❡①❡❝✉t✐♦♥ ❜❡❢♦r❡ ✐t ❤❛s
t❡r♠✐♥❛t❡❞ t❤❡ r❡❝❡♣t✐♦♥ ♦❢ t❤❡ ♠❡ss❛❣❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ t❛s❦ ❢r♦♠ t❤❡ ♠❛st❡r❀ s✐♠✐❧❛r❧②✱ ✐t ❝❛♥✲
♥♦t st❛rt s❡♥❞✐♥❣ t❤❡ r❡s✉❧ts ❜❛❝❦ t♦ t❤❡ ♠❛st❡r ❜❡❢♦r❡ ✜♥✐s❤✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ❡①✐sts ❛ ✈❛r✐❛♥t t♦ t❤❡ ✢✉✐❞ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✱ ❝❛❧❧❡❞ s②♥❝❤r♦♥♦✉s st❛rt ❝♦♠♣✉t❛t✐♦♥✿
✐♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❛ ✇♦r❦❡r ❝❛♥ st❛rt ❛t t❤❡ s❛♠❡ t✐♠❡ ❛s t❤❡ r❡❝❡♣t✐♦♥ ♦❢ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ st❛rts✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ r❛t❡ ✐s s♠❛❧❧❡r t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ t❤❡ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ r❛t❡ ✭t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠✉st ❝♦♠♣❧❡t❡ ❜❡❢♦r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥✮✳ ❚❤✐s ♠♦❞❡❧s t❤❡
❢❛❝t t❤❛t✱ ✐♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ♦♥❧② t❤❡ ✜rst ❜②t❡s ♦❢ ❞❛t❛ ❛r❡ ♥❡❡❞❡❞ t♦ st❛rt ❡①❡❝✉t✐♥❣ ❛ t❛s❦✳

❆s ❛ r❡♠❛r❦✱ ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t ✐♥✐t✐❛t✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ♦♥ ●r✐❞ r❡s♦✉r❝❡s ♠❛② ✐♥❝✉r
❛ ❧❛t❡♥❝②✱ ✐✳❡✳✱ ❛ ❝♦♥st❛♥t ♦❝❝✉♣❛t✐♦♥ t✐♠❡✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s✐③❡✳

✷✳✹ ❈♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s

❚r❛❞✐t✐♦♥❛❧ s❝❤❡❞✉❧✐♥❣ ♠♦❞❡❧s ❡♥❢♦r❝❡ t❤❡ r✉❧❡ t❤❛t ❝♦♠♣✉t❛t✐♦♥s ❝❛♥♥♦t ♣r♦❣r❡ss ❢❛st❡r t❤❛♥
♣r♦❝❡ss♦r s♣❡❡❞s ✇♦✉❧❞ ❛❧❧♦✇✿ ❧✐♠✐t❛t✐♦♥s ♦❢ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s ❛r❡ ✇❡❧❧ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
❈✉r✐♦✉s❧②✱ t❤❡s❡ ♠♦❞❡❧s ❞♦ ♥♦t ♠❛❦❡ s✐♠✐❧❛r ❛ss✉♠♣t✐♦♥s ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥s✿ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱
❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♠❛② t❛❦❡ ♣❧❛❝❡ ❛t ❛♥② t✐♠❡✲st❡♣ ❬✶✹✻✱ ✸✼❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r ❝❛♥ s❡♥❞ ❛♥ ✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ♠❡ss❛❣❡s ✐♥ ♣❛r❛❧❧❡❧✱ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡s❡
♠❡ss❛❣❡s ✐s r♦✉t❡❞ ❛s ✐❢ ✐t ✇❛s ❛❧♦♥❡ ✐♥ t❤❡ s②st❡♠ ✭♥♦ s❤❛r✐♥❣ ♦❢ r❡s♦✉r❝❡s✮✳ ❆s s✉r♣r✐s✐♥❣ ❛s ✐t
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✷✳✹✳ ❈❖▼▼❯◆■❈❆❚■❖◆ ▼❖❉❊▲❙ ✾

♠❛② ♥♦✇ ❜❡✱ t❤✐s ❤✐st♦r✐❝❛❧ ♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①♣❧❛✐♥❡❞ ❜❡❝❛✉s❡ ✏✐♥tr♦❞✉❝✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦sts ❝♦♠♣❧✐❝❛t❡s ♠❛tt❡rs ❛ ❧♦t✑ ✭❢♦r ✐♥st❛♥❝❡✱ s❡❡ ❈❤❛♣t❡r ✷ ♦❢ ❬✻✵❪✮✳

❍♦✇❡✈❡r✱ ✐t ❝❛♥ ❜❡ tr✉❧② ❞✐✣❝✉❧t t♦ ❞❡✜♥❡ ❛ ♠♦❞❡❧ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦♥ ❣r✐❞✳ ■♥❞❡❡❞✱ ✐❢
✇❡ ❝♦♥s✐❞❡r ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❛ ❣r✐❞✱ ✇❡ ❛r❡ ❢❛❝✐♥❣ s❡✈❡r❛❧ ♣r♦❜❧❡♠s✳ ❋✐rst✱ ✇❡ ❝❛♥♥♦t ❝♦♥s✐❞❡r
t❤❛t t❤❡ ♥❡t✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ ♦✉r ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♣r❡❞✐❝t t❤❡
❡①t❡r♥❛❧ ❧♦❛❞ ♦♥ t❤❡ ♥❡t✇♦r❦✳ ❙❡❝♦♥❞✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇✱ ♠♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳
❆♥❞ ❧❛st✱ ❡✈❡♥ ✇❤❡♥ ❛ss✉♠✐♥❣ ❛♥ ❡①❛❝t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♥❡t✇♦r❦ t♦♣♦❧♦❣② ❛♥❞ ♦❢ t❤❡
❡①t❡r♥❛❧ ❧♦❛❞✱ t❤❡ tr❛✣❝ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❛❝❦❛❣❡s ❛❝❝♦r❞✐♥❣ t♦ ♥❡t✇♦r❦ ♣r♦t♦❝♦❧s ✐s ❛ ✈❡r② ❧♦♥❣
t❛s❦✱ ❛s s❤♦✇♥ ❜② t❤❡ ✇♦r❦ ♦❢ ◆❙ ❬✶✵✽❪✱ ❢♦r ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡ ♦❢ ❛ ❞❛t❛ tr❛♥s❢❡r ✇❛s
❢❛r ❧♦♥❣❡r t❤❛♥ t❤❡ tr❛♥s❢❡r ✐ts❡❧❢✳ ❖✈❡r❛❧❧✱ s✉❝❤ ❛ ♣r❡❝✐s✐♦♥ ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❞❡s✐❣♥ ♦❢
❡✣❝✐❡♥t s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s✳

✷✳✹✳✶ ❈♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡

❆♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ t❤❡ ♠♦❞❡❧ ✐s ♥❡t✇♦r❦ ❧❛t❡♥❝②✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ❛ r❡❛s♦♥❛❜❧❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ s❡♥❞ x ❜②t❡s ♦❢ ❞❛t❛ ♦✈❡r ❛ ♥❡t✇♦r❦ ❧✐♥❦ ✐s ❛✣♥❡ ♦❢ t❤❡ ❢♦r♠
α + x

B
✱ ✇❤❡r❡ α ✐s t❤❡ t✐♠❡ r❡q✉✐r❡❞ ❢♦r ❛ ③❡r♦ ❜②t❡ ♠❡ss❛❣❡ t♦ tr❛✈❡❧ ❢r♦♠ t❤❡ s♦✉r❝❡ t♦ t❤❡

❞❡st✐♥❛t✐♦♥✱ ♦r ❧❛t❡♥❝②✱ ❛♥❞ B ✐s t❤❡ ❞❛t❛ tr❛♥s❢❡r r❛t❡✳
❊✈❡♥ ✐❢ s♦♠❡ r❡s❡❛r❝❤ ♣r♦♣♦s❡❞ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♠♦❞❡❧s ❛s ❡❛r❧② ❛s t❡♥ ②❡❛rs ❛❣♦✱ ♠❛♥②

s❝❤❡❞✉❧✐♥❣ ✇♦r❦s ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ s❝❤❡❞✉❧✐♥❣ ❛r❡❛ ✭❙❡❝t✐♦♥ ✷✳✺✳✶✮✱ ✇❤♦s❡ ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r
s❡♥❞✐♥❣ t❛s❦s ♦❢ ❛r❜✐tr❛r② s✐③❡✱ ❤❛✈❡ ❛ss✉♠❡❞ ❧✐♥❡❛r tr❛♥s❢❡r t✐♠❡s x

B
✳ ▼♦st ♦❢ t❤❡s❡ ✇♦r❦s

❛ss✉♠❡❞ ❛ ❧✐♥❡❛r tr❛♥s❢❡r t✐♠❡ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ✐t ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❡❧❡❣❛♥t s♦❧✉t✐♦♥s t♦ ❝❡rt❛✐♥
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ ✐❣♥♦r✐♥❣ ❧❛t❡♥❝✐❡s ♠❛② ❧❡❛❞ t♦ ✢❛✇❡❞ s♦❧✉t✐♦♥s✱ ❛s t❤❡r❡ ✐s ♥♦
♣r♦❤✐❜✐t✐✈❡ ❝♦st t♦ s❡♥❞✐♥❣ ❧❛r❣❡ ♥✉♠❜❡rs ♦❢ ✈❡r② s♠❛❧❧ ♠❡ss❛❣❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✇♦r❦ ✐♥ ❬✷✾❪
❞❡✈❡❧♦♣❡❞ ❛ ♠✉❧t✐✲r♦✉♥❞ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ♥♦t❡❞ t❤❛t t❤❡ ❧✐♥❡❛r ♠♦❞❡❧
✐♠♣❧✐❡s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ r♦✉♥❞s✱ ✇❤❡r❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❛♠♦✉♥t ♦❢ ✇♦r❦ ✐s s❡♥t ♦✉t ❛t
❡❛❝❤ r♦✉♥❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s tr✉❡ t❤❛t t❛❦✐♥❣ ❧❛t❡♥❝✐❡s ✐♥t♦ ❛❝❝♦✉♥t ❛❞❞s ❛ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢
❝♦♠♣❧❡①✐t② t♦ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✱ ❛♥❞ ✇❡ ❝❛♥ ❜②♣❛ss t❤❡ ♣r♦❜❧❡♠ ♦❢ s❡♥❞✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧
❛♠♦✉♥ts ♦❢ ✇♦r❦ ❜② ❝♦♥s✐❞❡r✐♥❣ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s ✭❙❡❝t✐♦♥ ✷✳✺✳✷✮✱ ✐✳❡✳✱ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡
t❤❡ s✐③❡ ♦❢ ❡❛❝❤ t❛s❦ ✐s ✜①❡❞✳

❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ s✉♣♣♦s❡ t♦ ❤❛✈❡ ❛ ❧✐♥❡❛r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧✱ ♦r ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ t❛s❦s✱ t❤✉s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛t❡♥❝② ♦✈❡r❤❡❛❞s✳

✷✳✹✳✷ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❤❛✈✐♦r

❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❤❛✈✐♦r ✐s s✉♣♣♦s❡❞ t♦ ❝❧❛r✐❢② ✇❤❛t ❤❛♣♣❡♥s ✐♥ ❝❛s❡ ♦❢ s❡✈❡r❛❧ s❡♥❞s✳ ❙♦♠❡
♠♦❞❡❧s s♣❡❝✐❢② t❤❛t ❛ ♠❛❝❤✐♥❡ ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ t♦ ♦♥❧② ♦♥❡ ♦t❤❡r ❛t ❛♥② t✐♠❡✱ ✇❤✐❧❡ ♦t❤❡r
♠♦❞❡❧s ❛❧❧♦✇ ❢♦r ❛♥ ❛r❜✐tr❛r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s t♦ t❛❦❡ ♣❧❛❝❡ ❛t ❛♥② t✐♠❡✲st❡♣✳

▼❛❝r♦✲❞❛t❛✲✢♦✇

❖♥❡ ♦❢ t❤❡ ✜rst ♠♦❞❡❧ ✇❛s t❤❡ ♠❛❝r♦✲❞❛t❛✲✢♦✇ ♠♦❞❡❧ ✭❢♦r ✐♥st❛♥❝❡ s❡❡ t❤❡ s✉r✈❡② ♣❛♣❡rs ❬✺✶✱
✻✸✱ ✶✵✾✱ ✶✸✵❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤✐s ♠♦❞❡❧ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡❧❛②s
❛s ❢♦❧❧♦✇s✿ ❧❡t t❛s❦ T ❜❡ ❛ ♣r❡❞❡❝❡ss♦r ♦❢ t❛s❦ T ′ ✐♥ t❤❡ t❛s❦ ❣r❛♣❤❀ ✐❢ ❜♦t❤ t❛s❦s ❛r❡ ❛ss✐❣♥❡❞ t♦
t❤❡ s❛♠❡ ♣r♦❝❡ss♦r✱ ♥♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦✈❡r❤❡❛❞ ✐s ✐♥❝✉rr❡❞ ❛♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ T ′ ❝❛♥ st❛rt
✐♠♠❡❞✐❛t❡❧② ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ T ❀ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ T ❛♥❞ T ′ ❛r❡ ❛ss✐❣♥❡❞ t♦ t✇♦
❞✐✛❡r❡♥t ♣r♦❝❡ss♦rs✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ T ′ ❝❛♥♥♦t st❛rt ❡❛r❧✐❡r t❤❛♥ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ T
♣❧✉s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡❧❛② ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✇♦ t❛s❦s ❛♥❞ t❤❡ t✇♦ ♣r♦❝❡ss♦rs ✐♥✈♦❧✈❡❞✳
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✶✵ ❈❍❆P❚❊❘ ✷✳ ❋❘❆▼❊❲❖❘❑

❚❤❡ ♠❛❥♦r ✢❛✇ ♦❢ t❤✐s ♠❛❝r♦✲❞❛t❛✲✢♦✇ ♠♦❞❡❧ ✐s t❤❛t ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s ❛r❡ ♥♦t ❧✐♠✐t❡❞ ✐♥
t❤✐s ♠♦❞❡❧✳ ❚❤❡ ✜rst ♣r♦❜❧❡♠ ✐s t❤❛t ❛ ♣r♦❝❡ss♦r ❝❛♥ s❡♥❞ ✭♦r r❡❝❡✐✈❡✮ ❛♥② ♥✉♠❜❡r ♦❢ ♠❡ss❛❣❡s ✐♥
♣❛r❛❧❧❡❧✱ ❤❡♥❝❡ ❛♥ ✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣♦rts ✐s ❛ss✉♠❡❞ ✭t❤✐s ❡①♣❧❛✐♥s t❤❡ ♥❛♠❡
♠❛❝r♦✲❞❛t❛✢♦✇ ❢♦r t❤❡ ♠♦❞❡❧✮ ❛♥❞ ❛♥ ✉♥❧✐♠✐t❡❞ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤✳ ❚❤❡ s❡❝♦♥❞
♣r♦❜❧❡♠ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠❡ss❛❣❡s t❤❛t ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❝✐r❝✉❧❛t❡ ❜❡t✇❡❡♥ ♣r♦❝❡ss♦rs
✐s ♥♦t ❜♦✉♥❞❡❞✱ ❤❡♥❝❡ ❛♥ ✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ♦❝❝✉r ♦♥
❛ ❣✐✈❡♥ ❧✐♥❦✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t❡♥t✐♦♥✲❢r❡❡✱
✇❤✐❝❤ ♦❢ ❝♦✉rs❡ ✐s ♥♦t r❡❛❧✐st✐❝ ✐♥ ❣❡♥❡r❛❧ ❝❛s❡✳ ❚❤❡s❡ ✢❛✇s ❛r❡ ❢❛r ❢r♦♠ ❜❡✐♥❣ ♦♥❧② t❤❡♦r❡t✐❝❛❧✿
t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♣r❡❞✐❝t❡❞ ✉s✐♥❣ s✉❝❤ ❛ ♠♦❞❡❧ ❝❛♥ ❜❡ ✉♥r❡❧❛t❡❞ t♦ t❤❡ ❛❝t✉❛❧ ❡①❡❝✉t✐♦♥
t✐♠❡s ❬✶✸✸✱ ✾✺❪✳

❖♥❡✲♣♦rt ♠♦❞❡❧

❚❤❡ ♠♦r❡ r❡str✐❝t❡❞ ♠♦❞❡❧ ✐s t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ❬✸✵✱ ✸✶✱ ✶✸✹✱ ✶✸✷❪✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ❛ ♠❛st❡r✲
✇♦r❦❡r ♣❧❛t❢♦r♠✱ t❤✐s ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛st❡r ❝❛♥ ♦♥❧② s❡♥❞ ❞❛t❛ t♦✱ ❛♥❞ r❡❝❡✐✈❡ ❞❛t❛
❢r♦♠✱ ❛ s✐♥❣❧❡ ✇♦r❦❡r ❛t ❛ ❣✐✈❡♥ t✐♠❡✲st❡♣✱ s♦ t❤❛t t❤❡ s❡♥❞✐♥❣ ♦♣❡r❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ s❡r✐❛❧✐③❡❞✳
❙✉♣♣♦s❡ ❢♦r ❡①❛♠♣❧❡ t❤❛t t❤❡ ♠❛st❡r ❤❛s ❛ ♠❡ss❛❣❡ ♦❢ s✐③❡ x t♦ s❡♥❞ t♦ ✇♦r❦❡r Pu✳ ■❢ t❤❡ tr❛♥s❢❡r
st❛rts ❛t t✐♠❡ t✱ t❤❡♥ t❤❡ ♠❛st❡r ❝❛♥♥♦t st❛rt ❛♥♦t❤❡r s❡♥❞✐♥❣ ♦♣❡r❛t✐♦♥ ❜❡❢♦r❡ t✐♠❡ t+α+x/B
✉♥❞❡r ❛✣♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s ♠♦❞❡❧✱ ✇❤❡r❡ α ✐s t❤❡ ❧❛t❡♥❝② ❛♥❞ B t❤❡ ❜❛♥❞✇✐❞t❤✱ ♦r ❜❡❢♦r❡
t + x/B ✉♥❞❡r ❧✐♥❡❛r ♠♦❞❡❧✳

❚❤✐s ♦♥❡✲♣♦rt ♠♦❞❡❧ ♥❛t✉r❛❧❧② ❝♦♠❡s ✐♥ t✇♦ ✢❛✈♦rs ✇✐t❤ r❡t✉r♥ ♠❡ss❛❣❡s✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥
✇❤❡t❤❡r ✇❡ ❛❧❧♦✇ t❤❡ ♠❛st❡r t♦ s✐♠✉❧t❛♥❡♦✉s❧② s❡♥❞ ❛♥❞ r❡❝❡✐✈❡ ♠❡ss❛❣❡s ♦r ♥♦t✳ ■♥ t❤❡ ✉♥✐✲
❞✐r❡❝t✐♦♥❛❧ ✈❛r✐❛♥t✱ ❛ ♣r♦❝❡ss♦r ❝❛♥♥♦t ❜❡ ✐♥✈♦❧✈❡❞ ✐♥ ♠♦r❡ t❤❛♥ ♦♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛t ❛ ❣✐✈❡♥
t✐♠❡✲st❡♣✱ ❡✐t❤❡r ❛ s❡♥❞ ♦r ❛ r❡❝❡✐✈❡✳ ■♥ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♠♦❞❡❧✱ ❛ ♣r♦❝❡ss♦r ❝❛♥ s❡♥❞ ❛♥❞ r❡❝❡✐✈❡
✐♥ ♣❛r❛❧❧❡❧✱ ❜✉t ❛t ♠♦st ❢r♦♠ ❛ ❣✐✈❡♥ ♥❡✐❣❤❜♦r ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥✳ ■♥ ❜♦t❤ ✈❛r✐❛♥ts✱ ✐❢ Pu s❡♥❞s ❛
♠❡ss❛❣❡ t♦ Pv✱ ❜♦t❤ Pu ❛♥❞ Pv ❛r❡ ❜❧♦❝❦❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ■❢ ✇❡ ❞♦ ❛❧❧♦✇ ❢♦r
s✐♠✉❧t❛♥❡♦✉s s❡♥❞s ❛♥❞ r❡❝❡✐✈❡s✱ ✇❡ ❤❛✈❡ t❤❡ t✇♦✲♣♦rt ♠♦❞❡❧✳ ❯s✉❛❧❧②✱ ❛ ♣r♦❝❡ss♦r ✐s s✉♣♣♦s❡❞
t♦ ❜❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠ ♦♥❡ s❡♥❞ ❛♥❞ ♦♥❡ r❡❝❡✐✈❡ ♦♣❡r❛t✐♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❇✉t ✐♥ t❤✐s t❤❡s✐s
✇❡ ♠♦st❧② ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ tr✉❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ ♠❛st❡r ❝❛♥♥♦t ❜❡ ❡♥r♦❧❧❡❞ ✐♥ ♠♦r❡
t❤❛♥ ♦♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛t ❛♥② t✐♠❡✲st❡♣✳

❚❤✐s ♠♦❞❡❧ ✐s ♠♦r❡ r❡❛❧✐st✐❝ t❤❛♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❤❡r❡ t❤❡ ♥✉♠✲
❜❡r ♦❢ s✐♠✉❧t❛♥❡♦✉s ♠❡ss❛❣❡s ✐♥✈♦❧✈✐♥❣ ❛ ♣r♦❝❡ss♦r ✐s ♥♦t ❜♦✉♥❞❡❞✳ ❇❤❛t✱ ❘❛❣❤❛✈❡♥❞r❛✱ ❛♥❞
Pr❛s❛♥♥❛ ❬✸✵✱ ✸✶❪ ❛❞✈♦❝❛t❡ t❤❡ ✉s❡ ♦❢ t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ♦♥❡✲♣♦rt ♠♦❞❡❧ ❜❡❝❛✉s❡ ✏❝✉rr❡♥t ❤❛r❞✇❛r❡
❛♥❞ s♦❢t✇❛r❡ ❞♦ ♥♦t ❡❛s✐❧② ❡♥❛❜❧❡ ♠✉❧t✐♣❧❡ ♠❡ss❛❣❡s t♦ ❜❡ tr❛♥s♠✐tt❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳✑ ❊✈❡♥
✐❢ ♥♦♥✲❜❧♦❝❦✐♥❣ ♠✉❧t✐✲t❤r❡❛❞❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐❜r❛r✐❡s ❛❧❧♦✇ ❢♦r ✐♥✐t✐❛t✐♥❣ ♠✉❧t✐♣❧❡ s❡♥❞ ❛♥❞
r❡❝❡✐✈❡ ♦♣❡r❛t✐♦♥s✱ t❤❡② ❝❧❛✐♠ t❤❛t ❛❧❧ t❤❡s❡ ♦♣❡r❛t✐♦♥s ✏❛r❡ ❡✈❡♥t✉❛❧❧② s❡r✐❛❧✐③❡❞ ❜② t❤❡ s✐♥❣❧❡
❤❛r❞✇❛r❡ ♣♦rt t♦ t❤❡ ♥❡t✇♦r❦✑✳ ❊①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤✐s ❢❛❝t ❤❛s r❡❝❡♥t❧② ❜❡❡♥ r❡♣♦rt❡❞ ❜②
❙❛✐❢ ❛♥❞ P❛r❛s❤❛r ❬✶✷✸❪✱ ✇❤♦ r❡♣♦rt t❤❛t ❛s②♥❝❤r♦♥♦✉s ▼P■ s❡♥❞s ❣❡t s❡r✐❛❧✐③❡❞ ❛s s♦♦♥ ❛s ♠❡s✲
s❛❣❡ s✐③❡s ❡①❝❡❡❞ ❛ ❤✉♥❞r❡❞ ❦✐❧♦❜②t❡s✳ ❚❤❡✐r r❡s✉❧t ❤♦❧❞ ❢♦r t✇♦ ♣♦♣✉❧❛r ▼P■ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱
▼P■❈❍ ♦♥ ▲✐♥✉① ❝❧✉st❡rs ❛♥❞ ■❇▼ ▼P■ ♦♥ t❤❡ ❙P✷✳

❚❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ❛❧s♦ ❢✉❧❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ♣❧❛t❢♦r♠✱ ❛s ❡❛❝❤ ❧✐♥❦
❤❛s ❛ ❞✐✛❡r❡♥t ❜❛♥❞✇✐❞t❤✳ ■t ❣❡♥❡r❛❧✐③❡s ❛ s✐♠♣❧❡r ♠♦❞❡❧ st✉❞✐❡❞ ❜② ❇❛♥✐❦❛③❡♠✐✱ ▼♦♦rt❤②✱ ❛♥❞
P❛♥❞❛ ❬✼❪✱ ▲✐✉ ❬✶✵✸❪✱ ❛♥❞ ❑❤✉❧❧❡r ❛♥❞ ❑✐♠ ❬✽✾❪✳ ■♥ t❤✐s s✐♠♣❧❡r ♠♦❞❡❧✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡
♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s❡♥❞❡r✱ ♥♦t ♦♥ t❤❡ r❡❝❡✐✈❡r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞ ❢r♦♠
❛ ♣r♦❝❡ss♦r t♦ ❛❧❧ ✐ts ♥❡✐❣❤❜♦rs ✐s t❤❡ s❛♠❡✳ ❚❤✐s ✇♦✉❧❞ r❡str✐❝t t❤❡ st✉❞② t♦ ❜✉s ♣❧❛t❢♦r♠s
✐♥st❡❛❞ ♦❢ ❣❡♥❡r❛❧ st❛r ♣❧❛t❢♦r♠s✳

❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t s♦♠❡ ♣❛♣❡rs ❬✽✱ ✶✶❪ ❞❡♣❛rt ❢r♦♠ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ❛s t❤❡② ❛❧❧♦✇ ❛

te
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s❡♥❞✐♥❣ ♣r♦❝❡ss♦r t♦ ✐♥✐t✐❛t❡ ❛♥♦t❤❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇❤✐❧❡ ❛ ♣r❡✈✐♦✉s ♦♥❡ ✐s st✐❧❧ ♦♥✲❣♦✐♥❣ ♦♥
t❤❡ ♥❡t✇♦r❦✳ ❍♦✇❡✈❡r✱ s✉❝❤ ♠♦❞❡❧s ✐♥s✐st t❤❛t t❤❡r❡ ✐s ❛♥ ♦✈❡r❤❡❛❞ t✐♠❡ t♦ ♣❛② ❜❡❢♦r❡ ❜❡✐♥❣
❡♥❣❛❣❡❞ ✐♥ ❛♥♦t❤❡r ♦♣❡r❛t✐♦♥✱ s♦ t❤❡r❡ ❛r❡ ♥♦t ❛❧❧♦✇✐♥❣ ❢♦r ❢✉❧❧② s✐♠✉❧t❛♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s✳

❇♦✉♥❞❡❞ ♠✉❧t✐✲♣♦rt

❙♦♠❡ t✐♠❡ ❛❢t❡r ❙❛✐❢ ❛♥❞ P❛r❛s❤❛r✬s st✉❞② ❬✶✷✸❪✱ r❡❝❡♥t ♠✉❧t✐✲t❤r❡❛❞❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐❜r❛r✐❡s
s✉❝❤ ❛s ▼P■❈❍✷ ❬✼✸✱ ✽✽❪ ♥♦✇ ❛❧❧♦✇ ❢♦r ✐♥✐t✐❛t✐♥❣ ♠✉❧t✐♣❧❡ ❝♦♥❝✉rr❡♥t s❡♥❞ ❛♥❞ r❡❝❡✐✈❡ ♦♣❡r❛t✐♦♥s✱
t❤❡r❡❜② ♣r♦✈✐❞✐♥❣ ♣r❛❝t✐❝❛❧ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠✉❧t✐♣♦rt ♠♦❞❡❧✳

❯♥❞❡r t❤❡ ❜♦✉♥❞❡❞ ♠✉❧t✐♣♦rt ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧ ❬✼✾❪✱ t❤❡ ♠❛st❡r ❝❛♥ s❡♥❞✴r❡❝❡✐✈❡ ❞❛t❛
t♦✴❢r♦♠ ❛❧❧ ✇♦r❦❡rs ❛t ❛ ❣✐✈❡♥ t✐♠❡✲st❡♣✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ ❧✐♠✐t ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ ❞❛t❛ t❤❛t
t❤❡ ♠❛st❡r ❝❛♥ s❡♥❞ ♣❡r t✐♠❡✲✉♥✐t✱ ❞❡♥♦t❡❞ ❛s ❇❲✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❞❛t❛
s❡♥t ❜② t❤❡ ♠❛st❡r t♦ ❛❧❧ ✇♦r❦❡rs ❡❛❝❤ t✐♠❡✲✉♥✐t ❝❛♥♥♦t ❡①❝❡❡❞ ❇❲✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❜♦✉♥❞ ❇❲
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜❛♥❞✇✐❞t❤ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r✬s ♥❡t✇♦r❦ ❝❛r❞❀ t❤❡ ✢♦✇ ♦❢ ❞❛t❛ ♦✉t ♦❢ t❤❡
❝❛r❞ ❝❛♥ ❜❡ ❡✐t❤❡r ❞✐r❡❝t❡❞ t♦ ❛ s✐♥❣❧❡ ❧✐♥❦ ♦r s♣❧✐t ❛♠♦♥❣ s❡✈❡r❛❧ ❧✐♥❦s ✐♥❞✐✛❡r❡♥t❧②✱ ❤❡♥❝❡ t❤❡
♠✉❧t✐♣♦rt ❤②♣♦t❤❡s✐s✳ ❚❤❡ ❜♦✉♥❞❡❞ ♠✉❧t✐♣♦rt ♠♦❞❡❧ ❢✉❧❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡
♣❧❛t❢♦r♠✱ ❛s ❡❛❝❤ ❧✐♥❦ ❤❛s ❛ ❞✐✛❡r❡♥t ❜❛♥❞✇✐❞t❤✳ ❙✐♠✉❧t❛♥❡♦✉s s❡♥❞s ❛♥❞ r❡❝❡✐✈❡s ❛r❡ ❛❧❧♦✇❡❞
✭❛❧❧ ❧✐♥❦s ❛r❡ ❛ss✉♠❡❞ ❜✐✲❞✐r❡❝t✐♦♥❛❧✱ ♦r ❢✉❧❧✲❞✉♣❧❡①✮✳

■♥t❡r❢❡r❡♥❝❡s

■❢ ❛ ♣r♦❝❡ss♦r ✐s ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇❤✐❧❡ ✐t ✐s ❝♦♠♣✉t✐♥❣✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♠❛② ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t
❛♥❞ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ❜❛♥❞✇✐❞t❤ ❬✾✶✱ ✾✷❪✳ ❆❧s♦✱ ✇❤❡♥ s❡✈❡r❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s
❤❛♣♣❡♥ s✐♠✉❧t❛♥❡♦✉s❧② ♦♥ t❤❡ s❛♠❡ ♣❤②s✐❝❛❧ ❧✐♥❦✱ t❤❡ ❢❛❝t ✐s t❤❛t t❤❡② ♠❛② ✐♠♣❛❝t t❤❡ ♣❡r❢♦r✲
♠❛♥❝❡ ♦❢ ❡❛❝❤ ♦t❤❡r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡② ♠❛② ❤❛✈❡ t♦ ✏s❤❛r❡✑ t❤❡ ❛✈❛✐❧❛❜❧❡ ❜❛♥❞✇✐❞t❤s✳ ❆♥❞
✏❤♦✇✑ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❧✐♥❦ ❬✹✹❪✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ s✉♣♣♦s❡ t❤❛t ♥♦ ✐♥t❡r❢❡r❡♥❝❡ ♦❝❝✉rs ❞✉r✐♥❣ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♠♦❞❡❧ ✭♦♥❡✲♣♦rt✮✱ ♦r ♦❢ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳
❲❡ ❛❧s♦ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ♦✈❡r❧❛♣♣❡❞ ❜② ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥s✱
✇✐t❤♦✉t ❛♥② ✐♥t❡r❢❡r❡♥❝❡✳

✷✳✺ ❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ✉♥❞❡r❧✐♥❡❞ t❤❡ ❢❛❝t t❤❛t s❝❤❡❞✉❧✐♥❣ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ✇❛s
❞✐✣❝✉❧t✳ ❚❤❛t ✐s ✇❤② ✇❡ ✇❛♥t t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡
❡①❡❝✉t❡❞ ♦♥ t❤❡s❡ ♣❧❛t❢♦r♠s✳ ■♥❞❡❡❞✱ ♦♥ ✉♥st❛❜❧❡ ❞✐str✐❜✉t❡❞ ♣❧❛t❢♦r♠s✱ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛
♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥ r❡q✉✐r❡s ❝♦♠♣❧❡① ❝❤❡❝❦✐♥❣ t❤❛t ♥♦ ❢❛✐❧✉r❡ ♦❝❝✉rs✱ ❛♥❞ t❤❛t ♥♦ ♠❡ss❛❣❡ ❣❡ts
❧♦st✱ ✐♥ ♦r❞❡r t♦ r❡st❛rt t❤❡ t❛s❦s t❤❛t ❤❛✈❡ ❢❛✐❧❡❞✳ ❚❤❛t ❡①♣❧❛✐♥s ✇❤② t❤❡ ♠❛❥♦r✐t② ♦❢ ❛♣♣❧✐❝❛t✐♦♥s
✉s✐♥❣ t❤❡s❡ ❣r✐❞s ❛r❡ s✐♠♣❧❡ ❛♥❞ ♥❛t✉r❛❧❧② r♦❜✉st✳ ❆ t②♣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥s✐sts ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✿ ✐❢ ❛ ❥♦❜ ✐s ✐♥t❡rr✉♣t❡❞✱ ♦r t❤❡ tr❛♥s♠✐ss✐♦♥ ♦❢ t❤❡ r❡s✉❧t ❢❛✐❧s✱ ♦♥❡ ❝❛♥ ❥✉st
r❡♣❡❛t t❤✐s t❛s❦ ❧❛t❡r✱ ♦♥ ❛♥♦t❤❡r ♣r♦❝❡ss♦r✱ ✇✐t❤♦✉t ❛♥② ❝♦st ❢♦r t❤❡ r❡st ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

❖❜✈✐♦✉s❧②✱ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧ ✇❤✐❝❤ ✇♦✉❧❞ ♣❡r❢❡❝t❧② ❞❡s❝r✐❜❡ ❡✈❡r②
❛♣♣❧✐❝❛t✐♦♥ ♦♥❡ ❝♦✉❧❞ ❡✈❡r ❡♥❝♦✉♥t❡r✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡r❡ ❡①✐st ♠❛♥② ❞✐✛❡r❡♥t ♠♦❞❡❧s✱ ♠♦st
♦❢ t❤❡♠ ❜❡✐♥❣ s♣❡❝✐✜❝ t♦ ❛ ❝❡rt❛✐♥ t②♣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❢♦❝✉s ❤❡r❡ ♦♥ t✇♦ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧s
♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✳ ❖❢ ❝♦✉rs❡ t❤❡r❡ ❡①✐st ❧♦ts ♦❢ ♦t❤❡r ♠♦❞❡❧s✳
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✶✷ ❈❍❆P❚❊❘ ✷✳ ❋❘❆▼❊❲❖❘❑

✷✳✺✳✶ ❉✐✈✐s✐❜❧❡ ▲♦❛❞ ❛♣♣❧✐❝❛t✐♦♥s

❉✐✈✐s✐❜❧❡ ❧♦❛❞ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥s✐st ♦❢ ❛♥ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ ♦r ❧♦❛❞✱ t❤❛t ❝❛♥ ❜❡ ❞✐✈✐❞❡❞
✐♥t♦ ❛♥② ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t ♣✐❡❝❡s✱ ♦r ♣❛rts✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢
❡❛❝❤ ♣❛rt ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ t♦t❛❧ t✐♠❡ t♦ ♣r♦❝❡ss t❤❡ ✇❤♦❧❡ ✐♥♣✉t✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡
t♦t❛❧ ✐♥♣✉t ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❝❤✉♥❦s ♦❢ ❛r❜✐tr❛r② s✐③❡s✱ ✇❤✐❝❤ ♠❛② ❜❡ ♣r♦❝❡ss❡❞ ✐♥ ❛♥② ♦r❞❡r✱
❛♥❞ ❡❛❝❤ ❝❤✉♥❦ ❝❛♥ ✐ts❡❧❢ ❝♦♥t❛✐♥ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ s♠❛❧❧ ♣❛rts✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛
♣❡r❢❡❝t❧② ♣❛r❛❧❧❡❧ ❥♦❜✱ ❜❡❝❛✉s❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ s✉❜✲t❛s❦s✱ ✇❤❡r❡ ❡✈❡r②
s✉❜✲t❛s❦ ❝❛♥ ✐ts❡❧❢ ❜❡ ♣r♦❝❡ss❡❞ ✐♥ ♣❛r❛❧❧❡❧✱ ♦♥ ❛♥② ♥✉♠❜❡r ♦❢ ✇♦r❦❡rs ❛♥❞ ✐♥ ❛♥② ♦r❞❡r✳ ❙✉❝❤
❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❛♠❡♥❛❜❧❡ t♦ t❤❡ s✐♠♣❧❡ ♠❛st❡r✲✇♦r❦❡r ♣r♦❣r❛♠♠✐♥❣ ♠♦❞❡❧✱ ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡
❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ❞❡♣❧♦②❡❞✳

❚❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧ ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❝♦♥s✐st ♦❢ ❛ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧✱ ❧♦✇✲❣r❛♥✉❧❛r✐t② ❝♦♠♣✉t❛t✐♦♥s✱ ❛♥❞ ❤❛s t❤✉s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♠❛♥② r❡❛❧✲
✇♦r❧❞ s❝✐❡♥t✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡s✱ ♣❛tt❡r♥ s❡❛r❝❤✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
❜✐♦❧♦❣② ❬✼✻❪✱ ✈✐❞❡♦ ❝♦♠♣r❡ss✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s ❬✶✶✺❪✱ ✈♦❧✉♠❡ r❡♥❞❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ✉s❡❞
❢♦r s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣ ❛♥❞ ❜✐♦♠❡❞✐❝✐♥❡ ❬✹✾✱ ✶✹✸❪ ❛♥❞ ❡✈❡♥ ❉❛t❛ ♠✐♥✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❬✶✸✻❪ ✜t t❤❡
❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧✳ ❚❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐♥ t❡r♠ ♦❢ t♦t❛❧ r✉♥♥✐♥❣
t✐♠❡✱ t♦t❛❧ ❞❛t❛ s✐③❡✱ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥✲❝♦♠♠✉♥✐❝❛t✐♦♥ r❛t✐♦✳ ❊①♣❡r✐♠❡♥ts ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞
t❤❛t ❤✐❣❤❧✐❣❤t ❛♥❞ q✉❛♥t✐❢② t❤❡ ❞✐✈❡rs✐t② ✐♥ ❛♣♣❧✐❝❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r
t♦ ❬✶✹✶✱ ✶✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✷✳✺✳✷ ❇❛❣✲♦❢✲❚❛s❦s ❛♣♣❧✐❝❛t✐♦♥s

❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧ ✐s t❤❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧✱ ✇❤❡r❡ ✇❡ s✉♣♣♦s❡ t❤❛t ❛♥
❛♣♣❧✐❝❛t✐♦♥ ✐s ♠❛❞❡ ♦❢ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t s✉❜✲t❛s❦s✱ ❛♥❞ t❤❛t ❡❛❝❤ ♦❢ t❤❡s❡ s✉❜✲
t❛s❦s ✐s ❛t♦♠✐❝✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡✱
✐♥ t❤✐s ♠♦❞❡❧ t❤❡ s✐③❡ ♦❢ t❤❡ s✉❜✲t❛s❦s ✐s ✜①❡❞✱ ❝♦♥tr❛r✐❧② t♦ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ♠♦❞❡❧ ✇❤❡r❡ t❤❡
s❝❤❡❞✉❧❡r ❝❛♥ ❢r❡❡❧② ❞❡✜♥❡ t❤❡ s✐③❡ ♦❢ ❛♥② s✉❜✲t❛s❦✳

❚❤❡✐r st✉❞② ✐s ♠♦t✐✈❛t❡❞ ❜② ♣r♦❜❧❡♠s t❤❛t ❛r❡ ❛❞❞r❡ss❡❞ ❜② ❝♦❧❧❛❜♦r❛t✐✈❡ ❝♦♠♣✉t✐♥❣ ❡✛♦rts
s✉❝❤ ❛s ❙❊❚■❅❤♦♠❡ ❬✶✷✻❪✱ ❢❛❝t♦r✐♥❣ ❧❛r❣❡ ♥✉♠❜❡rs ❬✺✼❪✱ t❤❡ ▼❡rs❡♥♥❡ ♣r✐♠❡ s❡❛r❝❤ ❬✶✶✼❪✱ ❛♥❞
t❤♦s❡ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣ ♣r♦❜❧❡♠s ♦r❣❛♥✐③❡❞ ❜② ❝♦♠♣❛♥✐❡s s✉❝❤ ❛s ❊♥tr♦♣✐❛ ❬✻✹❪✳ ❇❛❣✲
♦❢✲t❛s❦s ❛r❡ ✇❡❧❧ s✉✐t❡❞ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❣r✐❞s✱ ❜❡❝❛✉s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♥ ❡❛s✐❧② ❜❡❝♦♠❡ ❛
❜♦tt❧❡♥❡❝❦ ❢♦r t✐❣❤t❧②✲❝♦✉♣❧❡❞ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❈♦♥❞♦r ❬✶✵✷❪ ❛♥❞ ❆P❙❚ ❬✷✼✱ ✹✷❪ ❛r❡ ❛♠♦♥❣ t❤❡ ✜rst ♣r♦❥❡❝ts ♣r♦✈✐❞✐♥❣ s♣❡❝✐✜❝ s✉♣♣♦rt
❢♦r s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s✳ ❈♦♥❞♦r ✇❛s ✐♥✐t✐❛❧❧② ❝♦♥❝❡✐✈❡❞ ❢♦r ❝❛♠♣✉s✲✇✐❞❡ ♥❡t✇♦r❦s ❬✶✵✷❪✱ ❜✉t ❤❛s
❜❡❡♥ ❡①t❡♥❞❡❞ t♦ r✉♥ ♦♥ ❣r✐❞s ❬✻✼❪✳ ❲❤✐❧❡ ❆P❙❚ ✐s ✉s❡r✲❝❡♥tr✐❝ ❛♥❞ ❞♦❡s ♥♦t ❤❛♥❞❧❡ ♠✉❧t✐♣❧❡✲
❛♣♣❧✐❝❛t✐♦♥s✱ ❈♦♥❞♦r ✐s s②st❡♠✲❝❡♥tr✐❝✳ ❚❤♦s❡ t✇♦ ♣r♦❥❡❝ts ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r st❛♥❞❛r❞ ❣r✐❞s
❜✉t ♠♦r❡ r❡❝❡♥t ❛♥❞ ❛❝t✐✈❡ ♣r♦❥❡❝ts ❧✐❦❡ ❖✉r●r✐❞ ❬✺✹❪ ♦r ❇❖■◆❈ ❬✸✺❪ t❛r❣❡t ♠♦r❡ ❞✐str✐❜✉t❡❞
❛r❝❤✐t❡❝t✉r❡s ❧✐❦❡ ❞❡s❦t♦♣ ❣r✐❞s✳ ❇❖■◆❈ ❬✸✺❪ ✐s ❛ ❝❡♥tr❛❧✐③❡❞ s❝❤❡❞✉❧❡r t❤❛t ❞✐str✐❜✉t❡s t❛s❦s ❢♦r
♣❛rt✐❝✐♣❛t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ s✉❝❤ ❛s ❙❊❚■❅❤♦♠❡✱ ❈❧✐♠❛t❡Pr❡❞✐❝t✐♦♥✳◆❊❚✱ ❛♥❞ ❊✐♥st❡✐♥❅❍♦♠❡✳
❚❤❡ s❡t ♦❢ r❡s♦✉r❝❡s ✐s t❤✉s ✈❡r② ❧❛r❣❡ ✇❤✐❧❡ t❤❡ s❡t ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐s s♠❛❧❧ ❛♥❞ ✈❡r② ❝♦♥tr♦❧❧❡❞✳
❖✉r●r✐❞ ✐s ❛ ❇r❛③✐❧✐❛♥ ♣r♦❥❡❝t t❤❛t ❡♥❝♦✉r❛❣❡s ♣❡♦♣❧❡ t♦ ❞♦♥❛t❡ t❤❡✐r ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s ✇❤✐❧❡
♠❛✐♥t❛✐♥✐♥❣ t❤❡ s②♠♠❡tr② ❜❡t✇❡❡♥ ❝♦♥s✉♠❡rs ❛♥❞ ♣r♦✈✐❞❡rs✳ ❆❧❧ t❤❡s❡ ♣r♦❥❡❝ts ❣❡♥❡r❛❧❧② ❢♦❝✉s
♦♥ ❞❡s✐❣♥✐♥❣ ❛♥❞ ♣r♦✈✐❞✐♥❣ ❛ ✇♦r❦✐♥❣ ✐♥❢r❛str✉❝t✉r❡✱ ❛♥❞ t❤❡② ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥② ❛♥❛❧②s✐s ♦❢
s❝❤❡❞✉❧✐♥❣ t❡❝❤♥✐q✉❡s s✉✐t❡❞ t♦ s✉❝❤ ❡♥✈✐r♦♥♠❡♥ts✳
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■❞❡♥t✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s

❚❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❛♥❞ ❜❛❣✲♦❢✲t❛s❦s ♠♦❞❡❧s ❝♦rr❡s♣♦♥❞ ❜♦t❤ t♦ tr✐✈✐❛❧❧② ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✱
t❤❛t ✐s✱ t♦ ❛♣♣❧✐❝❛t✐♦♥s ✇❤♦s❡ s✉❜✲t❛s❦s ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ✐♥ ❛♥② ♦r❞❡r ♦r ❡✈❡♥ ❝♦♥❝✉rr❡♥t❧②✳
❚❤❡r❡ ❡①✐sts ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❝❡♥❛r✐♦✱ ✇❤❡r❡ ♦♥❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✬s s✉❜✲t❛s❦s ♠❛② ♣r♦❞✉❝❡ ❛♥
✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t ✇❤✐❝❤ ✇✐❧❧ ❧❛t❡r ❜❡ ✉s❡❞ ❛s ❛♥ ✐♥♣✉t ❞❛t❛ ❜② ❛♥♦t❤❡r s✉❜✲t❛s❦ ✭✇❡ t❤❡♥ s❛②
t❤❛t t❤❡ ❧❛tt❡r s✉❜✲t❛s❦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❢♦r♠❡r✮✳

❇✉t ✐♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✱ ❛♥❞ t❤❡s❡ t❛s❦s
✇✐❧❧ ❜❡ ♦❢ ✐❞❡♥t✐❝❛❧ s✐③❡✳ ❚❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❤❛✈✐♥❣ s❛♠❡✲s✐③❡ t❛s❦s✱ ✐♥ t❡r♠s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s
✭✈♦❧✉♠❡ ♦❢ ❞❛t❛ s❡♥t ❜② t❤❡ ♠❛st❡r t♦ t❤❡ s❧❛✈❡ ✇❤✐❝❤ t❤❡ t❛s❦ ✐s ❛ss✐❣♥❡❞ t♦✮ ❛♥❞ ♦❢ ❝♦♠♣✉✲
t❛t✐♦♥s ✭♥✉♠❜❡r ♦❢ ✢♦♣s r❡q✉✐r❡❞ ❢♦r t❤❡ ❡①❡❝✉t✐♦♥✮✱ ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t ♦♥❡ ✐❢ ✇❡ ❡①♣❡❝t t♦
✜♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✳ ■♥❞❡❡❞✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❞✐✛❡r❡♥t✲s✐③❡ t❛s❦s ♦♥
❛ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ r❡❞✉❝❡❞ t♦ ❛ ♠❛st❡r ❛♥❞ t✇♦ ✐❞❡♥t✐❝❛❧ s❧❛✈❡s✱ ✇✐t❤♦✉t ♣❛②✐♥❣ ❛♥② ❝♦st
❢♦r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❢r♦♠ t❤❡ ♠❛st❡r✱ ❛♥❞ s✉♣♣♦s✐♥❣ ❛❧❧ t❛s❦s ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ♠❛st❡r ❛t
t❤❡ ❜❡❣✐♥♥✐♥❣✱ ✐s ❛❧r❡❛❞② ❛♥ ◆P✲❤❛r❞ ♣r♦❜❧❡♠ ✶ ❬✻✽❪✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s✐♠♣❧❡st ✈❡rs✐♦♥ ✐s
◆P✲❤❛r❞ ♦♥ t❤❡ s✐♠♣❧❡st ✭t✇♦✲s❧❛✈❡✮ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳

❍♦✇❡✈❡r✱ ✇♦r❦✐♥❣ ✉♥❞❡r s✉❝❤ ♠♦❞❡❧ ✐s st✐❧❧ r❡❧❡✈❛♥t✱ ❛s ✇❡ ♣♦✐♥t ♦✉t t❤❛t ♠❛♥② ✐♠♣♦rt❛♥t
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ✐♥✈♦❧✈❡ ❧❛r❣❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ✐❞❡♥t✐❝❛❧ t❛s❦s ❬✹✸✱ ✶❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ❦✐♥❞
♦❢ ❢r❛♠❡✇♦r❦ ✐s t②♣✐❝❛❧ ♦❢ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s✱ ✐♥❝❧✉❞✐♥❣ ♣❛r❛♠❡t❡r s✇❡❡♣ ❛♣♣❧✐❝❛t✐♦♥s ❬✹✷❪
❛♥❞ ❇❖■◆❈✲❧✐❦❡ ❝♦♠♣✉t❛t✐♦♥s ❬✸✺❪✳

❘❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞✉❡ ❞❛t❡s

■♥ t❤❡ ❝♦♥t❡①ts ♦❢ s❝❤❡❞✉❧✐♥❣ ♠✉❧t✐♣❧❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ t❤❛t ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s
✇✐❧❧ ♥♦t ❜❡ ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❜✉t ♦♥ t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡② ✇✐❧❧ ❛rr✐✈❡ ♦✈❡r t✐♠❡✳ ■♥
s✉❝❤ ❛ ❝❛s❡✱ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✇✐❧❧ ❤❛✈❡ ✐ts ♦✇♥ ❛rr✐✈❛❧ ❞❛t❡✱ ♦r r❡❧❡❛s❡ ❞❛t❡✱ ❜❡❢♦r❡ ✇❤✐❝❤ t❤❡
s❝❤❡❞✉❧❡r ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ s❝❤❡❞✉❧❡ ❛♥② t❛s❦ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳

❇❡s✐❞❡s r❡❧❡❛s❡ ❞❛t❡s✱ ❛ t❛s❦ ♠❛② ❛❧s♦ ❤❛✈❡ ❛ ❞✉❡ ❞❛t❡✱ ❜❡❢♦r❡ ✇❤✐❝❤ ✐t s❤♦✉❧❞ ❜❡ ♣r♦❝❡ss❡❞
♦r ❛ ♣❡♥❛❧t② s❤♦✉❧❞ ❜❡ ♣❛✐❞✳ ❖r ✐t ♠❛② ❤❛✈❡ ❛ ❤❛r❞ ❞❡❛❞❧✐♥❡ ❜❡❢♦r❡ ✇❤✐❝❤ ✐t ♠✉st ❜❡ ❝♦♠♣❧❡t❡❞✳
❚❤❡♥ ✐t ✇✐❧❧ ❜❡ ♦❢ t❤❡ s❝❤❡❞✉❧❡r r❡s♣♦♥s✐❜✐❧✐t② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❧❧ t❤❡s❡ ❝♦♥str❛✐♥ts✳

✷✳✻ ❙❝❤❡❞✉❧✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ t❤r❡❡ ❝❧❛ss❡s ♦❢ s❝❤❡❞✉❧✐♥❣ ♠♦❞❡❧s t❤❛t ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡
♥❡①t ❝❤❛♣t❡rs✳ ❚❤❡② ❞❡t❛✐❧ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✲r❡❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ✭❝♦♠♣✉t❛t✐♦♥ s✐③❡✱
♥✉♠❜❡r ♦❢ t❛s❦s✱ r❡❧❡❛s❡ ❞❛t❡s✱ ❡t❝✳✳✳✮ ✇❤❡♥ tr②✐♥❣ t♦ ✜♥❞ ❛ ❣♦♦❞ s❝❤❡❞✉❧❡✳

❲❡ ✇✐❧❧ ❛❧✇❛②s s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ❝❧❛✐r✈♦②❛♥t ♠♦❞❡❧ ❛❜♦✉t t❤❡ ♣❧❛t❢♦r♠✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t ✇❡ ❦♥♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ ♦❢ ❡❛❝❤ ♣r♦❝❡ss♦r ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❡❛❝❤ ❝♦♠♠✉♥✐❝❛t✐♦♥
❧✐♥❦✳ ❙✉❝❤ ❛ ♠♦❞❡❧ ❞✐s❝❛r❞s t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥st❛❜✐❧✐t② ❢r♦♠ s❤❛r✐♥❣ t❤❡ r❡s♦✉r❝❡s ✇✐t❤ ♦t❤❡r
✉s❡rs✱ ❛♥❞ s✉♣♣♦s❡s t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠ ❞❡❞✐❝❛t❡❞ t♦ ♦✉r ♦✇♥ ✉s❛❣❡ ❢♦r t❤❡
t✐♠❡ ♦❢ ❡①♣❡r✐♠❡♥ts✳

✷✳✻✳✶ ❇❡❢♦r❡❤❛♥❞

■♥ t❤❡ s✐♠♣❧❡st ♠♦❞❡❧✱ ✇❡ ❦♥♦✇ ❜❡❢♦r❡❤❛♥❞ ❛❧❧ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ❛❧❧ t❤❡ ❛♣✲
♣❧✐❝❛t✐♦♥s t♦ ❜❡ s❝❤❡❞✉❧❡❞ ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ♠❛st❡r ✭t❤❛t ♠❡❛♥s t❤❛t t❤❡ r❡❧❡❛s❡ ❞❛t❡s ♦❢ ❛❧❧

✶r❡❞✉❝t✐♦♥ ❢r♦♠ ✷✲♣❛rt✐t✐♦♥
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✶✹ ❈❍❆P❚❊❘ ✷✳ ❋❘❆▼❊❲❖❘❑

❛♣♣❧✐❝❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡✮✳ ❚❤✐s ♠♦❞❡❧ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✹ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❛tr✐①
♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❙✉❝❤ ❛ss✉♠♣t✐♦♥ ✐s r❡❛❧✐st✐❝ ❤❡r❡✱ ❜❡❝❛✉s❡ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢
❛ s✐♥❣❧❡ ♠❛tr✐① ♣r♦❞✉❝t✳

✷✳✻✳✷ ❖✤✐♥❡

■❢ ❛❧❧ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❦♥♦✇♥ ❢r♦♠ t❤❡ st❛rt✱ t❤❡ ♠♦❞❡❧
✐s s❛✐❞ t♦ ❜❡ ♦✤✐♥❡❀ ✐❢ ❛♣♣❧✐❝❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ♥♦t ❦♥♦✇♥ ❜② t❤❡ s❝❤❡❞✉❧❡r ❜❡❢♦r❡ t❤❡✐r
r❡❧❡❛s❡ ❞❛t❡s ✭❛♥❞ t❤❡s❡s r❡❧❡❛s❡ ❞❛t❡s ❛r❡ ✉♥❦♥♦✇♥ ❛s ✇❡❧❧✮✱ ✇❡ ❤❛✈❡ ❛♥ ♦♥❧✐♥❡ ♠♦❞❡❧✳

❚❤❡ ♦✤✐♥❡ ❝❛s❡ ✐s ♠❛✐♥❧② t❤❡♦r❡t✐❝❛❧ ❛♥❞ ✐s ✉s❡❞ ❛s ❛ ❜❛s❡❧✐♥❡ t♦ st✉❞② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❛♥❞ t♦ ❛ss❡ss t❤❡ q✉❛❧✐t② ♦❢ ♦♥❧✐♥❡ s♦❧✉t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐t ❝❛♥ ❜❡ ✉s❡❞
♦♥ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s t❤❡ ❞❡❝♦❞✐♥❣ ♦❢ ❛ ✈✐❞❡♦ str❡❛♠✱ ✇❤✐❝❤ ✐s ❛ r❛r❡ ❡①❛♠♣❧❡ ✇❤❡r❡ ✇❡ ❝❛♥
❦♥♦✇ ❜❡❢♦r❡❤❛♥❞ ❡❛❝❤ ♦❢ t❤❡ ♠❛♥② r❡❧❡❛s❡ ❞❛t❡s✳

✷✳✻✳✸ ❖♥❧✐♥❡

❚❤❡ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ✐s ♦♥❧② r❡❧❡✈❛♥t ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✱ ❜❡❝❛✉s❡ ♠❛✐♥❧② t❤❡
r❡❧❡❛s❡ t✐♠❡s ❛♥❞ s✐③❡s ♦❢ ✐♥❝♦♠✐♥❣ t❛s❦s ❛r❡ ♥♦t ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳ ❚❤✐s ♠♦❞❡❧ ✐s ✐♥t❡r❡st✐♥❣ ❛s
✐t ❜r✐♥❣s ✉♥❝❡rt❛✐♥t✐❡s✳ ❙✉❝❤ ❞②♥❛♠✐❝ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❞❡❛❧ ✇✐t❤ t❤❛♥
t❤❡✐r st❛t✐❝ ❝♦✉♥t❡r♣❛rts✱ t❤❡ ♦✤✐♥❡ ♣r♦❜❧❡♠s ✭❢♦r ✇❤✐❝❤ ❛❧❧ t❛s❦ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ❛✈❛✐❧❛❜❧❡
❜❡❢♦r❡ t❤❡ ❡①❡❝✉t✐♦♥ ❜❡❣✐♥s✮ ❜✉t t❤❡② ❡♥❝♦♠♣❛ss ❛ ❜r♦❛❞❡r s♣❡❝tr✉♠ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳

❱❛r✐❛♥ts

■♥✲❜❡t✇❡❡♥ ✇❡ ♠❛② ❤❛✈❡ ❛ s❡♠✐✲❝❧❛✐r✈♦②❛♥t ♠♦❞❡❧✱ ✇❤❡r❡ ♦♥❡ ♦♥❧② ❦♥♦✇s ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ❢✉t✉r❡✱ ❧✐❦❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s✱ ❜✉t ♥♦t t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✳ ❙✉❝❤
♠♦❞❡❧ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

✷✳✼ ❖❜❥❡❝t✐✈❡s

❚❤❡ ✈❡r② ✜rst q✉❡st✐♦♥ ♦❢ ❛ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✐s✿ ✇❤❛t ✐s ♦✉r ♦❜❥❡❝t✐✈❡❄ ✇❤❛t ❞♦ ✇❡ ✇❛♥t t♦
♦♣t✐♠✐③❡❄ ❍❡r❡ ❛r❡ ♣r❡s❡♥t❡❞ ♠❛♥② ❝❧❛ss✐❝❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s t❤❛t ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ ✐♥ t❤✐s
t❤❡s✐s✳

✷✳✼✳✶ ▼❡tr✐❝s ❜❛s❡❞ ♦♥ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s

❚❤❡ ♠♦st ❝♦♠♠♦♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✭♣❛r❛❧❧❡❧✮ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡ ✐s t❤❡ ♠❛❦❡s♣❛♥✿ t❤❡
♠❛①✐♠✉♠ ♦❢ t❤❡ t❛s❦ t❡r♠✐♥❛t✐♦♥ t✐♠❡s✳ ■❢ ❛❧❧ t❛s❦s ❛r❡ ♣❛rt ♦❢ ❛ s❛♠❡ ❥♦❜✱ t❤❡ ♠❛❦❡s♣❛♥ ✐s
t❤❡ t♦t❛❧ ❥♦❜ ❡①❡❝✉t✐♦♥ t✐♠❡✳ ▼❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ✐s ❝♦♥❝❡♣t✉❛❧❧② ❛ s②st❡♠✲❝❡♥tr✐❝ ❛♣♣r♦❛❝❤✱
s❡❡❦✐♥❣ t♦ ❡♥s✉r❡ ❡✣❝✐❡♥t ♣❧❛t❢♦r♠ ✉t✐❧✐③❛t✐♦♥✳ ▼❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ✐s ♠❡❛♥✐♥❣❢✉❧ ✇❤❡♥ t❤❡r❡
✐s ♦♥❧② ♦♥❡ ✉s❡r✱ ✇❤❡♥ ❛❧❧ ❥♦❜s ❛r❡ s✉❜♠✐tt❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ✐♠♣♦rt❛♥❝❡✳ ■❢
❥♦❜s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦r ❜❡❧♦♥❣ t♦ s❡✈❡r❛❧ ✉s❡rs✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❛✈❡r❛❣❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✱
❛❧s♦ ❝❛❧❧❡❞ s✉♠ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦r t♦t❛❧ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✳

❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ✐s ❧❛r❣❡✱ ✇❡ ❝❛♥ r❡❧❛① t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡
t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ✐♥t♦ ♠❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ✭❢r❛❝t✐♦♥❛❧✮ ♥✉♠❜❡r ♦❢
t❛s❦s ❡①❡❝✉t❡❞ ♣❡r t✐♠❡✲✉♥✐t✳ ❚❤✐s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✺✱ ❛♥❞ ✇✐❧❧ ❜❡ ♣r♦✈❡❞
✈❡r② ✉s❡❢✉❧ ✐♥ ♦r❞❡r t♦ ✜♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✳
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✷✳✼✳ ❖❇❏❊❈❚■❱❊❙ ✶✺

✷✳✼✳✷ ▼❡tr✐❝s ❜❛s❡❞ ♦♥ ✢♦✇ t✐♠❡s

❲❤❡♥ ❥♦❜s ❛r❡ ❛rr✐✈✐♥❣ ♦✈❡r t✐♠❡✱ t❤❡ ♠❛❦❡s♣❛♥ ♠❡tr✐❝ ✐s ♠❡❛♥✐♥❣❧❡ss✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❛
♣❛r❛❧❧❡❧ ♣❧❛t❢♦r♠ ✇❤❡r❡ ❛t s♦♠❡ t✐♠❡ ❛ ❜✉♥❝❤ ♦❢ ❥♦❜s ❛rr✐✈❡ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❛♥❞ t❤❡♥ ❛ ❧❛st
❥♦❜ ❛rr✐✈❡s ❛t ❛ t✐♠❡ ✇❤❡♥ ❛❧❧ ♣r❡✈✐♦✉s ❥♦❜s ✇♦✉❧❞ ❤❛✈❡ ❝♦♠♣❧❡t❡❞ ✐❢ ❛❧❧ ✇❡r❡ s❝❤❡❞✉❧❡❞ ♦♥ t❤❡
s❧♦✇❡st ♣r♦❝❡ss♦r✳ ❚❤❡♥✱ ❛s ❧♦♥❣ ❛s t❤❡ s❝❤❡❞✉❧❡ ♦♣t✐♠✐③❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❧❛st ❥♦❜✱ ✐t ❤❛s
❛♥ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ✇❤❛t❡✈❡r ✐ts ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❜✉♥❝❤ ♦❢ ❥♦❜s✳ ❲❤❡♥ ❥♦❜s ❛rr✐✈❡ ♦✈❡r
t✐♠❡✱ t❤❡ ♠❡tr✐❝ ♠✉st t❛❦❡ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡r ✐s ♥♦ ❧♦♥❣❡r
t❤❡ ❞❛t❡ ❛t ✇❤✐❝❤ ❛❧❧ ❥♦❜s ❛r❡ ❝♦♠♣❧❡t❡❞✱ ❜✉t t❤❡ t✐♠❡ t❤❡② s♣❡♥❞ ✐♥ t❤❡ s②st❡♠✱ ❢r♦♠ t❤❡✐r
r❡❧❡❛s❡ ❞❛t❡s t♦ t❤❡✐r ❝♦♠♣❧❡t✐♦♥ t✐♠❡s✳ ❚❤✐s ❞✉r❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❥♦❜ ✢♦✇ t✐♠❡ ♦r r❡s♣♦♥s❡
t✐♠❡✳ ❚❤✐s ✢♦✇ t✐♠❡ ✐s ❡q✉❛❧ t♦ t❤❡ t✐♠❡ t❤❡ ❥♦❜ ✇❛✐t❡❞ ❜❡❢♦r❡ st❛rt✐♥❣ ❜❡✐♥❣ ♣r♦❝❡ss❡❞ ✭t❤❡
s♦✲❝❛❧❧❡❞ ✇❛✐t✲t✐♠❡✮ ♣❧✉s ✐ts ♣r♦❝❡ss✐♥❣ t✐♠❡✳ ❋❧♦✇✲t✐♠❡ ❜❛s❡❞ ♠❡tr✐❝s ❛r❡ ❥♦❜✲❝❡♥tr✐❝ ♠❡tr✐❝s✳
❖♥❡ ❝❛♥ t❤❡♥ ❡✐t❤❡r ♦♣t✐♠✐③❡ t❤❡ ♠❛①✐♠✉♠ ✢♦✇ t✐♠❡ ♦r t❤❡ ❛✈❡r❛❣❡ ✢♦✇ t✐♠❡ ✭❛❧s♦ ❝❛❧❧❡❞ t♦t❛❧
✢♦✇ t✐♠❡ ♦r s✉♠✲✢♦✇ t✐♠❡✮✳

❚❤❡s❡ ✢♦✇✲❜❛s❡❞ ♠❡tr✐❝s t❡♥❞ t♦ ❢❛✈♦r ❧♦♥❣ ❥♦❜s t♦ t❤❡ ❞❡tr✐♠❡♥t ♦❢ s❤♦rt ♦♥❡s✱ ❛s ❧♦♥❣ ❥♦❜s
❛r❡ ♠♦r❡ ❝♦♥str❛✐♥✐♥❣✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ♦♥❡ ❛♣♣r♦❛❝❤ ✐s t♦ ❧♦♦❦ ❛t t❤❡ str❡t❝❤ ❬✷✹❪ ♦r
s❧♦✇❞♦✇♥ ❬✻✻❪✳ ❚❤❡ str❡t❝❤ ♦❢ ❛ t❛s❦ ✐s t❤❡ r❛t✐♦ ♦❢ ✐ts ✢♦✇ t✐♠❡ ♦✈❡r ✐ts s✐③❡✱ ❛♥❞ s♦ ❝❛♥ t❤❡♥
❜❡ s❡❡♥ ❛s t❤❡ s❧♦✇❞♦✇♥ ✐t ❡①♣❡r✐❡♥❝❡s ✇❤❡♥ t❤❡ s②st❡♠ ✐s ❧♦❛❞❡❞✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❛✣♥✐t② ♦❢ s♦♠❡ t❛s❦s ✇✐t❤ s♦♠❡ ♣❛rt✐❝✉❧❛r ♠❛❝❤✐♥❡s ✭❡✳❣✳✱ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ♦❢ ❙❡❝t✐♦♥ ✷✳✸✳✶✮✱
✇❡ ❛❞❛♣t t❤❡ str❡t❝❤ ❞❡✜♥✐t✐♦♥ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ❝♦♥t❡①t✳ ❲❡ t❤✉s ❞❡✜♥❡ t❤❡
s❧♦✇❞♦✇♥ ❛s t❤❡ r✉♥t✐♠❡ ❡①♣❡r✐❡♥❝❡❞ ♦♥ t❤❡ ❧♦❛❞❡❞ s②st❡♠ ❞✐✈✐❞❡❞ ❜② t❤❡ r✉♥t✐♠❡ t❤❛t ✇♦✉❧❞
❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ✐❢ t❤❡ s②st❡♠ ❤❛❞ ❜❡❡♥ ❞❡❞✐❝❛t❡❞ ✭❈❤❛♣t❡r ✺✳✹✮✳

✷✳✼✳✸ ▼❛①✲❜❛s❡❞ ✈s✳ s✉♠✲❜❛s❡❞ ♠❡tr✐❝s

■♥t✉✐t✐✈❡❧②✱ ❛❧❣♦r✐t❤♠s t❛r❣❡t✐♥❣ ♠❛①✲❜❛s❡❞ ♠❡tr✐❝s ❡♥s✉r❡ t❤❛t ♥♦ ❥♦❜ ✐s ❧❡❢t ❜❡❤✐♥❞✳ ❙✉❝❤ ❛♥
❛❧❣♦r✐t❤♠ ✐s t❤✉s ❡①tr❡♠❡❧② ✏❢❛✐r✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❡✈❡r②❜♦❞②✬s ❝♦st ✐s ♠❛❞❡ ❛s ❝❧♦s❡ t♦ t❤❡ ♦t❤❡r
♦♥❡s ❛s ♣♦ss✐❜❧❡✳ ❙✉♠✲❜❛s❡❞ ♠❡tr✐❝s t❡♥❞ t♦ ♦♣t✐♠✐③❡ ✐♥st❡❛❞ t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠✳
❯♥❢♦rt✉♥❛t❡❧②✱ s✉♠✲✢♦✇ ❛♥❞ ♠❛①✲✢♦✇ ❝❛♥♥♦t ❜❡ ♦♣t✐♠✐③❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✭t♦ ♦❜t❛✐♥ ♥♦♥✲tr✐✈✐❛❧
❝♦♠♣❡t✐t✐✈❡ r❛t✐♦s ❢♦r ♦♥❧✐♥❡ s❝❤❡❞✉❧❡rs✮✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ s✉♠✲str❡t❝❤ ❛♥❞ ♠❛①✲str❡t❝❤
♠❡tr✐❝s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ❛♥② ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠ ♦♣t✐♠✐③✐♥❣ t❤❡
s✉♠✲✢♦✇ ♠❡tr✐❝ ❛♥❞ ❤❛✈✐♥❣ ❛ ♥♦♥ tr✐✈✐❛❧ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❤❛s t❤❡ ♣❛rt✐❝✉❧❛r❧② ✉♥❞❡s✐r❛❜❧❡
♣r♦♣❡rt② ♦❢ ♣♦t❡♥t✐❛❧ st❛r✈❛t✐♦♥✱ ✐✳❡✳✱ t❤❛t s♦♠❡ ❥♦❜s ♠❛② ❜❡ ❞❡❧❛②❡❞ t♦ ❛♥ ✉♥❜♦✉♥❞❡❞ ❡①t❡♥t✳
❇② ❝♦♥tr❛st✱ ♠❛①✲✢♦✇ t✐♠❡ ♠✐♥✐♠✐③❛t✐♦♥ ❝❛♥♥♦t s✉✛❡r ❢r♦♠ t❤✐s ♣r♦❜❧❡♠ ❛s st❛r✈❛t✐♦♥ ✐♥❞✉❝❡s
✐♥❞❡✜♥✐t❡❧② ✐♥❝r❡❛s✐♥❣ ✭♠❛①✲✮✢♦✇✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st❛r✈❛t✐♦♥ ♣r♦❜❧❡♠ ✐❞❡♥t✐✜❡❞ ❢♦r s✉♠✲✢♦✇
♠✐♥✐♠✐③❛t✐♦♥ ✐s ✐♥❤❡r❡♥t t♦ ❛❧❧ s✉♠✲❜❛s❡❞ ♦❜❥❡❝t✐✈❡s✳ ■♥ ❛ s②st❡♠ ✇❤❡r❡ ❢❛✐r♥❡ss ♠❛tt❡rs✱ s✉♠✲
❜❛s❡❞ ♠❡tr✐❝s ❝❛♥♥♦t ❜❡ ✉s❡❞✳

✷✳✼✳✹ ❊♥❡r❣② ❝♦♥s✉♠♣t✐♦♥

❊♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ❛♥ ✐♠♣♦rt❛♥t ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r ❜❛tt❡r②✲♣♦✇❡r❡❞ s②st❡♠s s✉❝❤
❛s ❧❛♣t♦♣s ❛♥❞ s❡♥s♦rs✳ ❋♦r ♠♦r❡ ❝❧❛ss✐❝❛❧ ❝♦♠♣✉t✐♥❣ s②st❡♠s✱ r❡❞✉❝✐♥❣ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥
♠❛② ❛❧s♦ ❜❡ ✐♠♣♦rt❛♥t ❡✐t❤❡r ❜❡❝❛✉s❡ ♦❢ ❤❡❛t✲❞✐ss✐♣❛t✐♦♥ ♣r♦❜❧❡♠s ❬✶✸✾❪ ♦r ❥✉st t♦ ❞❡❝r❡❛s❡ t❤❡
❤✉❣❡ ❡♥❡r❣② ❜✐❧❧s ♦❢ s✉♣❡r❝♦♠♣✉t❡rs ❬✺✵❪✳ ❊♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✐s s❡❧❞♦♠ ✉s❡❞ ❛s t❤❡ ♦♥❧② ♦❜✲
❥❡❝t✐✈❡❀ ♦♥❡ ✉s✉❛❧❧② ❛tt❡♠♣ts t♦ r❡❛❝❤ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ s♦♠❡ ♦t❤❡r
♠❡tr✐❝s ❧✐❦❡ ♠❛❦❡s♣❛♥✳ ❊♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ♠❛② ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛ ♣r✐♦r✐ ✇❤❡♥ ❜✉✐❧❞✐♥❣
t❤❡ s❝❤❡❞✉❧❡ ✭❢♦r ✐♥st❛♥❝❡ ❜② ✉s✐♥❣ ♠❡❝❤❛♥✐s♠s s✉❝❤ ❛s ❞②♥❛♠✐❝ ✈♦❧t❛❣❡ s❝❛❧✐♥❣ ❬✸✾❪✮✱ ♦r ❛ ♣♦s✲
t❡r✐♦r✐ t♦ ❛ss❡ss ✇❤✐❝❤ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝② ✐s t❤❡ ♠♦st ❡♥❡r❣②✲❡✣❝✐❡♥t ❬✺✵❪✳
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✶✻ ❈❍❆P❚❊❘ ✷✳ ❋❘❆▼❊❲❖❘❑

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❈❤❛♣t❡r ✺✱ ✇❡ ✇✐❧❧ tr② t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥ t♦ ♦✉r
st❡❛❞②✲st❛t❡ ♣r♦❜❧❡♠✳

✷✳✽ ◆♦t❛t✐♦♥s

■❢ ✇❡ ✇❛♥t t♦ q✉✐❝❦❧② s✉♠♠❛r✐③❡ ❛❧❧ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ ♣r♦❜❧❡♠✱ ❢r♦♠ t❤❡ ♣❧❛t❢♦r♠ ♠♦❞❡❧ ✉♣
t♦ t❤❡ ♦❜❥❡❝t✐✈❡✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❍❡r❡ ❛r❡ t❤❡ ♥♦t❛t✐♦♥s ❢♦r t❤❡ ♣❧❛t❢♦r♠
♠♦❞❡❧s✿

❇▼P✲❋❈✲❙❙ ✭❇♦✉♥❞❡❞ ▼✉❧t✐♣♦rt ✇✐t❤ ❋❧✉✐❞ ❈♦♠♣✉t❛t✐♦♥ ❛♥❞ ❙②♥❝❤r♦♥♦✉s ❙t❛rt✮✳
❚❤✐s ✐s t❤❡ ✉tt❡r♠♦st s✐♠♣❧❡ ♠♦❞❡❧✿ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ st❛rt ❛t t❤❡ s❛♠❡
t✐♠❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r❛t❡s ❝❛♥ ✈❛r② ♦✈❡r t✐♠❡ ✇✐t❤✐♥ t❤❡ ❧✐♠✐ts ♦❢ ❧✐♥❦
❛♥❞ ♣r♦❝❡ss♦r ❝❛♣❛❜✐❧✐t✐❡s✳ ❲❡ ✐♥❝❧✉❞❡ t❤✐s ♠♦❞❡❧ ✐♥ ♦✉r st✉❞② ❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s ❛ ❣♦♦❞
❛♥❞ ✐♥t✉✐t✐✈❡ ❢r❛♠❡✇♦r❦ t♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤✐s ♠♦❞❡❧
❛❧s♦ ♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛❝❤✐❡✈❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡✱ ✇❤✐❝❤ ✇❡ ✉s❡ ❛s ❛ r❡❢❡r❡♥❝❡
❢♦r ♦t❤❡r ♠♦❞❡❧s✳

❇▼P✲❋❈ ✭❇♦✉♥❞❡❞ ▼✉❧t✐♣♦rt ✇✐t❤ ❋❧✉✐❞ ❈♦♠♣✉t❛t✐♦♥✮✳ ❚❤✐s ♠♦❞❡❧ ✐s ❛ st❡♣ ❝❧♦s❡r
t♦ r❡❛❧✐t②✱ ❛s ✐t ❛❧❧♦✇s ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❛t❡s t♦ ✈❛r② ♦✈❡r t✐♠❡✱ ❜✉t ✐t
✐♠♣♦s❡s t❤❛t ❛ t❛s❦ ✐♥♣✉t ❞❛t❛ ✐s ❝♦♠♣❧❡t❡❧② r❡❝❡✐✈❡❞ ❜❡❢♦r❡ ✐ts ❡①❡❝✉t✐♦♥ ❝❛♥ st❛rt✳

❇▼P✲❆❈ ✭❇♦✉♥❞❡❞ ▼✉❧t✐♣♦rt ✇✐t❤ ❆t♦♠✐❝ ❈♦♠♣✉t❛t✐♦♥✮✳ ■♥ t❤✐s ♠♦❞❡❧✱ t✇♦ t❛s❦s
❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥❝✉rr❡♥t❧② ♦♥ ❛ ✇♦r❦❡r✳ ❚❤✐s ♠♦❞❡❧ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t
t❤❛t ❝♦♥tr♦❧❧✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❝♦♠♣✉t✐♥❣ r❛t❡ ♦❢ t✇♦ ❝♦♥❝✉rr❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✐s ♣r❛❝t✐❝❛❧❧②
❝❤❛❧❧❡♥❣✐♥❣✱ ❛♥❞ t❤❛t ✐t ✐s s♦♠❡t✐♠❡s ✐♠♣♦ss✐❜❧❡ t♦ r✉♥ s✐♠✉❧t❛♥❡♦✉s❧② t✇♦ ❛♣♣❧✐❝❛t✐♦♥s
❜❡❝❛✉s❡ ♦❢ ♠❡♠♦r② ❝♦♥str❛✐♥ts✳

❖P✲❆❈ ✭❖♥❡✲P♦rt ▼♦❞❡❧ ✇✐t❤ ❆t♦♠✐❝ ❈♦♠♣✉t❛t✐♦♥✮✳ ❚❤✐s ✐s t❤❡ s❛♠❡ ♠♦❞❡❧ ❛s t❤❡
❇▼P✲❆❈✱ ❜✉t ✇✐t❤ ♦♥❡✲♣♦rt ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♥str❛✐♥t ♦♥ t❤❡ ♠❛st❡r✳ ■t r❡♣r❡s❡♥ts s②s✲
t❡♠s ✇❤❡r❡ ❝♦♥❝✉rr❡♥t s❡♥❞s ❛r❡ ♥♦t ❛❧❧♦✇❡❞✳

❚❤❡r❡ ✐s ❛ ❤✐❡r❛r❝❤② ❛♠♦♥❣ ❛❧❧ t❤❡ ♠✉❧t✐♣♦rt ♠♦❞❡❧s✿ ✐♥t✉✐t✐✈❡❧②✱ ✐♥ t❡r♠s ♦❢ ❤❛r❞♥❡ss✱

❇▼P✲❋❈✲❙❙ < ❇▼P✲❋❈ < ❇▼P✲❆❈

❋♦r♠❛❧❧②✱ ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ❢♦r ❇▼P✲❆❈ ✐s ✈❛❧✐❞ ❢♦r ❇▼P✲❋❈ ❛♥❞ ❛ ✈❛❧✐❞ s❝❤❡❞✉❧❡ ❢♦r ❇▼P✲❋❈
✐s ✈❛❧✐❞ ❢♦r ❇▼P✲❋❈✲❙❙✳ ❚❤✐s ✐s ✇❤② st✉❞②✐♥❣ ❇▼P✲❋❈✲❙❙ ✐s ✉s❡❢✉❧ ❢♦r ❞❡r✐✈✐♥❣ ✉♣♣❡r ❜♦✉♥❞s
❢♦r ❛❧❧ ♦t❤❡r ♠♦❞❡❧s✳

❲❡ ✇✐❧❧ ♠❛✐♥❧② ✉s❡ t❤❡ r❡❛❧✐st✐❝ ♠♦❞❡❧ ❖P✲❆❈ ✐♥ ❈❤❛♣t❡r ✸ ❛♥❞ ✹✱ ❛♥❞ ❞✐s❝✉ss ❛❜♦✉t ❛❧❧
♠♦❞❡❧s ✐♥ ❈❤❛♣t❡r ✺✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ♦t❤❡r ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s t♦ ❞❡s❝r✐❜❡ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ♥♦t ✉♥✐✲
❢♦r♠ ❢r♦♠ ♦♥❡ ❝❤❛♣t❡r t♦ ❛♥♦t❤❡r✱ ❜❡❝❛✉s❡ ♦❢ ♦✉r ❝❤♦✐❝❡ ♦❢ ♠♦❞❡❧✱ ❛♥❞ t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
❧✐t❡r❛t✉r❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ k ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② rk ✭❈❤❛♣t❡r ✸✮
♦r r(k) ✭❈❤❛♣t❡r ✺✮ ❞❡♣❡♥❞✐♥❣ ✇❤❡t❤❡r ✇❡ ❞❡❛❧ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ♦r ❜❛❣✲♦❢✲t❛s❦s✳

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ ❛❧❧ ♦✉r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❬✾✽✱ ✸✹❪ α | β | γ ✿
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✷✳✽✳ ◆❖❚❆❚■❖◆❙ ✶✼

• α ❞❡♥♦t❡s t❤❡ ♣❧❛t❢♦r♠✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t t②♣❡ ♦❢ ♣r♦❝❡ss♦rs ✭s❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❲❡ ✉s❡ 1
✇❤❡♥ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ P ❢♦r ♣❧❛t❢♦r♠s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ♣r♦❝❡ss♦rs✱ Q
❢♦r ♣❧❛t❢♦r♠s ✇✐t❤ ❞✐✛❡r❡♥t✲s♣❡❡❞ ❜✉t ✉♥✐❢♦r♠ ♣r♦❝❡ss♦rs ❛♥❞ R ❢♦r ✉♥r❡❧❛t❡❞ ♣r♦❝❡ss♦rs✳
❲❡ ❛❞❞ ▼❙ t♦ t❤✐s ✜❡❧❞ t♦ ✐♥❞✐❝❛t❡ t❤❛t ✇❡ ✇♦r❦ ♦♥ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s✱ ❛♥❞ ♥♦t❡
Q>1 ❢♦r ♣❧❛t❢♦r♠s ✇✐t❤ ❛t ❧❡❛st t✇♦ ❞✐✛❡r❡♥t✲s♣❡❡❞ ❜✉t ✉♥✐❢♦r♠ ♣r♦❝❡ss♦rs✳

• β ❞❡♥♦t❡s ❛❧❧ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥str❛✐♥ts✳ ❚❤✐s ✐s ✇❤❡r❡ ✇❡ ✐♥❞✐❝❛t❡ ✐❢ ✇❡
❤❛✈❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ♦r ❛ ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳
❲❡ ❝❛♥ ❛❧s♦ ♣r❡❝✐s❡ ✇❤❡t❤❡r ♦r ♥♦t ✇❡ ❤❛✈❡ t❛s❦s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ♦r ❞❡❛❞❧✐♥❡s✳ ❲❡
✇r✐t❡ ♦♥❧✐♥❡ ❢♦r ♦♥❧✐♥❡ ♣r♦❜❧❡♠s✳ ■❢ t❤✐s ✜❡❧❞ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❝♦♥str❛✐♥t✱ ❢♦r ❡①❛♠♣❧❡
t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡❧❡❛s❡ ❞❛t❡s✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s✳

• γ ❞❡♥♦t❡s t❤❡ ♦❜❥❡❝t✐✈❡✳ ❆❧♦♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✿

✕ t❤❡ ♠❛❦❡s♣❛♥ ♦r t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡❀

✕ t❤❡ ♠❛①✐♠✉♠ ✢♦✇ ✭♠❛①✲✢♦✇✮❀

✕ t❤❡ s✉♠✲✢♦✇ ❀

✕ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤❀

✕ t❤❡ ❛✈❡r❛❣❡ str❡t❝❤✳

P❧❡❛s❡ r❡❢❡r t♦ ❆♣♣❡♥❞✐① ❋ ❛t ❛♥② ♠♦♠❡♥t t♦ r❡♠❡♠❜❡r t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ ❡❛❝❤ ❝❤❛♣t❡r✳
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❈❤❛♣t❡r ✸

❚❤❡ ❞✐✣❝✉❧t② ♦❢ s❝❤❡❞✉❧✐♥❣ ✇✐t❤

❝♦♠♠✉♥✐❝❛t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✜rst st❛rt ❜② st✉❞②✐♥❣ ❛ ✈❡r② s✐♠♣❧❡ ♣r♦❜❧❡♠✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s t♦ ❝♦♠♣✉t❡
n ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧ t❛s❦s t❤❛t ✇✐❧❧ ❛rr✐✈❡ ❛t ❞✐✛❡r❡♥t t✐♠❡ ♦♥ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠
❝♦♠♣♦s❡❞ ♦❢ m ✇♦r❦❡rs P1, P2, . . . , Pm✱ ✉♥❞❡r t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ✇✐t❤ ❛t♦♠✐❝ ❝♦♠♣✉t❛t✐♦♥✳
❲❡ t❛r❣❡t ❤❡r❡ ❜♦t❤ ♦✤✐♥❡ ❛♥❞ ♦♥❧✐♥❡ ♣r♦❜❧❡♠s✱ ✇✐t❤ s❡✈❡r❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✭♠❛❦❡s♣❛♥✱
♠❛①✐♠✉♠ ✢♦✇ t✐♠❡✱ s✉♠ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✮✳

■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧ t❛s❦s r❡♥❞❡rs s✉❝❤ ❛ ♣r♦❜❧❡♠ r❡❛❧❧②
❡❛s② t♦ s♦❧✈❡✱ ❛s ❡❛❝❤ t❛s❦ ❤❛s t❤❡ s❛♠❡ ✐♠♣♦rt❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ s❤♦✇ ❞✉r✐♥❣ t❤✐s ❝❤❛♣✲
t❡r t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❦✐♥❞ ♦❢ ♣❧❛t❢♦r♠ ✭❢✉❧❧② ❤♦♠♦❣❡♥❡♦✉s✱ ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s✱
❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s✱ ♦r ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s✮✱ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❡✐t❤❡r ❜❡ s♦❧✈❡❞ ♦♣t✐♠❛❧❧②
❜② t❤❡ ♠♦st ❣r❡❡❞② ❛❧❣♦r✐t❤♠✱ ♦r ❜❡ ◆P✲❍❛r❞✳

❋✐rst ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡st ♣❧❛t❢♦r♠ ♠♦❞❡❧✿ ❛ ❢✉❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ✭❙❡❝✲
t✐♦♥ ✸✳✷✳✶✮✳ ❖♥ s✉❝❤ ❛ ♣❧❛t❢♦r♠✱ ❜♦t❤ ♥❡t✇♦r❦ ❧✐♥❦s ❛♥❞ ♣r♦❝❡ss♦rs ❛r❡ ✐❞❡♥t✐❝❛❧✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t✱ ❛s ✇❡ ❤❛✈❡ ✐❞❡♥t✐❝❛❧ t❛s❦s✱ t❤❡ t✐♠❡ t♦ s❡♥❞ ❛♥② t❛s❦ t♦ ❛♥② ✇♦r❦❡r ✇✐❧❧ ❜❡ t❤❡ s❛♠❡✱ ❛♥❞
t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ ✐t ♦♥ ❛♥② ♣r♦❝❡ss♦r ✇✐❧❧ ❜❡ t❤❡ s❛♠❡✳ ❋♦r t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡
♦♣t✐♠❛❧✐t② ♦❢ ❛ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ t❤r❡❡ ❝❤♦s❡♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳

❚❤❡♥ ✇❡ ✇✐❧❧ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❢♦r ❜♦t❤ ♦♥❧✐♥❡ ❛♥❞ ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ❢♦r t❤❡
♦t❤❡r t②♣❡s ♦❢ ♣❧❛t❢♦r♠s✿
• ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ✐✳❡✳✱ ✇❤❡r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❲❡
❛ss✉♠❡ ❢♦r s✉❝❤ ♣❧❛t❢♦r♠s t❤❛t ✇♦r❦❡rs ❤❛✈❡ ❞✐✛❡r❡♥t s♣❡❡❞s✳
• ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ✐✳❡✳✱ ✇❤❡r❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s ❛r❡ ✐❞❡♥t✐❝❛❧✱ t❤❡
❤❡t❡r♦❣❡♥❡✐t② ❝♦♠❡s s♦❧❡❧② ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✲s♣❡❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✳
• ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳

❋♦r ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣✱ ✇❡ ❡st❛❜❧✐s❤ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛♥② ❞❡t❡r♠✐♥✐st✐❝
❛❧❣♦r✐t❤♠✳ ❲❡ ♣r♦✈❡ ♦♥❡ ❧♦✇❡r ❜♦✉♥❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✷✳ ❆s t❤r❡❡ ♣❧❛t❢♦r♠ t②♣❡s ❛♥❞ t❤r❡❡
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❧❡❛❞ t♦ ♥✐♥❡ t❤❡♦r❡♠s✱ ❛❧❧ ♦❢ t❤❡♠ ✇✐t❤ s✐♠✐❧❛r ♣r♦♦❢s✱ ✇❡ s✉♠♠❛r✐s❡ ❛❧❧
r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✸✱ ✇❤✐❧❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦♦❢s ❛r❡ ❧♦❝❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❙❡❝t✐♦♥ ✸✳✷✳✹ ✐s
❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❤♦✇ ✇❡ ❜✉✐❧❞ s✉❝❤ ♣r♦♦❢s✳

❋♦r ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣✱ ✇❡ ❞❡✈❡❧♦♣ s♦♠❡ ❤❡✉r✐st✐❝s ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t✲
❢♦r♠s ✭❙❡❝t✐♦♥ ✸✳✸✳✶✮ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✸✳✸✳✷✮✳ ❙❡❝t✐♦♥ ✸✳✸✳✸
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✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♦✤✐♥❡ ♣r♦❜❧❡♠ ♦♥ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s
♣❧❛t❢♦r♠s✳

◆♦t s✉r♣r✐s✐♥❣❧②✱ ✇❤❡♥ ❜♦t❤ s♦✉r❝❡s ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❛❞❞ ✉♣✱ t❤❡ ❝♦♠♣❧❡①✐t② ❣♦❡s ❜❡②♦♥❞
t❤❡ ✇♦rst s❝❡♥❛r✐♦ ✇✐t❤ ❛ s✐♥❣❧❡ s♦✉r❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r t❤❡ ♦♥❧✐♥❡ ♣r♦❜❧❡♠ ♦♥ ❢✉❧❧② ❤❡t❡r♦✲
❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ✇❡ ❞❡r✐✈❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦s t❤❛t ❛r❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ r❛t✐♦s
✇✐t❤ ❛ s✐♥❣❧❡ s♦✉r❝❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✱ ✇❤✐❧❡ ✇❡ ♣r♦✈❡❞ t❤❛t t❤❡ ♦✤✐♥❡ ♣r♦❜❧❡♠ ✇❛s ◆P✲❍❛r❞✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ♠♦st❧② t❤❡♦r❡t✐❝❛❧✳ ❍♦✇❡✈❡r✱ ♦♥ t❤❡ ♣r❛❝t✐❝❛❧
s✐❞❡✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ s❡✈❡r❛❧ ❤❡✉r✐st✐❝s✱ ❝❧❛ss✐❝❛❧ ♦♥❡s ❛♥❞ ♥❡✇ ♦♥❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ✇♦r❦✱
♦♥ ❛ s♠❛❧❧ ❜✉t ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ▼P■ ♣❧❛t❢♦r♠ ✭ ❙❡❝t✐♦♥ ✸✳✹✮✳ ❖✉r r❡s✉❧ts s❤♦✇ t❤❡ s✉♣❡r✐♦r✐t②
♦❢ t❤♦s❡ ❤❡✉r✐st✐❝s ✇❤✐❝❤ ❢✉❧❧② t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❧❛t✐✈❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✳

❙❡❝t✐♦♥ ✸✳✺ ✐s ❞❡✈♦t❡❞ t♦ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ r❡❧❛t❡❞ ✇♦r❦✳ ❋✐♥❛❧❧②✱ ✇❡ st❛t❡ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣
r❡♠❛r❦s ✐♥ ❙❡❝t✐♦♥ ✸✳✻✳

✸✳✶ ❋r❛♠❡✇♦r❦

❉✉r✐♥❣ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♦♥❧② t❛r❣❡t s❡ts ♦❢ ✐❞❡♥t✐❝❛❧ t❛s❦s✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❛❧✇❛②s ❢❛❧❧ ✉♥❞❡r
t❤❡ ✉♥✐❢♦r♠ ♣r♦❝❡ss♦rs ❢r❛♠❡✇♦r❦ ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✸✳✶✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢
❛ t❛s❦ ♦♥ ❛ ♣r♦❝❡ss♦r ✇✐❧❧ ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❝❡ss♦r r✉♥♥✐♥❣ ✐t ❛♥❞ ♥♦t ♦♥ t❤❡ t❛s❦ ✐ts❡❧❢✳
❍❛✈✐♥❣ ✐❞❡♥t✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡✐r ♦♥❧② ❞✐✛❡r❡♥❝❡s ❛r❡ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✱
❛♥❞ ♦❢ ❝♦✉rs❡ t❤❡✐r ❝♦♠♣❧❡t✐♦♥ t✐♠❡s✳

❚❤❡ t❛s❦s ❛r❡ s✐♠♣❧② ❞❡♥♦t❡❞ 1, 2, . . . , i, . . . n✳ ❲❡ ❧❡t ri ❜❡ t❤❡ r❡❧❡❛s❡ t✐♠❡ ♦❢ t❛s❦ i✱ ✐✳❡✳✱
t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❛s❦ i ❜❡❝♦♠❡s ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ ♠❛st❡r✳ ■♥ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡
ri✬s ❛r❡ ♥♦t ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳ ▲❡t cj ❜❡ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❜② t❤❡ ♠❛st❡r t♦ s❡♥❞ ❛ t❛s❦ t♦ Pj ✱
❛♥❞ ❧❡t pj ❜❡ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❜② Pj t♦ ❡①❡❝✉t❡ ❛ t❛s❦✳ ❋✐♥❛❧❧②✱ ✇❡ ❧❡t Ci ❞❡♥♦t❡ t❤❡ ❡♥❞ ♦❢ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❛s❦ i ✉♥❞❡r t❤❡ t❛r❣❡t s❝❤❡❞✉❧❡✳

❲❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤r❡❡ ✐♠♣♦rt❛♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✿

• t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛❦❡s♣❛♥ ✭♦r t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡✮ ♠❛① Ci❀

• t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛①✲✢♦✇ ✭❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ❛♥❞ r❡❧❡❛s❡ t✐♠❡✮
♠❛① (Ci − ri)❀

• t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠✲✢♦✇
∑

(Ci − ri)✳

❆s ✇❡ ❤❛✈❡ ✐❞❡♥t✐❝❛❧ t❛s❦s✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s s✉❝❤ ❛s t❤❡ str❡t❝❤ ✐s ❡q✉✐✈✲
❛❧❡♥t t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ✢♦✇✳

✸✳✷ ❖♥❧✐♥❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ✇✐❧❧ ♠❛✐♥❧② ❜❡ t❤❡♦r❡t✐❝❛❧✳ ❲❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥t♦ ❜✉✐❧❞✐♥❣ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s
❤❡r❡ ✭✇❡ ✇✐❧❧ ❞♦ s♦ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✮✳
❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛rt ✐s t♦ ♣♦✐♥t ♦✉t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♣❧❛t❢♦r♠✬s ❤❡t❡r♦❣❡♥❡✐t② ♦♥ t❤❡
❞✐✣❝✉❧t② ♦❢ ✜♥❞✐♥❣ ❛ ❝❧♦s❡✲t♦✲♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ♦♥❡ ♦❢ ♦✉r t❤r❡❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✉♥❞❡r
t❤❡ ♦♥❧✐♥❡ ♠♦❞❡❧✳
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✸✳✷✳✶ ❋✉❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s ✜rst s❡❝t✐♦♥✱ ✇❡ st❛rt ✇✐t❤ t❤❡ s✐♠♣❧❡st ♣♦ss✐❜❧❡ ♣r♦❜❧❡♠✿ s❝❤❡❞✉❧✐♥❣ s❛♠❡✲s✐③❡ t❛s❦s
♦♥ ❢✉❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ■♥ ❢❛❝t✱ t❤✐s ♣r♦❜❧❡♠ ✐s s✐♠♣❧❡ ❡♥♦✉❣❤ t♦ ✜♥❞ ♦♥❡ s✐♥❣❧❡
♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ t♦ ♠✐♥✐♠✐③❡ ♦✉r t❤r❡❡ ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ❛❧s♦ ♦♣t✐♠❛❧ ❢♦r
♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣✿ t❤❡ ❘♦✉♥❞✲❘♦❜✐♥ ❛❧❣♦r✐t❤♠✳

❘♦✉♥❞✲❘♦❜✐♥ ✐s ❛ ✈❡r② s✐♠♣❧❡ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ♣r♦❝❡ss❡s t❤❡ t❛s❦s ✐♥ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧s✱
❛♥❞ ✇❤✐❝❤ ❛ss✐❣♥s t❤❡♠ ✐♥ ❛ ❝②❝❧✐❝ ❢❛s❤✐♦♥ t♦ ❛❧❧ ♣r♦❝❡ss♦rs❀ ❛s ✇❡ ❤❛✈❡ p ♣r♦❝❡ss♦rs✱ ❘♦✉♥❞✲
❘♦❜✐♥ ✇✐❧❧ ❛ss✐❣♥ t❛s❦ i t♦ ♣r♦❝❡ss♦r i ♠♦❞✉❧♦ p ❛♥❞ ✇✐❧❧ s❡♥❞ ✐t ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♥str❛✐♥ts✳ ❍❡r❡✱ ❛s t❤❡ ♣❧❛t❢♦r♠ ✐s ❢✉❧❧② ❤♦♠♦❣❡♥❡♦✉s✱ ❘♦✉♥❞✲❘♦❜✐♥
✇♦r❦s ❛s ❛ ❧✐st✲s❝❤❡❞✉❧✐♥❣ str❛t❡❣②✿ ✐t ♣r♦❝❡ss❡s t❛s❦s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r r❡❧❡❛s❡ t✐♠❡s✱ t❤❡ ✜rst
t❛s❦ ♣r♦❝❡ss❡❞ ✜rst✱ ❛♥❞ s❡♥❞s t❤❡ ✜rst ✉♥s❝❤❡❞✉❧❡❞ t❛s❦ t♦ t❤❡ ♣r♦❝❡ss♦r ✇❤♦s❡ r❡❛❞②✲t✐♠❡ ✐s
♠✐♥✐♠✉♠✱ t❤❡ r❡❛❞②✲t✐♠❡ ♦❢ ❛ ♣r♦❝❡ss♦r ❜❡✐♥❣ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ✐t ❤❛s ❝♦♠♣❧❡t❡❞ t❤❡ ❡①❡❝✉t✐♦♥
♦❢ ❛❧❧ t❤❡ t❛s❦s t❤❛t ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❛ss✐❣♥❡❞ t♦ ✐t✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❘♦✉♥❞✲❘♦❜✐♥ ❛❧❣♦r✐t❤♠ ✐s ❧✐♥❡❛r ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ♣❧❛t❢♦r♠
s✐③❡✳

■t ✐s str✐❦✐♥❣ t❤❛t t❤✐s s✐♠♣❧❡ str❛t❡❣② ✐s ♦♣t✐♠❛❧ ❢♦r ♠❛♥② ❝❧❛ss✐❝❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳ ❖✉r
✜rst t❤❡♦r❡♠ ✐s t❤❡♥✿

❚❤❡♦r❡♠ ✸✳✶✳ ❚❤❡ ❘♦✉♥❞✲❘♦❜✐♥ ❛❧❣♦r✐t❤♠ ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠s

• P,MS | online, rj , pj = p, cj = c | max Ci,

• P,MS | online, rj , pj = p, cj = c | max (Ci − ri) ,

• P,MS | online, rj , pj = p, cj = c |
∑

(Ci − ri) ,

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ❘♦✉♥❞✲❘♦❜✐♥ ✐s ♦♣t✐♠❛❧ ❢♦r ♦✉r ♣r♦❜❧❡♠✱ ✇❡ s❤♦✇
t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❡❛❝❤ t❛s❦ st❛rts ❛t t❤❡ ❡①❛❝t
s❛♠❡ ❞❛t❡ t❤❛♥ ✉♥❞❡r ❘♦✉♥❞✲❘♦❜✐♥✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ✜rst s❤♦✇ t✇♦ r❡s✉❧ts st❛t✐♥❣ t❤❛t ✇❡ ❝❛♥
❢♦❝✉s ♦♥ ❝❡rt❛✐♥ ♣❛rt✐❝✉❧❛r ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s✳

▲❡♠♠❛ ✸✳✶✳ ❚❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t t❤❡ ♠❛st❡r s❡♥❞s t❤❡ t❛s❦s t♦ t❤❡ ✇♦r❦❡rs
✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧✳

❲❡ ♣r♦✈❡ t❤✐s r❡s✉❧t ✇✐t❤ ♣❡r♠✉t❛t✐♦♥ ❛r❣✉♠❡♥ts✳ ▲❡t S ❜❡ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ♥♦t
✈❡r✐❢②✐♥❣ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳ ❘❡♠❡♠❜❡r t❤❛t t❤❡ ♠❛st❡r ✉s❡s ✐ts ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s
✐♥ ❛ s❡q✉❡♥t✐❛❧ ❢❛s❤✐♦♥✳ ❚❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② r′i t❤❡ ❞❛t❡ ❛t ✇❤✐❝❤ t❤❡ t❛s❦ i ❛rr✐✈❡s ♦♥ ❛
✇♦r❦❡r✳ ❇② ❤②♣♦t❤❡s✐s ♦♥ S✱ t❤❡r❡ ❛r❡ t✇♦ t❛s❦s✱ j ❛♥❞ k✱ s✉❝❤ t❤❛t j ❛rr✐✈❡s ♦♥ t❤❡ ♠❛st❡r
❜❡❢♦r❡ k✱ ❜✉t ✐s s❡♥t t♦ ❛ ♣r♦❝❡ss♦r ✇♦r❦❡r ❛❢t❡r k✳ ❙♦✿

rj < rk ❛♥❞ r′k < r′j ✳

❲❡ t❤❡♥ ❞❡✜♥❡ ❢r♦♠ S ❛ ♥❡✇ s❝❤❡❞✉❧❡ S′ ❛s ❢♦❧❧♦✇s✿

• ■❢ t❤❡ t❛s❦ j ✇❛s ♥❡✈❡rt❤❡❧❡ss tr❡❛t❡❞ ❡❛r❧✐❡r t❤❛♥ t❤❡ t❛s❦ k ✭✐✳❡✳✱ ✐❢ Cj ≤ Ck✮✱ t❤❡♥ ✇❡
s✐♠♣❧② r❡✈❡rs❡ t❤❡ ❞✐s♣❛t❝❤ ❞❛t❡s ♦❢ t❛s❦s j ❛♥❞ k✱ ❜✉t ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ♣r♦❝❡ss♦rs
✇❤❡r❡ t❤❡② ❛r❡ ❝♦♠♣✉t❡❞✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡♠❛✐♥❞❡r
♦❢ t❤❡ s❝❤❡❞✉❧❡ ✐s ❧❡❢t ✉♥❛✛❡❝t❡❞✱ ❛♥❞ t❤❡ t♦t❛❧ ✢♦✇ r❡♠❛✐♥s t❤❡ s❛♠❡ ✭❥✉st ❛s t❤❡
♠❛❦❡s♣❛♥✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✢♦✇✮✳
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• ■❢ t❤❡ t❛s❦ j ✇❛s ♣r♦❝❡ss❡❞ ❧❛t❡r t❤❛♥ t❤❡ t❛s❦ k✱ ✐✳❡✳✱ ✐❢ Cj > Ck✱ t❤❡♥ ✇❡ s❡♥❞ t❤❡
t❛s❦ j t♦ t❤❡ ♣r♦❝❡ss♦r t❤❛t ✇❛s r❡❝❡✐✈✐♥❣ k ✉♥❞❡r S✱ ❛t t❤❡ t✐♠❡ t❛s❦ k ✇❛s s❡♥t t♦
t❤❛t ♣r♦❝❡ss♦r✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷✳ ❙✐♥❝❡ t❤❡ t❛s❦s j ❛♥❞
k ❤❛✈❡ t❤❡ s❛♠❡ s✐③❡✱ t❤❡ ✉s❡ ♦❢ t❤❡ ♣r♦❝❡ss♦rs ✇✐❧❧ ❜❡ t❤❡ s❛♠❡✱ ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ♦❢
t❤❡ s❝❤❡❞✉❧❡ ✇✐❧❧ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳ ❖♥❡ ♦❜t❛✐♥s ❛ ♥❡✇ s❝❤❡❞✉❧❡ S′✱ ❤❛✈✐♥❣ ❛s t♦t❛❧
✢♦✇✿







n
∑

i=1
i6=j,i6=k

(Ci − ri)






+ (Ck − rj) + (Cj − rk) =

n
∑

i=1

(Ci − ri) ✭✸✳✶✮

❚❤❡r❡❢♦r❡✱ t❤✐s ✐s ❛❧s♦ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ ♠❛❦❡s♣❛♥ ✐s ✉♥✲
❝❤❛♥❣❡❞ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✢♦✇ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡✳

❦

❥

❥

❦

❈♦♠♠

❈♦♠♠

Pi1

Pi2

✭❛✮ ❇❡❢♦r❡ ♣❡r♠✉t❛t✐♦♥

❦

❥

❥

❦

❈♦♠♠

❈♦♠♠

Pi1

Pi2

✭❜✮ ❆❢t❡r ♣❡r♠✉t❛t✐♦♥

❋✐❣✉r❡ ✸✳✶✿ P❡r♠✉t❛t✐♦♥ ♦♥ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ S ✭❝❛s❡ Cj ≤ Ck✮✳

❥

❥

❦

❦

❈♦♠♠

❈♦♠♠

Pi1

Pi2

✭❛✮ ❇❡❢♦r❡ ♣❡r♠✉t❛t✐♦♥

❦

❥

❥

❦❈♦♠♠

❈♦♠♠

Pi1

Pi2

✭❜✮ ❆❢t❡r ♣❡r♠✉t❛t✐♦♥

❋✐❣✉r❡ ✸✳✷✿ P❡r♠✉t❛t✐♦♥ ♦♥ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ S ✭❝❛s❡ Cj > Ck✮✳

❇② ✐t❡r❛t✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❡ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✇❤❡r❡ t❤❡ ♠❛st❡r s❡♥❞s t❤❡ t❛s❦s
❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❛rr✐✈❛❧ ❞❛t❡s✱ ✐✳❡✳✱ ❜② ✐♥❝r❡❛s✐♥❣ ri✬s✳ ■♥❞❡❡❞✱ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ s❡t
♦❢ t❤❡ ❝♦✉♣❧❡s {(j, k) | rj < rk ❛♥❞ r′j < r′k}✱ ✇❡ ♥♦t✐❝❡ t❤❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss
str✐❝t❧② ✐♥❝r❡❛s❡s t❤❡ s✐③❡ ♦❢ t❤✐s s❡t✳

▲❡♠♠❛ ✸✳✷✳ ❚❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t t❤❡ ♠❛st❡r s❡♥❞s t❤❡ t❛s❦s t♦ t❤❡ ✇♦r❦❡rs
✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ t❛s❦s ❛r❡ ❡①❡❝✉t❡❞ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧✳
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❲❡ ✇✐❧❧ ♣❡r♠✉t❡ t❛s❦s t♦ ❜✉✐❧❞ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ s❛t✐s❢②✐♥❣ t❤✐s ♣r♦♣❡rt② ❢r♦♠ ❛ s❝❤❡❞✉❧❡
s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt② st❛t❡❞ ✐♥ ▲❡♠♠❛ ✸✳✶✳ ▲❡t S ❜❡ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✐♥ ✇❤✐❝❤ t❛s❦s
❛r❡ s❡♥t ❜② t❤❡ ♠❛st❡r ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ st✉❞②✱ ✇❡ ❦♥♦✇ t❤❛t
s✉❝❤ ❛ s❝❤❡❞✉❧❡ ❡①✐sts✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t S ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳ ❚❤❡♥✱
t❤❡r❡ ❛r❡ t✇♦ t❛s❦s j ❛♥❞ k✱ s✉❝❤ t❤❛t

rj ≤ rk, r′j < r′k, ❛♥❞ Cj > Ck.

❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ s❝❤❡❞✉❧❡ S′ ❜② ❥✉st ❡①❝❤❛♥❣✐♥❣ t❤❡ ♣r♦❝❡ss♦rs t♦ ✇❤✐❝❤ t❤❡ t❛s❦s j
❛♥❞ k ✇❡r❡ s❡♥t✳ ❚❤❡♥✱ t❤❡ t❛s❦ j ✐s ❝♦♠♣✉t❡❞ ✉♥❞❡r S′ ❛t t❤❡ t✐♠❡ ✇❤❡♥ k ✇❛s ❝♦♠♣✉t❡❞
✉♥❞❡r S✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✳ ❚❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ t♦t❛❧ ✢♦✇ ✭(Cj − rk)+ (Ck− rj) =
(Cj − rj) + (Ck − rk)✮✱ t❤❡ s❛♠❡ ♠❛❦❡s♣❛♥ ✭s✐♥❝❡ t❤❡ ✇♦r❦✐♥❣ t✐♠❡s ♦❢ t❤❡ ♣r♦❝❡ss♦rs
r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✮✱ ✇❤❡r❡❛s t❤❡ ♠❛①✐♠✉♠ ✢♦✇ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡✳

❆♠♦♥❣ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s ✇❤✐❝❤ r❡s♣❡❝t t❤❡ ♣r♦♣❡rt② st❛t❡❞ ✐♥ ▲❡♠♠❛ ✸✳✷✱ ✇❡ ♥♦✇ ❧♦♦❦
❛t t❤❡ s✉❜s❡t ♦❢ t❤❡ s♦❧✉t✐♦♥s ❝♦♠♣✉t✐♥❣ t❤❡ ✜rst t❛s❦ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❚❤❡♥✱ ❛♠♦♥❣ t❤✐s
s✉❜s❡t✱ ✇❡ ❧♦♦❦ ❛t t❤❡ s♦❧✉t✐♦♥s ❝♦♠♣✉t✐♥❣ t❤❡ s❡❝♦♥❞ t❛s❦ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❆♥❞ s♦ ♦♥✳
❚❤✐s ✇❛②✱ ✇❡ ❞❡✜♥❡ ❢r♦♠ t❤❡ s❡t ♦❢ ❛❧❧ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❞❡♥♦t❡❞ ❆❙❆P✱
✇❤✐❝❤ ♣r♦❝❡ss❡s t❤❡ t❛s❦s ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧✱ ❛♥❞ ✇❤✐❝❤ ♣r♦❝❡ss❡s ❡❛❝❤ ♦❢ t❤❡♠ ❛s s♦♦♥
❛s ♣♦ss✐❜❧❡✳ ❲❡ ✇✐❧❧ ♥♦✇ ❝♦♠♣❛r❡ ❆❙❆P ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ ❘♦✉♥❞✲❘♦❜✐♥✱ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✿ ✉♥❞❡r ❘♦✉♥❞✲❘♦❜✐♥ t❤❡ t❛s❦ i ✐s s❡♥t t♦ t❤❡ ♣r♦❝❡ss♦r i mod m ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱
✇❤✐❧❡ r❡s♣❡❝t✐♥❣ t❤❡ ♦r❞❡r ♦❢ ❛rr✐✈❛❧ ♦❢ t❤❡ t❛s❦s✳

▲❡♠♠❛ ✸✳✸✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♥② t❛s❦ j st❛rts ❛t t❤❡ s❛♠❡ t✐♠❡ ✉♥❞❡r t❤❡ s❝❤❡❞✉❧❡s ❆❙❆P
❛♥❞ ❘♦✉♥❞✲❘♦❜✐♥✳

❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s✳ ❘♦✉♥❞✲❘♦❜✐♥ s❡♥❞s t❤❡ ✜rst t❛s❦
❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱ ❥✉st ❛s ❆❙❆P ❞♦❡s✳ ▲❡t ✉s s✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ✜rst j t❛s❦s s❛t✐s❢②
t❤❡ ♣r♦♣❡rt②✳ ▲❡t ✉s ❧♦♦❦ ❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❘♦✉♥❞✲❘♦❜✐♥ ♦♥ t❤❡ ❛rr✐✈❛❧ ♦❢ t❤❡ (j + 1)✲t❤
t❛s❦✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ (j + 1)✲t❤ t❛s❦ st❛rts ❛t t✐♠❡✿

RR(j + 1) = max
{

r′j+1, RR(j + 1−m) + p
}

.

■♥❞❡❡❞✱ ❡✐t❤❡r t❤❡ ♣r♦❝❡ss♦r ✐s ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ t✐♠❡ t❤❡ t❛s❦ ❛rr✐✈❡s ♦♥ t❤❡ ✇♦r❦❡r✱ ❛♥❞
t❤❡ t❛s❦ ❡①❡❝✉t✐♦♥ st❛rts ❛s s♦♦♥ ❛s t❤❡ t❛s❦ ❛rr✐✈❡s✱ ✐✳❡✳✱ ❛t t✐♠❡ r′j+1✱ ♦r t❤❡ ♣r♦❝❡ss♦r
✐s ❜✉s② ✇❤❡♥ t❤❡ t❛s❦ ❛rr✐✈❡s✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ♣r♦❝❡ss♦r ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ t❤❡
❧❛st t❛s❦ ✐t ♣r❡✈✐♦✉s❧② r❡❝❡✐✈❡❞ ✭✐✳❡✳✱ t❤❡ (j + 1−m)✲t❤ t❛s❦ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❘♦✉♥❞✲❘♦❜✐♥
str❛t❡❣②✮ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❞✱ ❛t t✐♠❡ RR(j + 1−m) + p✳

❚❤❡r❡❢♦r❡✱ ✐❢ RR(j + 1) = r′j+1✱ ❘♦✉♥❞✲❘♦❜✐♥ r❡♠❛✐♥s ♦♣t✐♠❛❧✱ s✐♥❝❡ t❤❡ t❛s❦ ✐s ♣r♦❝❡ss❡❞
❛s s♦♦♥ ❛s ✐t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥ ❛ ✇♦r❦❡r✱ ❛♥❞ s✐♥❝❡ ✐t ✇❛s s❡♥t ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❖t❤❡r✇✐s❡✱
RR(j + 1) = RR(j + 1−m) + p✳ ❇✉t✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❦♥♦✇ t❤❛t ∀λ, 1 ≤ λ ≤
m, RR(j+1−λ) = ASAP (j+1−λ)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❛♥❦s t♦ t❤❡ ❘♦✉♥❞✲❘♦❜✐♥ s❝❤❡❞✉❧✐♥❣
♣♦❧✐❝②✱ ✇❡ ❦♥♦✇ t❤❛t ∀i, RR(i) ≤ RR(i + 1)✳ ❚❤❡r❡❢♦r❡✿

∀λ, 1 ≤ λ ≤ m, RR(j + 1−m) ≤ RR(j + 1− λ) < RR(j + 1−m) + p = RR(j + 1)

❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❜❡t✇❡❡♥ RR(j+1−m) ❛♥❞ RR(j)✱ m t❛s❦s ♦❢ s✐③❡ p ✇❡r❡ st❛rt❡❞✱ ✉♥❞❡r
❘♦✉♥❞✲❘♦❜✐♥✱ ❛♥❞ ❛❧s♦ ✉♥❞❡r ❆❙❆P ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳ ❚❤❡r❡❢♦r❡✱ ❞✉r✐♥❣

te
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t❤❛t t✐♠❡ ✐♥t❡r✈❛❧✱ m ✇♦r❦❡rs ✇❡r❡ s❡❧❡❝t❡❞✳ ❚❤❡♥✱ ✉♥t✐❧ t❤❡ ❞❛t❡ RR(j + 1−m) + p✱ ❛❧❧
t❤❡ ✇♦r❦❡rs ❛r❡ ✉s❡❞ ❛♥❞✱ t❤✉s✱ t❤❡ t❛s❦ j + 1 ✐s ❧❛✉♥❝❤❡❞ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡ ❜② ❘♦✉♥❞✲
❘♦❜✐♥✱ ❦♥♦✇✐♥❣ t❤❛t ❆❙❆P ❝♦✉❧❞ ♥♦t ❤❛✈❡ ❧❛✉♥❝❤❡❞ ✐t ❡❛r❧✐❡r✳ ❚❤❡r❡❢♦r❡✱ ASAP (j +1) =
RR(j + 1)✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

❲❡ ❤❛✈❡ ❛❧r❡❛❞② st❛t❡❞ t❤❛t t❤❡ ❞❡♠♦♥str❛t✐♦♥s ♦❢ ▲❡♠♠❛ ✸✳✶ ❛♥❞ ✸✳✷ ❛r❡ ✈❛❧✐❞ ❢♦r s❝❤❡❞✉❧❡s
♠✐♥✐♠✐③✐♥❣ ❡✐t❤❡r ♠❛❦❡s♣❛♥✱ t♦t❛❧ ✢♦✇✱ ♦r ♠❛①✐♠✉♠ ✢♦✇✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❢♦❧❧♦✇❡❞ ✐♥ t❤❡ ❞❡♠♦♥✲
str❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✸ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡♠♦♥str❛t❡❞
t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ❘♦✉♥❞✲❘♦❜✐♥ ❢♦r t❤❡s❡ t❤r❡❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳ �

❘❡♠❛r❦ ✭❘❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✮✳ ❖♥❡ ❝❛♥ r❡♠❛r❦ t❤❛t ✐❢ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ ❛ t❛s❦ ✐s ❣r❡❛t❡r
t❤❛♥ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ ✐t✱ t❤❡♥ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❡♥r♦❧❧ ♦♥❡ ♠❛❝❤✐♥❡✳ ■❢ c > p✱ t❤❡♥ t❤❡
✇♦r❦❡r ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛❜❧❡ t♦ ✜♥✐s❤ ✐ts t❛s❦s ❜❡❢♦r❡ r❡❝❡✐✈✐♥❣ ♥❡✇ ♦♥❡s✳ ❚❤❡♥ s❡♥❞✐♥❣ t❛s❦s t♦
♦♥❡ ✇♦r❦❡r ✇✐❧❧ ❜❡ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣✳ ❚❤✐s r❡♠❛r❦ ✐s ❛❧s♦ tr✉❡ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s❀
✐❢ t❤❡ ❢❛st❡st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦ ❤❛s t❤✐s ♣r♦♣❡rt② ✭cj0 = min {cj} ❛♥❞ cj0 > pj0✮✱ t❤❡♥ s❡♥❞✐♥❣
t❛s❦s t♦ t❤❛t ✇♦r❦❡r ✇✐❧❧ ❜❡ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣✳

❖♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ♦♥❡ ❝❛♥ ❡①t❡♥❞ t❤✐s t♦ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥❀ ❘♦✉♥❞✲❘♦❜✐♥ ❞♦❡s ♥♦t
♥❡❡❞ t♦ ❡♥r♦❧❧ ❛❧❧ ✇♦r❦❡rs ✐♥ ♦r❞❡r t♦ ❜❡ ♦♣t✐♠❛❧✳ ■❢ m′ = ⌈p

c
⌉✱ t❤❡♥ s❡♥❞✐♥❣ t❛s❦s t♦ m′ ✇♦r❦❡rs ✐♥

❛ ❘♦✉♥❞✲❘♦❜✐♥ ✇❛② ✇✐❧❧ ❜❡ ♦♣t✐♠❛❧✱ ❛s t❤❡ ✜rst ✇♦r❦❡r ✇✐❧❧ ❛❧✇❛②s ❤❛✈❡ ✜♥✐s❤❡❞ ✐ts ❝♦♠♣✉t❛t✐♦♥
❜❡❢♦r❡ r❡❝❡✐✈✐♥❣ ✐ts ♥❡①t t❛s❦✳

✸✳✷✳✷ ❍❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

❆s ✇❡ ♠❛② t❤✐♥❦✱ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ♦❢ s❛♠❡✲s✐③❡ t❛s❦s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✐s ♠✉❝❤
♠♦r❡ ❞✐✣❝✉❧t✳ ❖♥ s✉❝❤ ♣❧❛t❢♦r♠s✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛♥② ♦♣t✐♠❛❧ ❞❡t❡r♠✐♥✐st✐❝
❛❧❣♦r✐t❤♠ ❢♦r ♦♥✲❧✐♥❡ s❝❤❡❞✉❧✐♥❣✳ ❚❤✐s ❤♦❧❞s tr✉❡ ❢♦r t❤❡ ♣r❡✈✐♦✉s t❤r❡❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s
✭♠❛❦❡s♣❛♥✱ ♠❛①✐♠✉♠ ✢♦✇ t✐♠❡✱ ❛♥❞ s✉♠ ♦❢ ✢♦✇ t✐♠❡s✮✳

❚♦ ❛ss❡ss t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛♥ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠✱ ♦♥❡ ♦❢t❡♥ ❝♦♥s✐❞❡rs t❤❡ ✇♦rst✲❝❛s❡ r❡❧❛✲
t✐✈❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❝♦♠♣✉t❡❞ s♦❧✉t✐♦♥ ❢♦r ❛♥ ✐♥st❛♥❝❡ ❛♥❞ t❤❡ q✉❛❧✐t② ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❆♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ✇♦rst✲❝❛s❡ r❡❧❛t✐✈❡ ❡rr♦r ✐s ❝❛❧❧❡❞ ❛
❝♦♠♣❡t✐t✐✈❡ r❛t✐♦✳ ❋♦r♠❛❧❧②✱ ❧❡t f(A, I) ❞❡♥♦t❡ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st✉❞✐❡❞
♦♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥✱ ♦❢ t❤❡ s❝❤❡❞✉❧❡ ♣r♦❞✉❝❡❞ ❜② ❛❧❣♦r✐t❤♠ A ♦♥ ✐♥st❛♥❝❡ I✳ ❚❤❡♥✱ ❛❧❣♦r✐t❤♠ A
✐s ρ✲❝♦♠♣❡t✐t✐✈❡ ✐❢ f(A, I) ≤ ρ · f(❖P❚, I) ❢♦r ❛♥② ✐♥st❛♥❝❡ I✱ ✇❤❡r❡ ❖P❚ ❞❡♥♦t❡s t❤❡ ♦♣t✐♠❛❧
♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ♦✉r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳

●✐✈❡♥ ❛ ♣❧❛t❢♦r♠ ✭s❛②✱ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✮ ❛♥❞ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥
✭s❛②✱ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✮✱ ❤♦✇ ❝❛♥ ✇❡ ❡st❛❜❧✐s❤ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦♥ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛♥② ❞❡t❡r♠✐♥✐st✐❝ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠❄ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❢♦❧✲
❧♦✇✐♥❣✳ ❲❡ ❛ss✉♠❡ ❛ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❛♥❞ ✇❡ r✉♥ ✐t ❛❣❛✐♥st ❛ s❝❡♥❛r✐♦ ❡❧❛❜♦r❛t❡❞ ❜② ❛♥
❛❞✈❡rs❛r②✳ ❚❤❡ ❛❞✈❡rs❛r② ❛♥❛❧②③❡s t❤❡ ❞❡❝✐s✐♦♥s t❛❦❡♥ ❜② t❤❡ ❛❧❣♦r✐t❤♠✱ ❛♥❞ r❡❛❝ts ❛❣❛✐♥st
t❤❡♠✳ ❋♦r ✐♥st❛♥❝❡ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s s❝❤❡❞✉❧❡❞ ❛ ❣✐✈❡♥ t❛s❦ T ♦♥ P1 t❤❡♥ t❤❡ ❛❞✈❡rs❛r② ✇✐❧❧
s❡♥❞ t✇♦ ♠♦r❡ t❛s❦s✱ ✇❤✐❧❡ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ s❝❤❡❞✉❧❡s T ♦♥ P3 t❤❡♥ t❤❡ ❛❞✈❡rs❛r② t❡r♠✐♥❛t❡s
t❤❡ ✐♥st❛♥❝❡✳ ❆t t❤❡ ❡♥❞✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ r❛t✐♦✿ ✇❡ ❞✐✈✐❞❡ t❤❡ ♠❛❦❡s♣❛♥
❛❝❤✐❡✈❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❜② t❤❡ ♠❛❦❡s♣❛♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞❡t❡r♠✐♥❡ ♦✤✐♥❡✱
✐✳❡✳✱ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ ✭❛❧❧ t❛s❦s ❛♥❞ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✮✳ ■♥
♦♥❡ ❡①❡❝✉t✐♦♥ ✭t❛s❦ T ♦♥ P1✮ t❤✐s ♣❡r❢♦r♠❛♥❝❡ r❛t✐♦ ✇✐❧❧ ❜❡✱ s❛②✱ 1.1 ✇❤✐❧❡ ✐♥ ❛♥♦t❤❡r ♦♥❡ ✭t❛s❦
T ♦♥ P3✮ ✐t ✇✐❧❧ ❜❡✱ s❛②✱ 1.2✳ ❈❧❡❛r❧②✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ r❛t✐♦s ♦✈❡r ❛❧❧
❡①❡❝✉t✐♦♥ s❝❡♥❛r✐♦s ✐s t❤❡ ❞❡s✐r❡❞ ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✿ ♥♦ ❛❧❣♦r✐t❤♠
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❝❛♥ ❞♦ ❜❡tt❡r t❤❛♥ t❤✐s ❜♦✉♥❞✦

▲❡t ✉s ♣r♦✈❡ ❤❡r❡ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛♥② ❛❧❣♦r✐t❤♠ ✇❤❡♥ ♠✐♥✐♠✐③✐♥❣ t❤❡
♠❛❦❡s♣❛♥ ♦♥ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳

❚❤❡♦r❡♠ ✸✳✷✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q>2,MS | ♦♥❧✐♥❡, ri, pj , cj | max Ci

✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ 1+
√

3
2 ✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
ρ = 1+

√
3

2 − ǫ✱ ✇✐t❤ 0 < ǫ ≤ 1+
√

3
2 − 1✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ ❛♥ ❛❞✈❡rs❛r② t♦ ❞❡r✐✈❡ ❛

❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ ♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ✉♣ ✇✐t❤ t❤r❡❡ ♣r♦❝❡ss♦rs P1✱ P2✱ ❛♥❞ P3 s✉❝❤ t❤❛t p1 = ǫ✱
p2 = p3 = 1 +

√
3✱ c1 = 1 +

√
3 ❛♥❞ c2 = c3 = 1✳

■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A ❡①❡❝✉t❡s t❛s❦ i✱ ❡✐t❤❡r ♦♥ P1 ✇✐t❤
❛ ♠❛❦❡s♣❛♥ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✶ ❡q✉❛❧ t♦ c1 + p1 = 1 +

√
3 + ǫ✱ ♦r ♦♥ P2 ♦r P3✱ ✇✐t❤ ❛

♠❛❦❡s♣❛♥ ❛t ❧❡❛st ❡q✉❛❧ t♦ c2 + p2 = c3 + p3 = 2 +
√

3✳
❆t t✐♠❡✲st❡♣ 1✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ i✱ ❛♥❞

✇❤✐❝❤ ♦♥❡✿

✶✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 ♦r P3✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♦t❤❡r t❛s❦✳ ❚❤❡
❜❡st ♣♦ss✐❜❧❡ ♠❛❦❡s♣❛♥ ✐s t❤❡♥ c2 + p2 = c3 + p3 = 2 +

√
3✳ ❚❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❜❡✐♥❣

♦❢ ♠❛❦❡s♣❛♥ c1 + p1 = 1 +
√

3 + ǫ✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ 2 +
√

3

1 +
√

3 + ǫ
>

1 +
√

3

2
− ǫ,

❜❡❝❛✉s❡ ǫ > 0 ❜② ❛ss✉♠♣t✐♦♥✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠
A ❝❛♥♥♦t s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P2 ♦r P3✳

✷✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t♦ s❡♥❞ t❤❡ t❛s❦ i ❛t t✐♠❡✲st❡♣ 1✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♦t❤❡r
t❛s❦✳ ❚❤❡ ❜❡st ♠❛❦❡s♣❛♥ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡♥ ❡q✉❛❧ t♦ 1 + c1 + p1 = 2 +

√
3 + ǫ✱

✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡
❛♥② ♦t❤❡r ❝❤♦✐❝❡ t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P1✳

❚❤❡♥✱ ❛t t✐♠❡✲st❡♣ τ = 1✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t✇♦ t❛s❦s✱ j ❛♥❞ k✳ ❲❡ ❝♦♥s✐❞❡r ❛❧❧ t❤❡
s❝❤❡❞✉❧✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✿

• j ❛♥❞ k ❛r❡ s❝❤❡❞✉❧❡❞ ♦♥ P1✳ ❚❤❡♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ✐s ❡q✉❛❧ t♦ t❤❡ t✐♠❡
♥❡❡❞❡❞ t♦ s❡♥❞ t❤r❡❡ t❛s❦s t♦ P1 ✭❛s t❤❡ j ❛♥❞ k ❛rr✐✈❡ ❞✉r✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ i✮✱
♣❧✉s t❤❡ t✐♠❡ ♦❢ k✬s ❝♦♠♣✉t❛t✐♦♥ ✭s✐♥❝❡ i ❛♥❞ j ❛r❡ ❝♦♠♣✉t❡❞ ❜❡❢♦r❡ t❤❡ r❡❝❡♣t✐♦♥ ♦❢ t❤❡

♥❡①t t❛s❦✱ ❛s ǫ < 1+
√

3
2 ✮✿

3c1 + p1 = 3(1 +
√

3) + ǫ.

• ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ ❥♦❜s✱ j ❛♥❞ k✱ t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s s❝❤❡❞✉❧❡❞ ♦♥ P2 ✭♦r P3✮ ❛♥❞ t❤❡
♦t❤❡r ♦♥❡ ♦♥ P1✳ ❚❤❡♥✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡

✶◆♦t❤✐♥❣ ❢♦r❝❡s A t♦ s❡♥❞ t❤❡ t❛s❦ i ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳
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❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ j ♦♥ P2 ❛♥❞ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ k ♦♥ P1✿

max{c1 + c2 + p2 ; c1 + c2 + c1 + p1}
= max{3 + 2

√
3 ; 3 + 2

√
3 + ǫ}

= 3 + 2
√

3 + ǫ.

• ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ ❥♦❜s j ❛♥❞ k t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s s❝❤❡❞✉❧❡❞ ♦♥ P1 ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥
P2 ✭♦r P3✮✳ ❚❤❡♥✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ✐s✿

max{2c1 + p1, 2c1 + c2 + p2}
= max{2 + 2

√
3 + ǫ ; 4 + 3

√
3}

= 4 + 3
√

3.

• ❖♥❡ ♦❢ t❤❡ ❥♦❜s j ❛♥❞ k ✐s s❝❤❡❞✉❧❡❞ ♦♥ P2 ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥ P3✳

max{c1 + p1 ; c1 + c2 + p2 ; c1 + c2 + c3 + p3}
= max{1 +

√
3 + ǫ ; 3 + 2

√
3 ; 4 + 2

√
3}

= 4 + 2
√

3.

• ❚❤❡ ❝❛s❡ ✇❤❡r❡ j ❛♥❞ k ❛r❡ ❜♦t❤ ❡①❡❝✉t❡❞ ♦♥ P2✱ ♦r ❜♦t❤ ♦♥ P3✱ ❧❡❛❞s t♦ ❛♥ ❡✈❡♥ ✇♦rs❡
♠❛❦❡s♣❛♥ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ st✉❞② ✐t✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ❢♦r A ✐s✿ 3 + 2
√

3 + ǫ ✭❛s ǫ < 1✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦✉❧❞
❤❛✈❡ s❝❤❡❞✉❧❡❞ i ♦♥ P2✱ j ♦♥ P3✱ ❛♥❞ t❤❡♥ k ♦♥ P1✱ t❤✉s ❛❝❤✐❡✈✐♥❣ ❛ ♠❛❦❡s♣❛♥ ♦❢✿

max{c2 + p2 ; max{c2 ; τ}+ c3 + p3 ; max{c2 ; τ}+ c3 + c1 + p1}
= max{2 +

√
3 ; 1 + 2 +

√
3 ; 1 + 2 +

√
3 + ǫ}

= 3 +
√

3 + ǫ.

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ 3 + 2
√

3 + ǫ

3 +
√

3 + ǫ
>

1 +
√

3

2
− ǫ.

❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳ �

✸✳✷✳✸ ❖✈❡r✈✐❡✇ ❛♥❞ s✉♠♠❛r②

❇❡❝❛✉s❡ ✇❡ ❤❛✈❡ t❤r❡❡ ♣❧❛t❢♦r♠ t②♣❡s ✭❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s✱ ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s✱
❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s✮ ❛♥❞ t❤r❡❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✭♠❛❦❡s♣❛♥✱ ♠❛①✲✢♦✇✱ s✉♠✲✢♦✇✮✱ t❤❡r❡ r❡♠❛✐♥
❡✐❣❤t ❜♦✉♥❞s t♦ ❜❡ ❡st❛❜❧✐s❤❡❞ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❚❛❜❧❡ ✸✳✶ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts✱
❛♥❞ s❤♦✇s t❤❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣❧❛t❢♦r♠ t②♣❡ ♦♥ t❤❡ ❞✐✣❝✉❧t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❆s ❡①♣❡❝t❡❞✱
♠✐①✐♥❣ ❜♦t❤ s♦✉r❝❡s ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✭✐✳❡✳✱ ❤❛✈✐♥❣ ❜♦t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥s✮ r❡♥❞❡rs t❤❡ ♣r♦❜❧❡♠ t❤❡ ♠♦st ❞✐✣❝✉❧t✳

❆❧❧ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✸✳✶ ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s✱ ✉s❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❛♥❞ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✭s❡❝t✐♦♥ ✸✳✷✳✹✮✳ ■t ✇♦✉❧❞ t❤✉s
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❖❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥
P❧❛t❢♦r♠ t②♣❡

▼❛❦❡s♣❛♥ ▼❛①✲✢♦✇ ❙✉♠✲✢♦✇

❍♦♠♦❣❡♥❡♦✉s 1 1 1

❈♦♠♠✉♥✐❝❛t✐♦♥ ❤♦♠♦❣❡♥❡♦✉s 5
4 ❂ ✶✳✷✺✵ 5−

√
7

2 ≈ ✶✳✶✼✼ 2+4
√

2
7 ≈ ✶✳✵✾✸

❈♦♠♣✉t❛t✐♦♥ ❤♦♠♦❣❡♥❡♦✉s 6
5 ❂ ✶✳✷✵✵ 5

4 ❂ ✶✳✷✺✵ 23
22 ≈ ✶✳✵✹✺

❍❡t❡r♦❣❡♥❡♦✉s 1+
√

3
2 ≈ ✶✳✸✻✻

√
2 ≈ ✶✳✹✶✹

√
13−1
2 ≈ ✶✳✸✵✷

❚❛❜❧❡ ✸✳✶✿ ▲♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❧❛t✲
❢♦r♠ t②♣❡ ❛♥❞ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳

❜❡ ♠❡❛♥✐♥❣❧❡ss t♦ ❞❡t❛✐❧ ❡❛❝❤ ♦❢ t❤❡ ❡✐❣❤t ♦t❤❡r ♣r♦♦❢s✱ ❜✉t t❤❡② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❞❡t❛✐❧ ✐♥
❆♣♣❡♥❞✐① ❆✳ ❇❡❧♦✇✱ ✇❡ ❥✉st ❧✐st t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣❧❛t❢♦r♠s ❛♥❞ ❥♦❜s ✉s❡❞ t♦ ♣r♦✈❡ ❛❧❧
t❤❡ ❜♦✉♥❞s ♦❢ ❚❛❜❧❡ ✸✳✶✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✱ ❢♦r ❛ ❧♦✇❡r ❜♦✉♥❞ ρ ♦♥ ❛ ❝♦♠♣❡t✐t✐✈❡
r❛t✐♦✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦♥ ✐s ρ − ǫ ❢♦r ❛ ❣✐✈❡♥
♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ ǫ✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜s ❛rr✐✈❛❧ t✐♠❡s ✇✐❧❧ ❜❡ ✉s❡❞ ❜② t❤❡ ❛❞✈❡rs❛r②✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❛❧❣♦r✐t❤♠✬s ❞❡❝✐s✐♦♥s❀ ✇❤❡♥ ♦♥❡ ✇r✐t❡s t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜s ❛rr✐✈❛❧ t✐♠❡s ✐♥❝❧✉❞❡ ✏X
t✐♠❡s τ ✑ ♠❡❛♥s t❤❛t✱ ✐❢ ♥❡❡❞❡❞✱ t❤❡ ❛❞✈❡rs❛r② ✇✐❧❧ s❡♥❞ X t❛s❦s ❛t t✐♠❡ τ ✳

❈♦♠♠✉♥✐❝❛t✐♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

▼❛❦❡s♣❛♥ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s p1 = 3 ❛♥❞
p2 = 7✱ ❛♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ c = 1✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱ 1✱
❛♥❞ 2✳

▼❛①✲✢♦✇ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s p1 = 2+
√

7
3 ❛♥❞

p2 = 1+2
√

7
3 ✱ ❛♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ c = 1❀ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s✿ ✵ ❛♥❞

4−
√

7
3 ✳

❙✉♠✲✢♦✇ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s p1 = 2 ❛♥❞
p2 = 4

√
2− 2✱ ❛♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ c = 1✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿

✵✱ 1✱ ❛♥❞ 2✳

❈♦♠♣✉t❛t✐♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

▼❛❦❡s♣❛♥ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ p = max
{

5, 24
25ǫ

}

✱
❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s c1 = 1 ❛♥❞ c2 = p

2 ✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱
❛♥❞ t❤r❡❡ t✐♠❡s p

2 ✳

▼❛①✲✢♦✇ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ p = 2− ǫ✱ ❛♥❞
❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s c1 = ǫ ❛♥❞ c2 = 1✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱ ❛♥❞
t❤r❡❡ t✐♠❡s 1− ǫ✳

❙✉♠✲✢♦✇ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ p = 3✱ ❛♥❞
❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s c1 = 1 ❛♥❞ c2 = 2✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱ ❛♥❞
t❤r❡❡ t✐♠❡s 2✳

❋✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s
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▼❛❦❡s♣❛♥ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t❤r❡❡ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s p1 = ǫ ❛♥❞
p2 = p3 = 1 +

√
3✱ ❛♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s c1 = 1 +

√
3 ❛♥❞ c2 = c3 = 1✳ ❚❤❡

♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱ ❛♥❞ t✇♦ t✐♠❡s ✶✳

▼❛①✲✢♦✇ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t❤r❡❡ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s p1 = ǫ✱ ❛♥❞
p2 = p3 = 3 + 2

√
2✱ ❛♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s c1 = 2(1 +

√
2) ❛♥❞ c2 = c3 = 1✳

❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱ ❛♥❞ t✇♦ t✐♠❡s 2✳

❙✉♠✲✢♦✇ ✿ ❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t❤r❡❡ ♣r♦❝❡ss♦rs ♦❢ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s p1 = ǫ✱ ❛♥❞
p2 = p3 = τ + c1 − 1✱ ❛♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s c1 ✭❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✮ ❛♥❞

c2 = c3 = 1✱ ✇❤❡r❡ τ =

√
52c21+12c1+1−(6c1+1)

4 ✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❥♦❜ ❛rr✐✈❛❧ t✐♠❡s ❛r❡✿ ✵✱
❛♥❞ t✇♦ t✐♠❡s τ ✳

✸✳✷✳✹ ❈r❡❛t✐♥❣ t❤❡ ✇♦rst ♣❧❛t❢♦r♠

❯♥t✐❧ ♥♦✇✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ s♦♠❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss ❧♦✇❡r ❜♦✉♥❞s ❢♦r ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣✳ ❚②♣✐❝❛❧❧②✱
✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥② ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠✱ t❤❡r❡ ❡①✐sts ❛ ♣❧❛t❢♦r♠ ❛♥❞ t❛s❦s ❞✐str✐❜✉t✐♦♥ ♦♥
✇❤✐❝❤ t❤❡② ✇♦✉❧❞ ❤❛✈❡ ♠❛❞❡ ❛ ✇r♦♥❣ ❞❡❝✐s✐♦♥✳ ❇✉t ②♦✉ ♠❛② ✇♦♥❞❡r ❤♦✇ ❞♦ ✇❡ ❝r❡❛t❡ s✉❝❤
♣❧❛t❢♦r♠s ❛♥❞ s❝❡♥❛r✐✐ ❄ ❆♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t✱ ❤♦✇ r❡❧❡✈❛♥t ❛r❡ t❤❡s❡ ♣❧❛t❢♦r♠s ❄ ■s ✐t ♣♦ss✐❜❧❡
t♦ q✉✐❝❦❧② ✏✐♠♣r♦✈❡✑ ♦♥❡ ♦❢ t❤♦s❡ ♣❧❛t❢♦r♠s ❛♥❞ ✜♥❞ ❛ ❣r❡❛t❡r ❧♦✇❡r ❜♦✉♥❞ ❄

❲❡❧❧✱ ♥♦✦ ✭♦r ❛t ❧❡❛st ✇❡ ❤♦♣❡ s♦✦✮
■♥ ❢❛❝t✱ t❤❡s❡ ♣❧❛t❢♦r♠s ✇❡r❡ ❜✉✐❧t ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✇♦rst ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❝♦✉❧❞ ❜❡

❛❝❤✐❡✈❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡s❡ s❝❡♥❛r✐✐✳ ▲❡t ✉s ❤❛✈❡ ❛ ❧♦♦❦ ♦♥ t❤❡ ♣r♦❜❧❡♠ Q>2,MS | ♦♥❧✐♥❡, ri, pj ,
cj |max (Ci−ri)✳ ❚❤❡ ✜rst t❤✐♥❣ t♦ ✉♥❞❡rst❛♥❞ ✐s ✇❤❡r❡ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❝♦♠❡s ❢r♦♠✳ ❲❤❛t
♣❧❛t❢♦r♠ ❝❛♥ ♠❛①✐♠✐③❡ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ❛♥② ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡❄ ❇❛s✐❝❛❧❧②✱
t❤❡ ✐❞❡❛ ✐s t♦ ❝r❡❛t❡ ❛ ♣❧❛t❢♦r♠ ✇❤❡r❡ t❤❡ ♣r♦❝❡ss♦r ♦♥ ✇❤✐❝❤ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ s❡♥❞s t❤❡
♦♥❧② t❛s❦ t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r♦❝❡ss♦r ♦♥ ✇❤✐❝❤ t❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ s❡♥❞s
t❤❡ ✜rst t❛s❦ ♦❢ ❛ ❜✉♥❝❤ ♦❢ t❛s❦s✳ ❍❡r❡ ✐s t❤❡ s❦❡❧❡t♦♥ ♦❢ ♦✉r ♣❧❛t❢♦r♠✿
• t✇♦ s❧♦✇ ✐❞❡♥t✐❝❛❧ ♣r♦❝❡ss♦rs ✇✐t❤ ❢❛st ❝♦♠♠✉♥✐❝❛t✐♦♥s❀
• ♦♥❡ ❢❛st ♣r♦❝❡ss♦r ✇✐t❤ s❧♦✇ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭c1 > c2 = c3✮❀
• ✇❤❡♥ s❝❤❡❞✉❧✐♥❣ ♦♥❧② ♦♥❡ t❛s❦✱ s❡♥❞ ✐t t♦ t❤❡ ❢❛st❡st ♣r♦❝❡ss♦r ✭c1+p1 < c2+p2 = c3+p3✮❀
• ✇❤❡♥ s❝❤❡❞✉❧✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ t❛s❦✱ ❞♦ ♥♦t s❡♥❞ t❤❡ ✜rst t❛s❦ t♦ t❤❡ ❢❛st❡st ♣r♦❝❡ss♦r✳

❆s ✇❡ ❛r❡ ✉♥❞❡r ❛♥ ♦♥❧✐♥❡ ♠♦❞❡❧✱ t❤❡ s❝❤❡❞✉❧❡r t❤❛t r❡❝❡✐✈❡s ♦♥❡ t❛s❦ ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ✐❢
✐t ✇✐❧❧ ❜❡ t❤❡ ♦♥❧② t❛s❦ t♦ ❜❡ s❝❤❡❞✉❧❡❞ ♦r ✐❢ ♦t❤❡r t❛s❦s ❛r❡ ❝♦♠✐♥❣✳ ❖❢ ❝♦✉rs❡✱ ♦♥❡ s❝❤❡❞✉❧❡r
❝❛♥ ❞❡❝✐❞❡ t♦ ✇❛✐t ❢♦r s♦♠❡ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ r❡❝❡♣t✐♦♥ ♦❢ t❤❡ ✜rst t❛s❦ ❛♥❞ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢
✐t✱ ❜✉t t❤❡♥ ✐t ✇✐❧❧ ❤❛✈❡ t♦ ♣❛② t❤✐s ❧❛t❡♥❝② ✐♥ ✐ts r❛t✐♦✳ ❚❤❛t ✐s ✇❤② ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡
❛♥♦t❤❡r ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❜② t❤❡ ❛❞✈❡rs❛r②✿ t❤❡ t✐♠❡ τ ❛t ✇❤✐❝❤ t❤❡ ❛❞✈❡rs❛r②
✇✐❧❧ ❧♦♦❦ ❛t t❤❡ ❛❧❣♦r✐t❤♠✬s ❞❡❝✐s✐♦♥✱ ❛♥❞ ♣♦t❡♥t✐❛❧❧② s❡♥❞ ♠♦r❡ t❛s❦s✳ ❋✐♥❛❧❧② ✇❡ ✇✐❧❧ ❤❛✈❡ t♦
♠❛①✐♠✐③❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ❛♥❞ t❤❡ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ✐♥ ♦r❞❡r t♦ ✜♥❞
♦✉r ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦✳

■❢ ✇❡ ❣♦ ❜❛❝❦ t♦ ♦✉r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ ♦✉r ❛❞✈❡rs❛r②✳ ❲❡ s❡♥❞ ❛ ✜rst t❛s❦ ❛t t✐♠❡
0✳ ❆t t✐♠❡ τ ≥ c2 ✇❡ ❧♦♦❦ ❛t t❤❡ ❞❡❝✐s✐♦♥ ♦❢ ❛♥② ❛❧❣♦r✐t❤♠✿

• ❡✐t❤❡r t❤❡ ✜rst t❛s❦ ❤❛s ❜❡❡♥ s❡♥t t♦ t❤❡ ✜rst ✇♦r❦❡r✱ ✇❤✐❝❤ ♠❡❛♥s ❛ ♠❛① ✢♦✇ ♦❢ ρ = c1+p1✳

• ❡✐t❤❡r t❤❡ ✜rst t❛s❦ ❤❛s ♥♦t ❜❡❡♥ s❡♥t ②❡t✱ ❛♥❞ t❤❡♥ t❤❡ ❜❡st ♠❛① ✢♦✇ ❛❝❤✐❡✈❛❜❧❡ ✐s
τ + c1 + p1✱ ✇❤✐❝❤ ♠❡❛♥s ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ τ + c1 + p1

c1 + p1
.
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• ❡✐t❤❡r t❤❡ ✜rst ❤❛s ❜❡❡♥ s❡♥t t♦ ♦♥❡ s❧♦✇ ✇♦r❦❡r✱ s♦ t❤❡ ♠❛① ✢♦✇ ✐s ❣r❡❛t❡r t❤❛♥ c2 + p2✱
❛♥❞ t❤❡ r❛t✐♦ ✐s✿

ρ ≥ c2 + p2

c1 + p1

❚❤❡ ✐❞❡❛ ✐s t♦ ❢♦r❝❡ ❛♥② ❛❧❣♦r✐t❤♠ t❤❛t ✇❛♥ts t♦ ❛❝❤✐❡✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ρ t♦ s❡♥❞ t❤❡
✜rst t❛s❦ t♦ P1 ❜❡❢♦r❡ τ ✳ ❙♦ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❝❤♦♦s❡ τ ✱ c1✱ c2✱ p1 ❛♥❞ p2 s✉❝❤ ❛s✿

min

{

c2 + p2

c1 + p1
,
τ + c1 + p1

c1 + p1

}

≥ ρ.

❚❤❡♥✱ ❛t t✐♠❡ τ ✱ t❤❡ ❛❞✈❡rs❛r② ✇✐❧❧ s❡♥❞ t✇♦ ♥❡✇ t❛s❦s✳ ❲❡ ❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧✐♥❣s✳

• ❡✐t❤❡r t❤❡ t❤r❡❡ t❛s❦s ❛r❡ ♦♥ P1 ✭❋✐❣✉r❡ ✸✳✹✭❛✮✮✱ ❛♥❞ t❤❡ ♠❛① ✢♦✇ ✐s t❤❡♥✿

max







c1 + p1,
max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ,
max{max{c1, τ}+ c1 + p1 + max{c1, p1}, c1 + 3p1} − τ

• ❡✐t❤❡r ♦♥❧② t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st t❛s❦s ❛r❡ ♦♥ P1 ✭❋✐❣✉r❡ ✸✳✹✭❜✮✮✱ t❤❡ ♦t❤❡r ♦♥❡ ✐s ♦♥ ❛♥♦t❤❡r
♣r♦❝❡ss♦r✳ ❚❤❡ ♠❛① ✢♦✇ ✐s✿

max







c1 + p1,
(max{c1, τ}+ c2 + p2)− τ,
max{max{c1, τ}+ c2 + c1 + p1, c1 + 2p1} − τ

• ❡✐t❤❡r ♦♥❧② t❤❡ ✜rst t✇♦ t❛s❦s ❛r❡ ♦♥ P1 ✭❋✐❣✉r❡ ✸✳✹✭❝✮✮✱ t❤❡ ♦t❤❡r ✐s ♦♥ ♦♥❡ s❧♦✇ ♣r♦❝❡ss♦r✿

max







c1 + p1,
max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ,
(max{c1, τ}+ c1 + c2 + p2)− τ

• ♦r t❤❡ t✇♦ t❛s❦s ❛r❡ s❝❤❡❞✉❧❡❞ ♦♥ P2 ❛♥❞ P3 ✭❋✐❣✉r❡ ✸✳✹✭❞✮✮✿

max







c1 + p1,
(max{c1, τ}+ c2 + p2)− τ,
(max{c1, τ}+ c2 + c2 + p2)− τ

❲❡ ❝❛♥ s✐♠♣❧✐❢② t❤✐s ♠❛① ✢♦✇✱ ❛s t❤❡ ✢♦✇ ♦❢ t❤❡ s❡❝♦♥❞ t❛s❦ ✇✐❧❧ ❛❧✇❛②s ❜❡ s♠❛❧❧❡r t❤❛♥
t❤❡ ✢♦✇ ♦❢ t❤❡ t❤✐r❞ t❛s❦✳

• ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t✇♦ t❛s❦s ❛r❡ ❛❧❧♦❝❛t❡❞ ♦♥ t❤❡ s❛♠❡ s❧♦✇ ♣r♦✲
❝❡ss♦r✱ ❜❡❝❛✉s❡ ✐t ✐s ❝❧❡❛r❧② ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣❛r❡ t❤❡s❡ ♠❛①✲✢♦✇s ✇✐t❤ t❤❡ ♦✤✐♥❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣✱ t❤❛t ✇♦✉❧❞ ❤❛✈❡
s❡♥t t❤❡ ✜rst t❛s❦ t♦ P2✱ t❤❡ s❡❝♦♥❞ ♦♥ P3✱ ❛♥❞ t❤❡ t❤✐r❞ ♦♥ P1 ✭❋✐❣✉r❡ ✸✳✹✭❡✮✮✱ ❛♥❞ ♦❜t❛✐♥❡❞ ❛
❜❡tt❡r ♠❛① ✢♦✇✿

max







c2 + p2,
(max{c2, τ}+ c2 + p2)− τ,
(max{c2, τ}+ c2 + c1 + p1)− τ
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❋✐❣✉r❡ ✸✳✸✿ ●❛♥tt ❝❤❛rts ❢♦r s❡✈❡r❛❧ s❝❤❡❞✉❧✐♥❣✳

✵ t✐♠❡

P1(c1, p1)

P2(c2, p2)

P3(c2, p2)

τ

✭❛✮ ❆❧❧ t❛s❦s ♦♥ P1

✵ t✐♠❡τ

✭❜✮ ▲❛st t❛s❦ ♦♥ P1

✵ t✐♠❡τ

✭❝✮ ❙❡❝♦♥❞ t❛s❦ ♦♥ P1

✵ t✐♠❡

P1(c1, p1)

P2(c2, p2)

P3(c2, p2)

τ

✭❞✮ ◆♦ ♠♦r❡ t❛s❦ ♦♥ P1

✵ t✐♠❡τ

✭❡✮ ❖♣t✐♠❛❧ s♦❧✉t✐♦♥

■❢ ✇❡ s✉♠ ✉♣✱ t❤❡ r❛t✐♦ ♦❢ ❝♦♠♣❡t✐t✐✈❡♥❡ss ✐s ❞❡✜♥❡❞ ❜②✿

ρ ≥ min
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1+p2

c1+p1
,

min

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

max







c1 + p1,
max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ,
max{max{c1, τ}+ c1 + p1 + max{c1, p1}, c1 + 3p1} − τ}

max







c1 + p1,
(max{c1, τ}+ c2 + p2)− τ,
max{max{c1, τ}+ c2 + c1 + p1, c1 + 2p1} − τ}

max







c1 + p1,
max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ,
(max{c1, τ}+ c1 + c2 + p2)− τ}

max







c1 + p1,
(max{c1, τ}+ c2 + p2)− τ,
(max{c1, τ}+ c2 + c2 + p2)− τ}

max

8

>

>

<

>

>

:

c2 + p2,
(max{c2, τ}+ c2 + p2)− τ,
(max{c2, τ}+ c2 + c1 + p1)− τ}

❆♥❞ ♦✉r ♣r♦❜❧❡♠ ✐s t♦ ✜♥❞ τ ✱ c1✱ c2✱ p1 ❛♥❞ p2 ✇❤✐❝❤ ♠❛①✐♠✐③❡ t❤✐s ❧♦✇❡r ❜♦✉♥❞✱ ❛♥❞ s✉❝❤
❛s✿ c1 + p1 < c2 + p2✳

■♥ ♦r❞❡r t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜❧❡♠s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✿ ✜rst s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠✱ ❜②
s❝❛❧✐♥❣ ♦♥❡ ♣❛r❛♠❡t❡r t♦ ✶ ✭❢♦r ❡①❛♠♣❧❡ c2 = 1✮✳ ❚❤❡♥ ✇❡ ♣❡r❢♦r♠ ❛ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥✱ ✐♥
♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✭❤❡r❡ τ < c1✱ p1 = 0✱ ❡t❝✮✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ s✉❝❤ ❞❛t❛✱
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✇❡ ❝❛♥ s✐♠♣❧✐❢② ♦✉r s②st❡♠✿

ρ ≥ min























































τ+c1

c1

,

1+p2

c1

,

min

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

3c1 − τ,

c1 + 1− τ + p2,

2c1 − τ + 1 + p2

c1 + 2 + p2 − τ
1+p2

= min























τ+c1

c1

,

1+p2

c1

,

c1+1−τ+p2,

1+p2

❚❤✐s ❧❛st s②st❡♠ ❝❛♥ ❡❛s✐❧② ❜❡ ♠❛①✐♠✐③❡❞ ❛♥❛❧②t✐❝❛❧❧②✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ τ
t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❜② ❛♥ ❛❞✈❡rs❛r② ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✐t ❣❡t
❜❛❝❦ t♦ t❤❡ ♣❧❛t❢♦r♠ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✸✿ c1 = 2(1 +

√
2)✱ c2 = 1✱ p1 = ǫ✱ p2 =

√
2c1 − 1✱

τ = 2✱ ρ =
√

2✳

✸✳✸ ❍❡✉r✐st✐❝s

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r ❛❧❧ t❤❡ ♦♥❧✐♥❡ ♣r♦❜❧❡♠s ❝♦♥s✐❞❡r❡❞✱ ✇❡ ✇✐❧❧ st✉❞②
t❤❡✐r ♦✤✐♥❡ ❝♦✉♥t❡r♣❛rts✱ t❤❛t ✐s t❤❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ ✇❡ ❦♥♦✇ ❜❡❢♦r❡❤❛♥❞ ❛❧❧ t❤❡ ♣r♦❜❧❡♠
❝❤❛r❛❝t❡r✐st✐❝s✱ ✐✳❡✳✱ t❤❡ r❡❧❡❛s❡ ❞❛t❡s✳

✸✳✸✳✶ ❈♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ cj = c ❜✉t ❞✐✛❡r❡♥t✲s♣❡❡❞ ♣r♦❝❡ss♦rs✳ ❲❡ ♦r❞❡r t❤❡♠ s♦ t❤❛t P1 ✐s
t❤❡ ❢❛st❡st ♣r♦❝❡ss♦r ✭p1 ✐s t❤❡ s♠❛❧❧❡st ❝♦♠♣✉t✐♥❣ t✐♠❡ pi✮✱ ✇❤✐❧❡ Pm ✐s t❤❡ s❧♦✇❡st ♣r♦❝❡ss♦r✳
❲❡ ❛✐♠ ❛t ❞❡s✐❣♥✐♥❣ ❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ max Ci✳
■♥t✉✐t✐✈❡❧②✱ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ❞❛t❡ ♦❢ t❤❡ t❛s❦ ❛rr✐✈✐♥❣ ❧❛st✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛❧❧♦❝❛t❡
t❤✐s t❛s❦ t♦ t❤❡ ❢❛st❡st ♣r♦❝❡ss♦r ✭✇❤✐❝❤ ✇✐❧❧ ✜♥✐s❤ ✐t t❤❡ ♠♦st r❛♣✐❞❧②✮✳ ❍♦✇❡✈❡r✱ t❤❡ ♦t❤❡r
t❛s❦s s❤♦✉❧❞ ❛❧s♦ ❜❡ ❛ss✐❣♥❡❞ s♦ t❤❛t t❤✐s ❢❛st❡st ♣r♦❝❡ss♦r ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡
❢♦r t❤❡ t❛s❦ ❛rr✐✈✐♥❣ ❧❛st✳ ❲❡ ❞❡✜♥❡ t❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ❙▲❏❋ ✭❙❝❤❡❞✉❧✐♥❣ ▲❛st ❏♦❜s ❋✐rst✮
❛s ❢♦❧❧♦✇s✿

■♥✐t✐❛❧✐③❛t✐♦♥✕ ❚❛❦❡ t❤❡ ❧❛st t❛s❦ ✇❤✐❝❤ ❛rr✐✈❡s ✐♥ t❤❡ s②st❡♠ ❛♥❞ ❛❧❧♦❝❛t❡ ✐t t♦ t❤❡ ❢❛st❡st
♣r♦❝❡ss♦r ✭❋✐❣✉r❡ ✸✳✺✭❛✮✮✳

❙❝❤❡❞✉❧✐♥❣ ❜❛❝❦✇❛r❞s✕ ❆♠♦♥❣ t❤❡ ♥♦t✲②❡t✲❛❧❧♦❝❛t❡❞ t❛s❦s✱ s❡❧❡❝t t❤❡ ♦♥❡ ✇❤✐❝❤ ❛rr✐✈❡❞ ❧❛t✲
❡st ✐♥ t❤❡ s②st❡♠✳ ❆ss✐❣♥ ✐t✱ ✇✐t❤♦✉t t❛❦✐♥❣ ✐ts ❛rr✐✈❛❧ ❞❛t❡ ✐♥t♦ ❛❝❝♦✉♥t✱ t♦ t❤❡ ♣r♦❝❡ss♦r
✇❤✐❝❤ ✇✐❧❧ ❜❡❣✐♥ ✐ts ❡①❡❝✉t✐♦♥ ❛t t❤❡ ❧❛t❡st✱ ❜✉t ✇✐t❤♦✉t ❡①❝❡❡❞✐♥❣ t❤❡ ❝♦♠♣❧❡t✐♦♥ ❞❛t❡ ♦❢
t❤❡ ♣r❡✈✐♦✉s❧② s❝❤❡❞✉❧❡❞ t❛s❦ ✭❋✐❣✉r❡ ✸✳✺✭❜✮✮✳

▼❡♠♦r✐③❛t✐♦♥✕ ❖♥❝❡ ❛❧❧ t❛s❦s ❛r❡ ❛❧❧♦❝❛t❡❞✱ r❡❝♦r❞ t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ t❛s❦s t♦ t❤❡ ♣r♦❝❡s✲
s♦rs ✭❋✐❣✉r❡ ✸✳✺✭❝✮✮✳

❆ss✐❣♥♠❡♥t✕ ❚❤❡ ♠❛st❡r s❡♥❞s t❤❡ t❛s❦s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❛rr✐✈❛❧ ❞❛t❡s✱ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱
t♦ t❤❡ ♣r♦❝❡ss♦rs ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞ t♦ ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✭❋✐❣✉r❡ ✸✳✺✭❞✮✮✳

❚❤✐s ✐s t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♦✤✐♥❡ ♣r♦❜❧❡♠
✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❣❡♥❡r❛❧✐③❡s✱ ❛♥❞✱ ❜② ♣♦s✐♥❣ c = 0✱ ♣r♦✈✐❞❡s ❛ ♥❡✇ ♣r♦♦❢ ♦❢✱ ❛
r❡s✉❧t ♦❢ ❙✐♠♦♥s ❬✶✸✶❪✳

te
l-0

05
30

13
1,

 v
er

si
on

 1
 - 

27
 O

ct
 2

01
0



✸✷ ❈❍❆P❚❊❘ ✸✳ ❚❍❊ ❉■❋❋■❈❯▲❚❨ ❖❋ ❙❈❍❊❉❯▲■◆● ❲■❚❍ ❈❖▼▼❯◆■❈❆❚■❖◆❙

❋✐❣✉r❡ ✸✳✹✿ ❉✐✛❡r❡♥t st❡♣s ♦❢ t❤❡ ❙▲❏❋ ❛❧❣♦r✐t❤♠✱ ✇✐t❤ ❢♦✉r t❛s❦s i✱ j✱ k✱ ❛♥❞ l✳

l

P2 : p = 4

P2 : p = 3

P1 : p = 2

✭❛✮ ■♥✐t✐❛❧✐③❛t✐♦♥

k

l

P2 : p = 4

P2 : p = 3

P1 : p = 2

✭❜✮ ❙❝❤❡❞✉❧✐♥❣ ❜❛❝❦✇❛r❞s

j

i

k

l

P2 : p = 4

P2 : p = 3

P1 : p = 2

✭❝✮ ▼❡♠♦r✐③❛t✐♦♥

i

j

j k li❈♦♠♠

❆rr✐✈❛❧✿ i j k, l

k

l

P2 : p = 4

P2 : p = 3

P1 : p = 2

✭❞✮ ❆ss✐❣♥♠❡♥t

❚❤❡♦r❡♠ ✸✳✸✳ ❙▲❏❋ ✐s ❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q,MS | rj , pj , cj = c | max Ci.

Pr♦♦❢✳ ❚❤❡ ✜rst t❤r❡❡ ♣❤❛s❡s ♦❢ t❤❡ ❙▲❏❋ ❛❧❣♦r✐t❤♠ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡s✱ ❛♥❞
♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✇❤✐❝❤ ✇✐❧❧ ❛rr✐✈❡ ✐♥ t❤❡ s②st❡♠✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ✐♥ t❤r❡❡
st❡♣s✳ ❋✐rst ✇❡ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✇✐t❤♦✉t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✱ ♥♦r r❡❧❡❛s❡ ❞❛t❡s✳ ◆❡①t✱ ✇❡
t❛❦❡ r❡❧❡❛s❡ ❞❛t❡s ✐♥t♦ ❛❝❝♦✉♥t✳ ❋✐♥❛❧❧②✱ ✇❡ ❡①t❡♥❞ t❤❡ r❡s✉❧t t♦ t❤❡ ❝❛s❡ ✇✐t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳
❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t❤❡ ♠♦st ❞✐✣❝✉❧t✳

❋♦r t❤❡ ✜rst st❡♣✱ ✇❡ ❤❛✈❡ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥ ❞✉r✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ✐❞❡♥t✐❝❛❧ t❛s❦s
✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✱ ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s✳ ❲✐t❤♦✉t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✱ t❤✐s ✐s
❛ ✇❡❧❧✲❦♥♦✇♥ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣✱ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❛ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ❬✷✸❪✳ ❚❤❡
✏s❝❤❡❞✉❧✐♥❣ ❜❛❝❦✇❛r❞s✑ ♣❤❛s❡ ♦❢ ❙▲❏❋ s♦❧✈❡s t❤✐s ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ♣r♦❜❧❡♠ ♦♣t✐♠❛❧❧②✳ ❙✐♥❝❡ t❤❡
♣r♦❜❧❡♠ ✐s ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ t❤❡ ✏❛ss✐❣♥♠❡♥t✑ ♣❤❛s❡ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡
t❤❡ ♠❛❦❡s♣❛♥✱ ✇❤✐❝❤ t❤✉s r❡♠❛✐♥s ♦♣t✐♠❛❧✳

◆❡①t ✇❡ ❛❞❞ t❤❡ ❝♦♥str❛✐♥ts ♦❢ r❡❧❡❛s❡ ❞❛t❡s✳
❲❡ ❞❡♥♦t❡ ❜② M t❤❡ ♠❛❦❡s♣❛♥ ❛❝❤✐❡✈❡❞ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✳ ▲❡t Pj ❜❡ ❛ ♣r♦❝❡ss♦r ♦♥

✇❤✐❝❤ t❤❡ ❧❛st ♣r♦❝❡ss❡❞ t❛s❦ ✐s ❝♦♠♣❧❡t❡❞ ❛t t❤❡ ♠❛❦❡s♣❛♥ ✭❋✐❣✉r❡ ✸✳✺✮✳ ▲❡t i ❜❡ t❤❡ ❧❛st t❛s❦
❡①❡❝✉t❡❞ ♦♥ Pj ✇❤♦s❡ ♣r♦❝❡ss✐♥❣ st❛rt❡❞ ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡ ✭✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ Ci = ri+pj✮✳
❙✉❝❤ ❛ t❛s❦ ❡①✐sts ❛s t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ ✜rst t❛s❦ ❡①❡❝✉t❡❞ ♦♥ Pj ❜❡❣❛♥ ❛t ✐ts r❡❧❡❛s❡ ❞❛t❡✱
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❆rr✐✈❛❧✿

i

ri M

Pj

❙▲❏❋✭n− i + 1✮

Pj+1

Pj−1

❋✐❣✉r❡ ✸✳✺✿ ❙▲❏❋ ❛❧❣♦r✐t❤♠✳

t❤❡ s❝❤❡❞✉❧✐♥❣✱ ✐♥ t❤❡ ❛ss✐❣♥♠❡♥t ♣❤❛s❡✱ ❜❡✐♥❣ ❞♦♥❡ ✉♥❞❡r t❤❡ ❛s✲s♦♦♥✲❛s✲♣♦ss✐❜❧❡ ♣♦❧✐❝②✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ t❛s❦ i✱ ♣r♦❝❡ss♦r Pj ✐s ♥❡✈❡r ✐❞❧❡ ❜❡t✇❡❡♥ t❤❡ r❡❧❡❛s❡ ❞❛t❡ ri ❛♥❞ t❤❡ ♠❛❦❡s♣❛♥ M ✱
❛♥❞ ✐s t❤✉s ✉s❡❞ M−ri t✐♠❡ ✉♥✐ts ❞✉r✐♥❣ t❤❛t ✐♥t❡r✈❛❧✳ ❖✉r ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✐s ♠♦r❡ ❝♦♥str❛✐♥❡❞
t❤❛♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ n− i + 1 t❛s❦s ✇❤♦s❡ r❡❧❡❛s❡ ❞❛t❡s ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ ri✳ ✭n− i + 1
❝♦rr❡s♣♦♥❞s t♦ t❛s❦ i ♣❧✉s t❤❡ t❛s❦s r❡❧❡❛s❡❞ ❛❢t❡r ✐t✳✮ ❚❤❡r❡❢♦r❡ ♦✉r ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❤❛s ❛♥
♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ ♠❛❦❡s♣❛♥ ♦❢ t❤✐s ❧❛t❡r ❛♥❞ s✐♠♣❧❡r ♣r♦❜❧❡♠✳
❚❤❡ s✐♠♣❧❡r ♣r♦❜❧❡♠ ✐s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ♣r♦❜❧❡♠ ✇❡ ✇❡r❡ r❡❢❡rr✐♥❣ ❛❜♦✈❡✱ ❛♥❞ ✇❡
❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ✜rst st❡♣ ♦❢ ❙▲❏❋ s♦❧✈❡s ✐t ♦♣t✐♠❛❧❧②✳ ❋✉rt❤❡r♠♦r❡✱ ❙▲❏❋ s♦❧✈❡s ✐t ✐♥ ❛♥
✐♥❝r❡♠❡♥t❛❧ ✇❛②✿ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r k + 1 t❛s❦s ✐s ❜✉✐❧t ❜② ♦♣t✐♠❛❧❧② ❛❞❞✐♥❣ ❛ t❛s❦ t♦ t❤❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r k t❛s❦s✳ ❚❤❡r❡❢♦r❡✱ ❙▲❏❋ ♦♣t✐♠❛❧❧② ❧♦❛❞✲❜❛❧❛♥❝❡❞ t❤❡ ❧❛st n− i+1 t❛s❦s ✐♥
t❤❡ ✜rst st❡♣✳ ❆s ✐♥ t❤✐s st❡♣ ✐t ✉s❡s ♣r♦❝❡ss♦r Pj ❞✉r✐♥❣ M − ri t✐♠❡ ✉♥✐ts✱ t❤❡ s✐♠♣❧❡r ♣r♦❜❧❡♠
♦❢ s❝❤❡❞✉❧✐♥❣ n− i + 1 t❛s❦s ✇❤♦s❡ r❡❧❡❛s❡ ❞❛t❡s ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ ri ❤❛s ❛♥ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ♦❢
M ✳ ❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ ♦✉r ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❤❛s t❤✉s ❛♥ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ M ✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ♠❛❦❡s♣❛♥ ❛❝❤✐❡✈❡❞ ❜② ❙▲❏❋ ✱ ❤❡♥❝❡ ✐ts ♦♣t✐♠❛❧✐t②✳

❚❛❦✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t ✐s ♥♦✇ ❡❛s②✳ ❯♥❞❡r t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✱ ✇✐t❤ ❛ ✉♥✐❢♦r♠
❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ❢♦r ❛❧❧ t❛s❦s ❛♥❞ ♣r♦❝❡ss♦rs✱ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❛st❡r ❝♦♥s✐sts ✐♥
s❡♥❞✐♥❣ t❤❡ t❛s❦s ❛s s♦♦♥ ❛s t❤❡② ❛rr✐✈❡✱ ✉s✐♥❣ ❛ ❋✐rst ❈♦♠❡ ❋✐rst ❙❡r✈❡ ♣♦❧✐❝②✳ ◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❞❛t❡ ❛t ✇❤✐❝❤ ❛ t❛s❦ ✐s ❛✈❛✐❧❛❜❧❡ ♦♥ ❛ ✇♦r❦❡r ❛s ✐ts r❡❧❡❛s❡ ❞❛t❡ ❢♦r ♦✉r ♣r❡✈✐♦✉s ♣r♦❜❧❡♠
✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ✇✐t❤♦✉t ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❆s ❛ t❛s❦ ❝❛♥♥♦t ❛rr✐✈❡ s♦♦♥❡r ♦♥ ❛♥② ✇♦r❦❡r
t❤❛♥ t❤✐s ❛✈❛✐❧❛❜❧❡ ❞❛t❡✱ ❛♥❞ ❛s ♦✉r ♣♦❧✐❝② ✐s ♦♣t✐♠❛❧ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✱ ❙▲❏❋ ✐s ♦♣t✐♠❛❧ ❢♦r
♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ �

❖♥❧✐♥❡ ❛❞❛♣t❛t✐♦♥✳ ❆s ✐t ♦♥❧② ♥❡❡❞s t♦ ❦♥♦✇ ✐♥ ❛❞✈❛♥❝❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s✱ ❜✉t ♥♦t
t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✱ ❙▲❏❋ ✐s ❛❧s♦ ♦♣t✐♠❛❧ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥ ❢♦r ♦♥❧✐♥❡ ♣r♦❜❧❡♠s ✇❤❡r❡
♦♥❧② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ✐s ❦♥♦✇♥ ❜❡❢♦r❡❤❛♥❞✳

✸✳✸✳✷ ❈♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♣r♦❝❡ss♦rs ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✱ ✐✳❡✳✱ pj = p✱ ❜✉t ♣r♦❝❡ss♦r ❧✐♥❦s ❤❛✈❡ ❞✐✛❡r❡♥t
❝❛♣❛❝✐t✐❡s✳ ❲❡ ♦r❞❡r t❤❡ ♣r♦❝❡ss♦rs s♦ t❤❛t P1 ✐s t❤❡ ❢❛st❡st ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss♦r ✭c1 ✐s t❤❡
s♠❛❧❧❡st ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s✮✳
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❲❡ s❛✇ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✶ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡❛s② ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❛r❡
❢❛st ❡♥♦✉❣❤ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✱ ❛♥❞ s♦ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❡♥r♦❧❧ ❛❧❧ t❤❡
✇♦r❦❡rs✳ ❚❤❡ s❛♠❡ ✐❞❡❛ ✇♦r❦s ❤❡r❡✳ ❲❤❡♥ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ ♦♥❡ t❛s❦ t♦ ❛❧❧ ♣r♦❝❡ss♦rs
✐s ❣r❡❛t❡r t❤❛♥ t❤❡ t✐♠❡ p ♥❡❡❞❡❞ ❜② ♦♥❡ ♣r♦❝❡ss♦r t♦ ❝♦♠♣✉t❡ ✐t✱ ✐✳❡✳✱

∑m
i=1 ci ≤ p✱ ✇❡ ❝❛♥

❡❛s✐❧② ♣r♦✈❡ t❤❛t ❛ ✈❛r✐❛♥t ♦❢ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝② ❘♦✉♥❞✲❘♦❜✐♥✱ ✇❤✐❝❤ s❡♥❞s ❜② ♥♦♥✲✐♥❝r❡❛s✐♥❣
❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ❛♥❞ s❡♥❞s t❤❡ ❧❛st t❛s❦ ♦♥ t❤❡ ❢❛st❡st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✱ ✐s ♦♣t✐♠❛❧ ❢♦r
♦✤✐♥❡ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✱ ❛s ✇❡❧❧ ❛s ❢♦r ♦♥❧✐♥❡ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥
✇❤❡♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ✐s ❦♥♦✇♥ ❜❡❢♦r❡❤❛♥❞✳ ❚❤✐s ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢
❙▲❏❋ ✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❛s ②♦✉ ❤❛✈❡ ❡♥♦✉❣❤ t✐♠❡ t♦ s❡♥❞ ♦♥❡ t❛s❦ t♦ ❡❛❝❤ ✇♦r❦❡r✱ t❤❡r❡ ✐s ♥♦
r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ t♦ ❞♦✳ ❆♥❞ ❛s ②♦✉ s❡♥❞ t❤❡ ❧❛st t❛s❦ ♦♥ t❤❡ ❢❛st❡st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✱ t❤❡
♠❛❦❡s♣❛♥ ✇✐❧❧ ❜❡ ♠✐♥✐♠✐③❡❞✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❛s ✇❡ ❛ss✉♠❡ ❛ ♦♥❡✲♣♦rt ♠♦❞❡❧✱ ♥♦t ❛❧❧ ✇♦r❦❡rs ✇✐❧❧ ❜❡ ❡♥r♦❧❧❡❞ ✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ ❢❛st❡st m′ ❧✐♥❦s✱ ✇❤❡r❡ m′ ✐s ❝♦♠♣✉t❡❞ s♦ t❤❛t
t❤❡ t✐♠❡ p t♦ ❡①❡❝✉t❡ ❛ t❛s❦ ❧✐❡s ❜❡t✇❡❡♥ t❤❡ t✐♠❡ ♥❡❝❡ss❛r② t♦ s❡♥❞ ❛ t❛s❦ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❢❛st❡st
m′ − 1 ❧✐♥❦s ❛♥❞ t❤❡ t✐♠❡ ♥❡❝❡ss❛r② t♦ s❡♥❞ ❛ t❛s❦ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❢❛st❡st m′ ❧✐♥❦s✳ ❋♦r♠❛❧❧②✱

m′−1
∑

i=1

ci < p ≤
m′

∑

i=1

ci

❲✐t❤ ♦♥❧② m′ ❧✐♥❦s s❡❧❡❝t❡❞ ✐♥ t❤❡ ♣❧❛t❢♦r♠✱ ✇❡ ❛✐♠ ❛t ❞❡r✐✈✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ s✐♠✐❧❛r t♦
❘♦✉♥❞✲❘♦❜✐♥✳ ❇✉t ✇❡ ❞✐❞ ♥♦t s✉❝❝❡❡❞ ✐♥ ♣r♦✈✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳ ❍❡♥❝❡ t❤❡
❛❧❣♦r✐t❤♠ ❜❡❧♦✇ s❤♦✉❧❞ r❛t❤❡r ❜❡ s❡❡♥ ❛s ❛ ❤❡✉r✐st✐❝✳

❚❤❡ ❞✐✣❝✉❧t② ❧✐❡s ✐♥ ❞❡❝✐❞✐♥❣ ✇❤❡♥ t♦ ✉s❡ t❤❡ m′✲t❤ ♣r♦❝❡ss♦r✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❜❡ t❤❡ ♦♥❡
❤❛✈✐♥❣ t❤❡ s❧♦✇❡st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✱ ✐ts ✉s❡ ❝❛♥ ❝❛✉s❡ ❛ ♠♦♠❡♥t ♦❢ ✐♥❛❝t✐✈✐t② ♦♥ ❛♥♦t❤❡r
♣r♦❝❡ss♦r✱ s✐♥❝❡

∑m′−1
i=1 ci +cm′ ≥ p✳ ❖✉r ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✇✐❧❧ s✐♠♣❧② ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡

♦❢ t✇♦ str❛t❡❣✐❡s✱ t❤❡ ♦♥❡ s❡♥❞✐♥❣ t❛s❦s ♦♥❧② t♦ t❤❡ m′ − 1 ✜rst ♣r♦❝❡ss♦rs✱ ❛♥❞ t❤❡ ♦t❤❡r ✉s✐♥❣
t❤❡ m′✲t❤ ♣r♦❝❡ss♦r ✏❛t t❤❡ ❜❡st ♣♦ss✐❜❧❡ ♠♦♠❡♥t✑✳

▲❡t ❘❘❆ ❜❡ ❛ ❘♦✉♥❞✲❘♦❜✐♥ ❛❧❣♦r✐t❤♠✱ s❡♥❞✐♥❣ t❤❡ t❛s❦s ♦♥ t❤❡ m′−1 ❢❛st❡st ❧✐♥❦s✱ st❛rt✐♥❣
✇✐t❤ t❤❡ ❢❛st❡st ❧✐♥❦✱ ❛♥❞ s❝❤❡❞✉❧✐♥❣ t❤❡ t❛s❦s ✐♥ t❤❡ r❡✈❡rs❡ ♦r❞❡r ♦❢ r❡❧❡❛s❡ t✐♠❡s✱ ❢r♦♠ t❤❡ ❧❛st
♦♥❡ t♦ t❤❡ ✜rst ♦♥❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❘❘❆ s❡♥❞s t❤❡ ❧❛st t❛s❦ ♦♥ t❤❡ ❢❛st❡st ❧✐♥❦✱ t❤❡ ♣r❡✈✐♦✉s
t❛s❦ ♦♥ t❤❡ s❡❝♦♥❞ ❢❛st❡st ❧✐♥❦✱ ❛♥❞ s♦ ♦♥✳ ▲❡t ❘❘❇ ❜❡ t❤❡ ❛❧❣♦r✐t❤♠ s❡♥❞✐♥❣ t❤❡ ❧❛st t❛s❦ t♦
♣r♦❝❡ss♦r Pm′ ✱ t❤❡♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ❘❘❆ ♣♦❧✐❝②✳ ❲❡ s❡❡ t❤❛t ❘❘❆ s❡❡❦s t♦ ❝♦♥t✐♥✉♦✉s❧② ✉s❡ t❤❡
♣r♦❝❡ss♦rs✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ♠❛② s♦♠❡t✐♠❡s ❜❡ ✐❞❧❡ ❛♥❞ ♣r♦❝❡ss♦r Pm′ ✐s
❛❧✇❛②s ✐❞❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❘❘❇ tr✐❡s t♦ r❡❞✉❝❡ t❤❡ ✐❞❧❡ t✐♠❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s
❜② ✉s✐♥❣ ♦♥❡ ♠♦r❡ ♣r♦❝❡ss♦r ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r❧②✐♥❣ ♦✉r ❛❧❣♦r✐t❤♠ ✐s s✐♠♣❧❡✳ ❲❡ ❦♥♦✇ t❤❛t ✐❢ ✇❡ ♦♥❧② ❤❛❞ t❤❡ m′ −
1 ♣r♦❝❡ss♦rs ✇✐t❤ t❤❡ ❢❛st❡st ❧✐♥❦s✱ t❤❡♥ ❘❘❆ ✇♦✉❧❞ ❜❡ ♦♣t✐♠❛❧ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥✳
❍♦✇❡✈❡r✱ t❤❡ t✐♠❡ ♥❡❝❡ss❛r② ❢♦r s❡♥❞✐♥❣ ❛ t❛s❦ t♦ ❡❛❝❤ ♦❢ t❤❡ ✜rst m′ − 1 ♣r♦❝❡ss♦rs ✐s ❧♦✇❡r
t❤❛♥ p✳ ❚❤✐s ♠❡❛♥s t❤❛t s❡♥❞✐♥❣ t❤❡ t❛s❦s t❛❦❡s ❧❡ss t✐♠❡ t❤❛♥ t❤❡✐r ❡①❡❝✉t✐♦♥✳

❚❤✐s ❛❞✈❛♥❝❡✱ ✇❤✐❝❤ ❛❝❝✉♠✉❧❛t❡s ♦✈❡r t❛s❦s✱ ❝❛♥ ❜❡❝♦♠❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ t♦ ❛❧❧♦✇ t❤❡ s❡♥❞✲
✐♥❣ ♦❢ ❛ t❛s❦ t♦ t❤❡ m′✲t❤ ♣r♦❝❡ss♦r✱ ❢♦r ✏❢r❡❡✑✱ ✐✳❡✳✱ ✇✐t❤♦✉t ❞❡❧❛②✐♥❣ t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t❛s❦s ♦♥ t❤❡ ♦t❤❡r ♣r♦❝❡ss♦rs✳

❋♦r ❛ ♣r♦❜❧❡♠ ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ t♦ ❝♦♠♣✉t❡ t❤❡ ♠❛❦❡s♣❛♥
♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠ ❛♥❞ s♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r i ♦❢ s❡♥❞✐♥❣ t♦ ♣r♦❝❡ss♦r Pm′ t❤❛t ✇✐❧❧ ❜❡
♦✈❡r❧❛♣♣❡❞ ❜② ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ♦♥❧② r❡♠❛✐♥s ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ t❛s❦s ❢♦r ✇❤✐❝❤
t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❘❘❆ ❛♥❞ ❘❘❇ ✐s ♥❡❡❞❡❞✳ ❚❤✉s✱ ♦✉r ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦
t✇♦ st❡♣s✿
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❋✐❣✉r❡ ✸✳✻✿ ❆❧❣♦r✐t❤♠s ❘❘❆ ❛♥❞ ❘❘❇✳

• ❞❡t❡r♠✐♥❡ i ❛♥❞ k✱ s✉❝❤ t❤❛t k(m′ − 1) + i ≤ n✱ i ❜❡✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ t❛s❦s
t❤❛t ❝❛♥ ❜❡ s❡♥t t♦ m′ ✇❤♦s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ ♦✈❡r❧❛♣♣❡❞ ❜② k t❛s❦s ❜❡✐♥❣ s❡♥t t♦
❡✈❡r② m′ − 1 ✜rst ♣r♦❝❡ss♦rs ❛❝❝♦r❞✐♥❣ t♦ ❛ ❘❘❆ ♣♦❧✐❝②✱

• ❞❡t❡r♠✐♥❡ t❤❡ ❜❡st ♣♦❧✐❝② ❛♠♦♥❣ ❘❘❆ ❛♥❞ ❘❘❇ t♦ s❝❤❡❞✉❧❡ t❤❡ r❡♠❛✐♥✐♥❣ n−(k(m′−1)+i)
t❛s❦s✳

❲✐t❤ r❡❧❡❛s❡ ❞❛t❡s✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ♦❢ ❝♦✉rs❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❛s t❤❡ ❛❞✈❛♥❝❡ ❛❝❝✉✲
♠✉❧❛t❡❞ ♦✈❡r t❛s❦s ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜❡❝❛✉s❡ ♦❢ r❡❧❡❛s❡ ❞❛t❡s✳ ❲❡ ❤❛✈❡ t♦ ✉♣❞❛t❡ ♦✉r ❛❧❣♦r✐t❤♠
t♦ t❛❦❡ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❝❝✉♣❛t✐♦♥ ✉♥❞❡r
❘❘❆ ✐♥ ♣r❡s❡♥❝❡ ♦❢ r❡❧❡❛s❡ ❞❛t❡s✳ ❆s ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡s✱ ✇❡
❤❛✈❡ t♦ ❧♦♦❦ ❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡ ♦❢ t❤❡ i✲t❤ t❛s❦ ♣❧✉s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s
t♦ t❤❡ r❡♠❛✐♥✐♥❣ t❛s❦s t♦ t❤❡ ✜rst (m′ − 1) ♣r♦❝❡ss♦rs ✐♥ ❛ ❝②❝❧✐❝ ✇❛②✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ ❦♥♦✇ t❤❡
t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ n′ t❛s❦s ❛❝❝♦r❞✐♥❣ t♦ ❘❘❆ ♣♦❧✐❝②✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t r❡❧❡❛s❡ ❞❛t❡s✱ ❛♥❞
✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ ❧❛st t❛s❦ ✐s s❡♥t t♦ P1✿

❘❘❆❝♦♠♠(n′) =
n′

max
i=1

{

ri +
n′−i
∑

k=0

c(k[m′−1])+1

}

.

❚❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❘❘❆ ✇✐t❤ n t❛s❦s ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❧❛st t❛s❦ ♦♥ P1✳ ❲❡ ❦♥♦✇

t❤❛t P1 r❡❝❡✐✈❡s ❞✉r✐♥❣ ❘❘❆
⌊

n
m′−1

⌋

t❛s❦s✱ s♦ t❤❡ r❡❛❞②✲t✐♠❡ ♦❢ P1 ✐s t❤❡ ♠❛①✐♠✉♠ ❜❡t✇❡❡♥

t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ ♦♥❡ ♦❢ t❤❡s❡ t❛s❦s t♦ P1✱ ♣❧✉s t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❛❧❧ ❢♦❧❧♦✇✐♥❣ t❛s❦s✿

❘❘❆(n) =

j

n

m′
−1

k

max
k=0

{

❘❘❆❝♦♠♠(n− k(m′ − 1)) + (k + 1)p
}

.
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❚♦ ❡①♣r❡ss t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ♦❢ n t❛s❦s ❛❝❝♦r❞✐♥❣ t♦ ❘❘❇ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❛s ✇❡
❤❛✈❡ t♦ s❡♥❞ t❤❡ t❛s❦s n −m′ + 1 t♦ Pm′ ✳ ❙♦ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s ❡q✉❛❧ t♦
t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ♦❢ n−m′ t❛s❦s ✉♥❞❡r ❘❘❆ ♣❧✉s t❤❡ s❡♥❞✐♥❣ t✐♠❡s t♦
t❤❡ ✜rst m′ ♣r♦❝❡ss♦rs✱ ❛♥❞ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ♦❢ t❤❡ ❧❛st t❛s❦s ♣❧✉s t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥
t✐♠❡s✿

❘❘❇❝♦♠♠(n) = max

{

❘❘❆❝♦♠♠(n−m′) +
m′

∑

k=1

ck;
n

max
i=n−m′+1

{

ri +
n−i+1
∑

k=1

ck

}}

.

❆♥❞ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❘❘❇ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❧❛st t❛s❦
t♦ P1 ❛♥❞ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❛s❦ n−m′ ♦♥ P1✱ ♣❧✉s ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ t❛s❦ n✿

❘❘❇(n) = max
{

❘❘❆(n−m′);❘❘❇❝♦♠♠(n)
}

+ p1.

❖✉r ❧❛st ♣❛r❛♠❡t❡r ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ✇❡ ❝❛♥ s❡♥❞ ❛ t❛s❦ t♦ ♣r♦❝❡ss♦r m′✳ ❖♥❡ ❝❛♥ r❡♠❛r❦
t❤❛t ❘❘❇ ❛❧✇❛②s ✉s❡s ❛ ❢❛st❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s t❤❛♥ ❘❘❆ t♦ s❡♥❞ ❛ t❛s❦✱ ♦r ❘❘❆ ❤❛s t♦
✇❛✐t ❜❡❢♦r❡ ✉s✐♥❣ t❤❡ ❢❛st❡st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✳ ❚❤✉s✱ ✐❢ ❘❘❇ ❛❝❤✐❡✈❡s ❛ ❜❡tt❡r ❝♦♠♣❧❡t✐♦♥
t✐♠❡ t❤❛♥ ❘❘❆ ❢♦r n′ t❛s❦s✱ t❤❡♥ ❘❘❇ ✇✐❧❧ ❛❧✇❛②s ❤❛✈❡ ❛ s♠❛❧❧❡r ❝♦♠♣❧❡t✐♦♥ t✐♠❡ t❤❛♥ ❘❘❆
❢♦r ❛♥② ❣r❡❛t❡r ♥✉♠❜❡r ♦❢ t❛s❦s✳ ❙♦ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ♦✉r s❝❤❡❞✉❧✐♥❣ ❜❛❝❦✇❛r❞✱ ✇❤✐❧❡ ❝♦♠♣❛r✐♥❣
❘❘❆ ❛♥❞ ❘❘❇✳ ❊✈❡r② t✐♠❡ t❤❛t ❘❘❇ ❛❝❤✐❡✈❡s ❛ ❧♦✇❡r ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ s❡♥❞
❛♥♦t❤❡r t❛s❦ t♦ Pm′ ✱ ❛♥❞ ✇❡ ❝♦♥t✐♥✉❡ t❤❡ ❝♦♠♣❛r✐♥❣ ♦❢ t❤❡ t✇♦ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝✐❡s ✇✐t❤ t❤❡
r❡♠❛✐♥✐♥❣ t❛s❦s✳

❲❡ ❝❛❧❧ t❤❡ r❡s✉❧t✐♥❣ ❣r❡❡❞② ❤❡✉r✐st✐❝ ❙▲❏❋❲❈ ❢♦r ✭❙❝❤❡❞✉❧✐♥❣ t❤❡ ▲❛st ❏♦❜ ❋✐rst ❲✐t❤
❈♦♠♠✉♥✐❝❛t✐♦♥✮✳ ❆❧❣♦r✐t❤♠ ✶ ♣r❡s❡♥ts ✐ts ♣s❡✉❞♦✲❝♦❞❡ ✈❡rs✐♦♥✳ ❚❤✐s ❤❡✉r✐st✐❝ ❤❛s ❝♦♠♣❧❡①✐t②
♦❢ O(n + m log m)✳

❆❧❣♦r✐t❤♠ ✶✿ ❍❡✉r✐st✐❝ ❙▲❏❋❲❈ ❢♦r ♣r♦❜❧❡♠ Q,MS | ri, pj = p, cj | Cmax

n2 ← n−m′ + 1❀ ✴✯ ❧❛st t❛s❦ t♦ ❝♦♥s✐❞❡r ✯✴
n1 ← n2❀ ✴✯ ✜rst t❛s❦ t♦ ❝♦♥s✐❞❡r ✯✴
k ← 1❀ ✴✯ ♥✉♠❜❡r ♦❢ r♦✉♥❞ ✯✴
✇❤✐❧❡ n1 > 1 ❞♦

n1 ← max{(n2 − (k(m′ − 1) + 1)); 1}❀
❈♦♠♣❛r❡ ❘❘❆ ❛♥❞ ❘❘❇ ✇✐t❤ t❤❡ t❛s❦s n1 t♦ n2❀
✐❢ ❘❘❇ ❜❡st t❤❡♥

n2 ← n1❀
k ← 1❀

❡❧s❡
k ← k + 1❀

❙❡♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜❡st s❝❤❡❞✉❧✐♥❣ t❤❡ ✜rst n− (m′ − 1) t❛s❦s❀
❙❡♥❞ t❤❡ ❧❛st m′ − 1 t❛s❦s ♦♥ t❤❡ m′ − 1 ❧✐♥❦s ❢r♦♠ t❤❡ s❧♦✇❡st t♦ t❤❡ ❢❛st❡st❀

✸✳✸✳✸ ❋✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠

❖♥ ❛ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ♠♦r❡ ❞✐✣❝✉❧t ❛s ❡①♣❡❝t❡❞✳ ❲❤❡r❡❛s
t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱
t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ❝❛♥ ❜❡ ♣r♦✈❡❞ t♦ ❜❡ ◆P✲❤❛r❞✳
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❲✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s

❚❤❡ ♣r♦❜❧❡♠ ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ t✇♦ ✇❛②s✳ ❚❤❡ ✜rst s♦❧✉t✐♦♥ ✐s ❞✉❡ t♦
❇❡❛✉♠♦♥t✱ ▲❡❣r❛♥❞✱ ❛♥❞ ❘♦❜❡rt ❬✷✷❪ ✇❤♦ ♣r❡s❡♥t ❛♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤✱ ❣✐✈❡♥ ❛ ♣❧❛t❢♦r♠ ❛♥❞ n
t❛s❦s✱ ❝❤❡❝❦s ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✇❤❡t❤❡r ♦♥❡ ❝❛♥ ♣r♦❝❡ss t❤❡ t❛s❦s ♦♥ t❤❡ ♣❧❛t❢♦r♠ ✐♥ ❛ ❣✐✈❡♥
t✐♠❡ T ✳ ❯s✐♥❣ t❤✐s ❛❧❣♦r✐t❤♠✱ ♦♥❡ ❝❛♥ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ♠❛❦❡s♣❛♥ ❜② ♣❡r❢♦r♠✐♥❣ ❛ ❜✐♥❛r②
s❡❛r❝❤ ♦♥ T ✳ ❆s t❤✐s ❜✐♥❛r② s❡❛r❝❤ ✐s ♦✈❡r r❛t✐♦♥❛❧ ✈❛❧✉❡s✱ ♦♥❡ ❝♦✉❧❞ ❢❡❛r t❤❛t ✐t ❞♦❡s ♥♦t ❛❧✇❛②s
t❡r♠✐♥❛t❡✳ ❖♥❡ ❝❛♥ ❤♦✇❡✈❡r s❤♦✇ t❤❛t ♥♦t ♦♥❧② ❞♦❡s s✉❝❤ ❛ ❜✐♥❛r② s❡❛r❝❤ ❛❧✇❛②s t❡r♠✐♥❛t❡✱
❜✉t t❤❛t ✐t ❝♦♠♣❧❡t❡s ✐♥ ❛ ♥✉♠❜❡r ♦❢ st❡♣s ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ ♦✉r ♣r♦❜❧❡♠ ✭t❤❡ ♣r♦♦❢ ✐s
✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ❚❤❡♦r❡♠ ✸✳✺✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ ❛ ♣♦❧②♥♦♠✐❛❧
t✐♠❡ ❛❧❣♦r✐t❤♠ ❜✉t ✉s❡s ❛s ❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❛ ❝♦♠♣❧✐❝❛t❡❞ ❛❧❣♦r✐t❤♠ ♦❢ ❝♦♠♣❧❡①✐t② O(n2m2)✳

❚♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ ❧♦✇❡r ❝♦♠♣❧❡①✐t②✱ ✇❡ ♣r♦♣♦s❡ t♦ r❡❞✉❝❡ ♦✉r ♣r♦❜❧❡♠ t♦ ❛ ♣r♦❜❧❡♠
✇✐t❤ ❞❡❛❞❧✐♥❡s✳ ●✐✈❡♥ ❛ ♠❛❦❡s♣❛♥ M ✱ ✇❡ ✇✐❧❧ st✐❧❧ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ✇❤✐❝❤
❝♦♠♣❧❡t❡s ❛❧❧ t❤❡ ✇♦r❦ ✐♥ t✐♠❡✳ ❚❤❡♥✱ ✉s✐♥❣ t❤✐s ❛s ❛ ❜❛s✐❝ ❜❧♦❝❦✱ ✇❡ ✇✐❧❧ ✜♥❞ t❤❡ ♦♣t✐♠❛❧
♠❛❦❡s♣❛♥ ✇✐t❤ ❛ ❜✐♥❛r② s❡❛r❝❤✳ ❲❡ ✇✐❧❧ ✉s❡ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ ❬✶✵✺❪ ✇❤♦s❡ ❛✐♠ ✐s t♦ ♠✐♥✐♠✐③❡
t❤❡ ♥✉♠❜❡r ♦❢ t❛r❞② t❛s❦s✱ ✐✳❡✳✱ ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♠♣❧❡t❡❞ ❜② t❤❡✐r ❞❡❛❞❧✐♥❡s✳ ❚❤✐s ❛❧❣♦r✐t❤♠
❣✐✈❡s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ 1|pi, di|

∑

Uj ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ t❛s❦s✱ ❛♠♦♥❣ n
❝❛♥❞✐❞❛t❡ t❛s❦s✱ ❤❛s t♦ ❜❡ ♣r♦❝❡ss❡❞ ✐♥ t✐♠❡ ♦♥ ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡✳ ❊❛❝❤ t❛s❦ k✱ 1 ≤ k ≤ n✱ ❤❛s
❛ ♣r♦❝❡ss✐♥❣ t✐♠❡ pk ❛♥❞ ❛ ❞❡❛❞❧✐♥❡ dk ❜❡❢♦r❡ ✇❤✐❝❤ ✐t ❤❛s t♦ ❜❡ ♣r♦❝❡ss❡❞✳

▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ ✖❆❧❣♦r✐t❤♠ ✷✖✱ ✐s ❛ ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠ ✐♥ s❝❤❡❞✉❧✐♥❣ ❧✐t❡r❛t✉r❡✱ ❛♥❞
✇♦r❦s ❛s ❢♦❧❧♦✇s✳ ❆❧❧ t❛s❦s ❛r❡ ♦r❞❡r❡❞ ✐♥ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r ❞❡❛❞❧✐♥❡s✳ ❚❛s❦s ❛r❡
❛❞❞❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ♦♥❡ ❜② ♦♥❡ ✐♥ t❤✐s ♦r❞❡r ❛s ❧♦♥❣ ❛s t❤❡✐r ❞❡❛❞❧✐♥❡s ❛r❡ s❛t✐s✜❡❞✳ ■❢ ❛ t❛s❦
k ✐s ♦✉t ♦❢ t✐♠❡✱ t❤❡ t❛s❦ j ✐♥ t❤❡ ❛❝t✉❛❧ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❧❛r❣❡st ♣r♦❝❡ss✐♥❣ t✐♠❡ pj ✐s ❞❡❧❡t❡❞
❢r♦♠ t❤❡ s♦❧✉t✐♦♥✳ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ r✉♥s ✐♥ O(n log n)✳

❆❧❣♦r✐t❤♠ ✷✿ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠
❉❛t❛✿ ❛ s❡t ♦❢ ❥♦❜s ✇✐t❤ t❤❡✐r ❞❡❛❞❧✐♥❡s ❛♥❞ s✐③❡s✿ {(di, pi)}1≤i≤n✳
❖r❞❡r t❤❡ ❥♦❜s ❜② ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❞❡❛❞❧✐♥❡s✿ d1 ≤ d2 ≤ · · · ≤ dn❀
σ ← ∅❀ t← 0❀
❢♦r i := 1 t♦ n ❞♦

σ ← σ ∪ {i}❀
t← t + pi❀
✐❢ t > di t❤❡♥

❋✐♥❞ ❥♦❜ j ✐♥ σ ✇✐t❤ ❧❛r❣❡st pj ✈❛❧✉❡❀
σ ← σ\{j}❀
t← t− pj ❀

■♥ ♦r❞❡r t♦ ✉s❡ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐s s✉♣♣♦s❡❞ t♦ s❝❤❡❞✉❧❡ t❛s❦s ✇✐t❤ ❞❡❛❞❧✐♥❡s ♦♥
♦♥❡ ♠❛❝❤✐♥❡✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❝r❡❛t❡ t❛s❦s ✇✐t❤ ❞❡❛❞❧✐♥❡s✳ ❘❡❝❛❧❧ ✇❡ ❛ss✉♠❡ ❛ ♦♥❡✲♣♦rt ♠♦❞❡❧✱
❛♥❞ t❤❛t ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❝❤❡❞✉❧❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ✐✳❡✳✱ t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦
❜② t❤❡ ♠❛st❡r ✭♦♥ ❡❛❝❤ ✇♦r❦❡r t❤❡ ❛ss✐❣♥❡❞ t❛s❦s ❛r❡ s❝❤❡❞✉❧❡❞ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✮✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛❝❤✐♥❡ ✐♥ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠✳ ❋♦r t❤❡ t❛r❣❡t❡❞
♠❛❦❡s♣❛♥ M ✱ t❤❡ ❞❡❛❞❧✐♥❡s ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ♦❢ t❤❡ t❛s❦s ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
❲❡ ❝♦♠♣✉t❡ ❢♦r ❡❛❝❤ ✇♦r❦❡r ♦❢ ♦✉r ♣❧❛t❢♦r♠ t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ ❡❛❝❤ ♦❢ t❤❡ t❛s❦s ✐t ❝❛♥ r❡❝❡✐✈❡✿ di

j

❞❡♥♦t❡s t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ t❤❡ i✲t❤ ❧❛st t❛s❦ ❢♦r t❤❡ ✇♦r❦❡r Pj ✳ ❇❡❣✐♥♥✐♥❣ ❛t t❤❡ ♠❛❦❡s♣❛♥ M ✱ ♦♥❡
❝♦♠♣✉t❡s ✇❤❡♥ t❤❡ ❧❛st t❛s❦ ❤❛s t♦ ❛rr✐✈❡ ♦♥ t❤❡ ✇♦r❦❡r s♦ t❤❛t ✐t ❝❛♥ st✐❧❧ ❜❡ ♣r♦❝❡ss❡❞ ✐♥ t✐♠❡✳
❚❤❡ ❧❛t❡st ♠♦♠❡♥t ❛t ✇❤✐❝❤ ❛ t❛s❦ ❝❛♥ ❛rr✐✈❡ s♦ t❤❛t ✐t ❝❛♥ st✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ ✇♦r❦❡r Pj ✐s
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M − pj ✳ ❚❤❡♥ d1
j = M − pj ✳ ❚❤❡ ❧❛t❡st ♠♦♠❡♥t ❛t ✇❤✐❝❤ t❤❡ t❛s❦ ❜❡❢♦r❡ t❤❡ ❧❛st ♦♥❡ ❝❛♥ ❛rr✐✈❡

s♦ t❤❛t ✐t ❝❛♥ st✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t✐♠❡ ♦♥ ✇♦r❦❡r Pj ✐s M − 2× pj ✳ ❚❤❡♥ d2
j = M − 2× pj ✱ ❛♥❞

s♦ ♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② lj t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ t❛s❦s t❤❛t ✇♦r❦❡r Pj ❝❛♥ r❡❝❡✐✈❡✿ lj =
⌊

M
pj

⌋

✳

❙❡❡ ❋✐❣✉r❡ ✸✳✼ ❢♦r ❛♥ ❡①❛♠♣❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② l t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s t❤❡ ♣❧❛t❢♦r♠ ❝♦✉❧❞
r❡❝❡✐✈❡✿ l =

∑m
i=1 lj ✳ ❖❜✈✐♦✉s❧② l ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❛♥❞ ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ✐❢ t❤❡r❡ ✐s ♥♦

❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♥t❡♥t✐♦♥✱ ✇❤✐❝❤ ✐s ✉♥❧✐❦❡❧② t♦ ❤❛♣♣❡♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇✐t❤ t❤❡s❡ ❞❡❛❞❧✐♥❡s
✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ s❡t ♦❢ l ✈✐rt✉❛❧ t❛s❦s✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❡✛❡❝t✐✈❡❧② s❝❤❡❞✉❧❡ ❛s ♠❛♥② ♦❢ t❤❡s❡
✈✐rt✉❛❧ t❛s❦s ❛s ♣♦ss✐❜❧❡✳ ■❢ t❤❡ ♥✉♠❜❡r ✇❡ s✉❝❝❡❡❞ t♦ s❝❤❡❞✉❧❡ ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡
♥✉♠❜❡r ♦❢ t❛s❦s ✇❡ ❛❝t✉❛❧❧② ❤❛✈❡ t♦ s❝❤❡❞✉❧❡✱ n✱ ✇❡ ✇✐❧❧ ❤❛✈❡ ❢♦✉♥❞ ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛❦❡s♣❛♥
✐s ♥♦ ❣r❡❛t❡r t❤❛♥ M ✳ ❖t❤❡r✇✐s❡ ✇❡ ✇✐❧❧ ❤❛✈❡ ❢❛✐❧❡❞✳

s❧❛✈❡ Pj

d
(2)
j d

(1)
jd

(lj)
j d

(lj−1)
j

M0

M − lj × pj

M − (lj − 1)× pj

M − 2× pj

M − 1× pj

❋✐❣✉r❡ ✸✳✼✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞❡❛❞❧✐♥❡s dk
j ❢♦r ✇♦r❦❡r Pj ✳

■♥ ♦✉r ♠♦❞❡❧✱ ❛ ✈✐rt✉❛❧ t❛s❦ j ✇✐t❤ ❛ ❞❡❛❞❧✐♥❡ dj = dk
ij

❤❛s ❛ ♣r♦❝❡ss✐♥❣ t✐♠❡ ❡q✉❛❧ t♦ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ cij t♦ Pij ✳ ❚❤❡♥ t❤❡ ♠❛st❡r ❤❛s t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ✈✐rt✉❛❧ t❛s❦s ❤❛✈❡ t♦ ❜❡
s❡♥t t♦ ✇❤✐❝❤ ✇♦r❦❡rs ❛♥❞ ✐♥ ✇❤✐❝❤ ♦r❞❡r✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✇❡ ✉s❡ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠✳
❙t❛rt✐♥❣ ❛t t✐♠❡ t = 0✱ t❤❡ ♠❛st❡r ❝❛♥ st❛rt s❝❤❡❞✉❧✐♥❣ t❤❡ t❛s❦s ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✳
❋♦r t❤✐s ♣✉r♣♦s❡ ❛❧❧ t❤❡ ❞❡❛❞❧✐♥❡s dj ❛r❡ ♦r❞❡r❡❞ ❜② ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✈❛❧✉❡s✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r
❛s ✐♥ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠✱ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ σ ✐s ❝♦♠♣✉t❡❞ ❜② ❛❞❞✐♥❣ ♦♥❡ ❜② ♦♥❡ t❤❡ t❛s❦s
t♦ t❤❡ s❝❤❡❞✉❧❡✿ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞❡❛❞❧✐♥❡ dj = dk

ij
✱ ✇❡ ❛❞❞ ❛ t❛s❦ t♦ ♣r♦❝❡ss♦r Pij ✳ ❙♦ ✐❢ ❛

❞❡❛❞❧✐♥❡ ✐s ♥♦t ♠❡t✱ t❤❡ ❧❛r❣❡st ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s s✉♣♣r❡ss❡❞ ❢r♦♠ σ ❛♥❞ ✇❡ ❝♦♥t✐♥✉❡✳
❚❤❡ ❛❞❛♣t❡❞ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ ✐s ❞❡s❝r✐❜❡❞ ❜② ❆❧❣♦r✐t❤♠ ✸✳

❆❧❣♦r✐t❤♠ ✸✿ ❆❞❛♣t❡❞ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠
❉❛t❛✿ {(dj , cij )}j
❖r❞❡r t❤❡ ❥♦❜s ❜② ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❞❡❛❞❧✐♥❡s✿ d1 ≤ d2 ≤ · · · ≤ dn❀
σ ← ∅❀ t← 0❀
❢♦r j := 1 t♦ l ❞♦

σ ← σ ∪ {(dj , cij )}❀
t← t + cij ❀
✐❢ t > dj t❤❡♥

❋✐♥❞ ❥♦❜ k ✐♥ σ ✇✐t❤ ❧❛r❣❡st cik ✈❛❧✉❡❀
σ ← σ\{(dk, cik)}❀
t← t− cik ❀

r❡t✉r♥ σ❀

❖♥❡ ♦♥❧② ♥❡❡❞s t♦ ❛❞❞ ❛ ❜✐♥❛r② s❡❛r❝❤ t♦ ✜♥❛❧✐③❡ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜②
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❆❧❣♦r✐t❤♠ ✹✳ ❲❡ ❜♦✉♥❞ t❤❡ s❡❛r❝❤ ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♠❛❦❡s♣❛♥ ✇✐t❤ t✇♦ ✈❛❧✉❡s✳ ❆s ❛t ❧❡❛st
♦♥❡ ♠❛❝❤✐♥❡ ✇✐❧❧ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ ♥♦ ❧❡ss t❤❛♥

⌈

n
m

⌉

t❛s❦s✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s t❤❡ ♠✐♥✐♠✉♠
t✐♠❡ ♥❡❡❞❡❞ ❜② ♦♥❡ ♠❛❝❤✐♥❡ t♦ ❝♦♠♣✉t❡

⌈

n
m

⌉

t❛s❦s s❡q✉❡♥t✐❛❧❧②✳ ❲❡ ✇✐❧❧ s✉♣♣♦s❡ ❢♦r s✐♠♣❧✐❝✐t②
♦❢ t❤❡ ♣r♦♦❢s t❤❛t n

m
✐s ❛♥ ✐♥t❡❣❡r✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦ ❝♦♠♣✉t❛t✐♦♥ r❛t✐♦✱

t❤✐s t✐♠❡ ❡q✉❛❧s t♦ ❡✐t❤❡r t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♠❛❦❡ ♦♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ✇♦r❦❡r ❛♥❞ n
m

❝♦♠♣✉t❛t✐♦♥s✱ ♦r t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♠❛❦❡ n
m

❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ♦♥❡ ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ ✇✐❧❧
❝❛❧❧ t❤✐s ✈❛❧✉❡ fmin✱ ❛♥❞ ✇❡ ❤❛✈❡✿

fmin = min
j

{ n

m
max{cj , pj}+ min{cj , pj}

}

.

❚❤❡ ✉♣♣❡r ❜♦✉♥❞✱ fmax✱ ✐s t❤❡ ♠✐♥✐♠✉♠ t✐♠❡ ♥❡❡❞❡❞ ❜② ♦♥❡ ♠❛❝❤✐♥❡ t♦ ❝♦♠♣✉t❡ ❛❧❧ t❤❡ t❛s❦s✳
❲❡ ❤❛✈❡✿

fmax = min
j
{n max{cj , pj}+ min{cj , pj}}.

❚❤❡ ♦✉t♣✉t ♦❢ ❆❧❣♦r✐t❤♠ ✹ ✐s ❛ s❡t σ ♦❢ ❝♦✉♣❧❡s ♦❢ ❞❡❛❞❧✐♥❡s ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s✳ ❋r♦♠
s✉❝❤ ❛ s❡t ♦♥❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❞❡✜♥❡s ❛ s❝❤❡❞✉❧❡✿ t❤❡ ✈✐rt✉❛❧ t❛s❦s ❞❡s❝r✐❜❡❞ ❜② σ ❛r❡ s❡♥t
❜② t❤❡ ♠❛st❡r ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡ ❛♥❞ ❜② ♥♦♥ ❞❡❝r❡❛s✐♥❣ ❞❡❛❞❧✐♥❡s✱ ❛ ✈✐rt✉❛❧ t❛s❦ (dj , cij ) ❜❡✐♥❣
s❡♥t t♦ t❤❡ ♣r♦❝❡ss♦r Pij ✳ ❚❤✐s s❝❤❡❞✉❧❡ ❤❛s ❛ ♠❛❦❡s♣❛♥ ♥♦ ❣r❡❛t❡r t❤❛♥ M ❜② ❝♦♥str✉❝t✐♦♥ ♦❢
t❤❡ ❞❡❛❞❧✐♥❡s ❛♥❞ ❜② t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠✳

❚❤❡♦r❡♠ ✸✳✹✳ ❆❧❣♦r✐t❤♠ ✹ ❜✉✐❧❞s ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ σ ❢♦r t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ Q,MS | pj ,
cj | Cmax✳

Pr♦♦❢✳ ❆❧❣♦r✐t❤♠ ✹ ✐s ♥♦t❤✐♥❣ ❜✉t ❛ ❜✐♥❛r② s❡❛r❝❤ ♦✈❡r t❤❡ ♠❛❦❡s♣❛♥ M ✱ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❛❧✲
❣♦r✐t❤♠ ❜❡✐♥❣ ❛ ❝❛❧❧ t♦ ❆❧❣♦r✐t❤♠ ✸ ✭❆❞❛♣t❡❞ ▼♦♦r❡✬s ❆❧❣♦r✐t❤♠✮ ♦♥ ❛ s❡t ♦❢ ✈✐rt✉❛❧ t❛s❦s✳
❚❤❡r❡❢♦r❡✱ t♦ ♣r♦✈❡ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ❆❧❣♦r✐t❤♠ ✹ ✇❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ t❤❛t ❆❧❣♦r✐t❤♠ ✸✱ ✇❤❡♥
❝❛❧❧❡❞ ♦♥ ❛ ✈✐rt✉❛❧ s❡t ♦❢ t❛s❦s ❜✉✐❧t ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡ ♠❛❦❡s♣❛♥ M ✱ ♦✉t♣✉ts ❛ s❡t σ ❝♦♥t❛✐♥✐♥❣
❛t ❧❡❛st n t❛s❦s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ M ≥M✱ ✇❤❡r❡M ✐s t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥✳

▲❡t ✉s t❛❦❡ ❛♥② ✈❛❧✉❡ M ≥M✳ ❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ ✐❢ ❆❧❣♦r✐t❤♠ ✹ r❡t✉r♥s ❛ s❡t σ ❝♦♥t❛✐♥✲
✐♥❣ ❛t ❧❡❛st n ❡❧❡♠❡♥ts✱ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛❦❡s♣❛♥ ✐s ❧❡ss t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ M ✳
❈♦♥✈❡rs❡❧②✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥M✱ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ σ∗ ♦❢ n t❛s❦s ✇✐t❤
❛ ♠❛❦❡s♣❛♥ ❧❡ss t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ M ✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ ❆❧❣♦r✐t❤♠ ✸ r❡t✉r♥s ❛ s❡t
σ ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st n ❡❧❡♠❡♥ts✳

▲❡t Ni ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s r❡❝❡✐✈❡❞ ❜② Pi ✉♥❞❡r σ∗✳ ❙♦ ✇❡ ❤❛✈❡ n =
∑

i Ni✳ ▲❡t ✉s
❞❡♥♦t❡ ❜② D t❤❡ s❡t ♦❢ ✈✐rt✉❛❧ t❛s❦s ❝♦♠♣✉t❡❞ ❜② ♦✉r ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❢♦r
♠❛❦❡s♣❛♥ M ✿

D =
⋃

1≤i≤m

⋃

1≤j≤li=
j

M
pi

k

{(M − j × pi, ci)}.

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ✈✐rt✉❛❧ t❛s❦s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ Ni ❧❛t❡st ❞❡❛❞❧✐♥❡s ✐♥ D ❢♦r ❡❛❝❤
✇♦r❦❡r Pi✿

D∗ =
⋃

1≤i≤m

⋃

1≤j≤Ni

{(M − j × pi, ci)}.

❖❜✈✐♦✉s❧② D∗ ⊆ D✳ ❚❤❡ s❡t ♦❢ t❛s❦s ✐♥ σ∗ ✐s ❡①❛❝t❧② ❛ s❡t ♦❢ t❛s❦s t❤❛t r❡s♣❡❝ts t❤❡ ❞❡❛❞❧✐♥❡s
✐♥ D∗✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ r❡t✉r♥s ❛ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥✳
❲✐t❤ D∗ ⊆ D✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ ✇✐t❤ n = |D∗| s❝❤❡❞✉❧❡❞ t❛s❦s✳ ❙♦
▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ ✇✐❧❧ r❡t✉r♥ ❛ s♦❧✉t✐♦♥ ✇✐t❤ |σ| ≥ |D∗| ≥ n t❛s❦s ✭❛s t❤❡r❡ ♠❛② ❜❡ ♠♦r❡ t❤❛♥
n ♣♦ss✐❜❧❡ ❞❡❛❞❧✐♥❡s ✐♥ D✮✱ ❛s ✇❡ ✇❛♥t❡❞✳ �
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❆❧❣♦r✐t❤♠ ✹✿ ❆❧❣♦r✐t❤♠ ❢♦r ♣r♦❜❧❡♠ Q,MS | pj , cj | Cmax

❉❛t❛✿ pi = αi

βi
, αi, βi ∈ N× N∗✱ ci = γi

δi
, γi, δi ∈ N× N∗

λ← ❧❝♠1≤i≤m{βi, δi}❀
precision← 1

λ
❀

lo← minj{ n
m

max{cj , pj}+ min{cj , pj}}❀
hi← minj{n max{cj , pj}+ min{cj , pj}}❀
M ← hi❀
r❡♣❡❛t

❢♦r i := 1 t♦ m ❞♦

li ←
⌊

M
pi

⌋

❀

❢♦r k := 1 t♦ min{li, n} ❞♦
S ← S ∪ {(M − k × pi, ci)}❀

✐❢
∑

li < n t❤❡♥
✴✯ M ✐s t♦♦ s♠❛❧❧ ✯✴❀
lo←M ❀

❡❧s❡
σ ← ❆❞❛♣t❡❞ ▼♦♦r❡✬s ❛❧❣♦r✐t❤♠ ✭S✮❀
✐❢ |σ| < n t❤❡♥

✴✯ M ✐s t♦♦ s♠❛❧❧ ✯✴❀
lo←M ❀

❡❧s❡
✴✯ M ✐s ♠❛②❜❡ t♦♦ ❜✐❣ ✯✴❀
hi←M ❀
σ♦♣t ← σ❀

gap← |lo− hi|❀
M ← (lo + hi)/2❀

✉♥t✐❧ gap < precision ❀
r❡t✉r♥ σ♦♣t❀

❚❤❡♦r❡♠ ✸✳✺✳ ❙❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ Q,MS | pj , cj | Cmax ✐s s♦❧✈❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❜②
❆❧❣♦r✐t❤♠ ✹✳

Pr♦♦❢✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✸✳✹✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ t❤❛t ❆❧❣♦r✐t❤♠ ✹ r✉♥s ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳
❲❡ ♣❡r❢♦r♠ ❛ ❜✐♥❛r② s❡❛r❝❤ ❢♦r ❛ s♦❧✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [fmin, fmax]✳ ❆s ✇❡ ❛r❡ ✐♥ ❤❡t❡r♦✲

❣❡♥❡♦✉s ❝♦♠♣✉t❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❤❛✈❡ ❤❡t❡r♦❣❡♥❡♦✉s pi✲✈❛❧✉❡s✿ ❢♦r ❡❛❝❤ i ∈ [1;m]✱ pi ∈ Q✳
❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ❛❧s♦ ❤❡t❡r♦❣❡♥❡♦✉s✱ s♦ ✇❡ ❤❛✈❡ ci ∈ Q ❢♦r ❡❛❝❤ i ∈ [1;m]✳ ❋♦r ❡❛❝❤
i ∈ [1;m]✱ ❧❡t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡s ❜❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

pi =
αi

βi
, αi, βi ∈ N× N∗, ❛♥❞ ci =

γi

δi
, γi, δi ∈ N× N∗,

✇❤❡r❡ αi ❛♥❞ βi ❛r❡ r❡❧❛t✐✈❡❧② ♣r✐♠❡✱ ❛♥❞ ❛❧s♦ γi ❛♥❞ δi ❛r❡ r❡❧❛t✐✈❡❧② ♣r✐♠❡✳
▲❡t λ ❜❡ t❤❡ ❧❡❛st ❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦rs βi ❛♥❞ δi✿

λ = ❧❝♠1≤i≤m{βi, δi}.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛♥② i ✐♥ [1..m]✱ λ × pi ∈ N ❛♥❞ λ × ci ∈ N✳ ◆♦✇ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ t❤❡
♣r❡❝✐s✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ st♦♣ ♦✉r ❜✐♥❛r② s❡❛r❝❤✳ ❋♦r t❤✐s✱ ✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ♣♦ss✐❜❧❡ ✜♥✐s❤
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t✐♠❡s ♦❢ t❤❡ ✇♦r❦❡rs✿ ❛❧❧ ♦❢ t❤❡♠ ❛r❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t ci ❛♥❞ pi✲✈❛❧✉❡s✳ ❙♦♠❡
♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠s ♠❛② ❤❛✈❡ s♦♠❡ ✐❞❧❡ t✐♠❡s✱ ❜✉t ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♦♥❧② ❧♦♦❦
❛t t❤❡ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ s❡♥❞ t❛s❦s ❛♥❞ ❝♦♠♣✉t❡ t❤❡♠ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❙♦ ✐❢ ✇❡ ♠✉❧t✐♣❧② ❛❧❧
✈❛❧✉❡s ✇✐t❤ λ ✇❡ ❣❡t ✐♥t❡❣❡rs ❢♦r ❛❧❧ ✈❛❧✉❡s ❛♥❞ t❤❡ s♠❛❧❧❡st ❣❛♣ ❜❡t✇❡❡♥ t✇♦ ✜♥✐s❤ t✐♠❡s ✐s ❛t
❧❡❛st ✶✳ ❙♦ t❤❡ ♣r❡❝✐s✐♦♥ p✱ ✐✳❡✳✱ t❤❡ ♠✐♥✐♠❛❧ ❣❛♣ ❜❡t✇❡❡♥ t✇♦ ❢❡❛s✐❜❧❡ ✜♥✐s❤ t✐♠❡s✱ ✐s p = 1

λ
✳

❚❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ✈❛❧✉❡s M ✇❡ ❤❛✈❡ t♦ tr② ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿ ✇❡
❡①❛♠✐♥❡ ♦✉r ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [fmin, fmax]✳ ❚❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❤❛✈❡ ❛♥ ✐♥❝r❡♠❡♥t ♦❢ 1

λ
✳

❙♦ t❤❡r❡ ❛r❡
(

n ·m− n

m
min

j
{max{cj , pj}}

)

· λ

♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r M ✳ ❍❡♥❝❡✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ st❡♣s ♦❢ t❤❡ ❜✐♥❛r② s❡❛r❝❤ ✐s

O

(

log

(

n ·m− n

m
min

j
{max{cj , pj}}

)

+ log(λ)

)

.

◆♦✇ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤✐s ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ ♦✉r ♣r♦❜❧❡♠ ✐♥♣✉t✳
❖✉r ♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs ci ❛♥❞ pi ❛r❡ ❣✐✈❡♥ ✉♥❞❡r t❤❡ ❢♦r♠ pi = αi

βi
❛♥❞ ci = γi

δi
✳ ❙♦ ✐t t❛❦❡s

log(αi)+ log(βi) t♦ st♦r❡ ❛ pi ❛♥❞ log(γi)+ log(δi) t♦ st♦r❡ ❛ ci✳ ❙♦ ♦✉r ❡♥tr② E ❝❛♥ ❜❡ ❜♦✉♥❞❡❞
❛s ❢♦❧❧♦✇s✿

|E| ≥
∑

i

log(αi) +
∑

i

log(βi) +
∑

i

log(γi) +
∑

i

log(δi).

❲❡ ❝❛♥ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥✿

|E|≥
∑

i

log(βi) +
∑

i

log(δi) = log

(

∏

i

βi ×
∏

i

δi

)

≥ log(λ).

❙♦ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ♦✉r ❝♦♠♣❧❡①✐t② ✐s ❜♦✉♥❞❡❞ ❜②

O

(

|E|+ log

(

n ·m− n

m
min

j
{max{cj , pj}}

))

.

❲❡ ❝❛♥ s✐♠♣❧✐❢② t❤✐s ❡①♣r❡ss✐♦♥✿

O

(

|E|+ log

(

n ·min
j
{max{cj , pj}} −

n

m
min

j
{max{cj , pj}}

))

≤ O

(

|E|+ log

(

n ·min
j
{max{cj , pj}}

))

.

■t r❡♠❛✐♥s t♦ ✉♣♣❡r✲❜♦✉♥❞✿

log(n ·min
j
{max{cj , pj}}) = log(n) + log(min

j
{max{cj , pj}}).

n ✐s ❛ ♣❛rt ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ ❤❡♥❝❡ ✐ts s✐③❡ ❝❛♥ ❜❡ ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t
E✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ✇❡ ❝❛♥ ✉♣♣❡r✲❜♦✉♥❞ log(minj{max{cj , pj}}) ❜② minj{max{log(αj) +
log(βj), log(γj) + log(δj)}} ≤ E✳

❆ss❡♠❜❧✐♥❣ ❛❧❧ t❤❡s❡ ✉♣♣❡r✲❜♦✉♥❞s✱ ✇❡ ❣❡t

O

(

|E|+ log

(

n ·min
j
{max{cj , pj}}

))

≤ O(3|E|)

te
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❛♥❞ ❤❡♥❝❡ ♦✉r ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ♥❡❡❞s O(|E|) st❡♣s t♦ ♣❡r❢♦r♠ t❤❡ ❜✐♥❛r② s❡❛r❝❤✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ s❡t S ❝♦♥t❛✐♥s ❛t ♠♦st m ·n ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡❛❝❤ ❝❛❧❧ t♦ t❤❡ ❆❞❛♣t❡❞ ▼♦♦r❡✬s
❛❧❣♦r✐t❤♠ ✐s t❤✉s O(m · n · log(m · n))✱ ✇❤✐❝❤ ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ ♦✉r ♣r♦❜❧❡♠ ✐♥♣✉t✷✳
❚❤❡ t♦t❛❧ ❝♦♠♣❧❡①✐t② ✜♥❛❧❧② ✐s O(|E| ·n ·m · log(n ·m)) ✇❤✐❝❤ ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ✐♥♣✉t s✐③❡✳ �

❲❡ ❝❛♥ s❡❡ ❤❡r❡ ❛ ♥❡✇ ❧✐♥❡ ❜❡t✇❡❡♥ ◆P✲❤❛r❞ ♣r♦❜❧❡♠s ❛♥❞ ❡❛s✐❡r ♣r♦❜❧❡♠s✱ ❜❡❝❛✉s❡ t❤❡
s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ◆P✲❤❛r❞ ✇❤❡♥ t❤❡ ♣❧❛t❢♦r♠ ✐s ❛ ❤❡t❡r♦❣❡♥❡♦✉s tr❡❡ ✐♥st❡❛❞ ♦❢ ❛
st❛r ❬✻✷❪✳

❲✐t❤ r❡❧❡❛s❡ ❞❛t❡s

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ Q, MS ⑤ ri ; pj ; cj ⑤ Cmax ✐s ◆P✲❤❛r❞ ✐♥ t❤❡ str♦♥❣ s❡♥s❡✳ ❋♦r
t❤❛t ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▼❙✲❤❡t❡r♦✿ ●✐✈❡♥ ❛ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ❝♦♠♣♦s❡❞
♦❢ m ✇♦r❦❡rs✱ n ✐❞❡♥t✐❝❛❧ t❛s❦s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✱ ❛♥❞ ❛ ❞❡❛❞❧✐♥❡ D✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ s❝❤❡❞✉❧❡
t❤♦s❡ t❛s❦s ♦♥t♦ t❤✐s ♣❧❛t❢♦r♠ s✉❝❤ t❤❛t ❛❧❧ t❛s❦s ❛r❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t❤❡ ❞❡❛❞❧✐♥❡ D ❄

❚❤♦s❡ t✇♦ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■❢ ▼❙✲❤❡t❡r♦ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ t❤❡♥
♦✉r ♣r♦❜❧❡♠ ❝♦✉❧❞ ❛❧s♦ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✉s✐♥❣ ❛ ❜✐♥❛r② s❡❛r❝❤ ♦♥ D ♦♥ t❤❡ ✐♥t❡r✈❛❧
[minj{ n

m
×max{cj , pj}+ min{cj , pj}}, rn + minj{n×max{cj , pj}+ min{cj , pj}}]✳ ❘❡❝✐♣r♦❝❛❧❧②✱

✐❢ ✇❡ ❝❛♥ s♦❧✈❡ ♦✉r ♣r♦❜❧❡♠ ❛♥❞ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ♠❛❦❡s♣❛♥ Dopt✱ t❤❡♥ ❢♦r ❛❧❧ D ≥ Dopt✱
▼❙✲❤❡t❡r♦ ❤❛s ❛ s❝❤❡❞✉❧❡✱ ❡❧s❡✇❤❡r❡ ✐t ❞♦❡s ♥♦t✳

❲❡ ♣r❛❝t✐❝❡ ❤❡r❡ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❉✉t♦t ❬✻✷❪✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭▼❙✲❉✉t♦t✮✳ ❲❡ s✉♣♣♦s❡ ❛ ♦♥❡✲♣♦rt ♠♦❞❡❧✳ ▲❡t T = (V,E) ❜❡ ❛ tr❡❡✱ ❜✉t ♥♦t ❛
❢♦r❦ ❣r❛♣❤✳ ▲❡t P−1 ✐♥ V ❜❡ ❛ s♣❡❝✐❛❧ ✈❡rt❡① ❝❛❧❧❡❞ ✏▼❛st❡r ♥♦❞❡✑✳ ❋♦r ❡❛❝❤ ♦t❤❡r ✈❡rt❡①✱ ❧❡t pi

❜❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦st✳ ❋♦r ❛❧❧ ❡❞❣❡s ei ✐♥ ❊✱ ❧❡t ci ❜❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st✳ ❋✐♥❛❧❧② ❧❡t n ❜❡
❛ ♥✉♠❜❡r ♦❢ t❛s❦s ❛♥❞ D ❜❡ ❛ ❞❡❛❞❧✐♥❡✳

❚❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ✐s✿ ✏■s ✐t ♣♦ss✐❜❧❡ t♦ s❝❤❡❞✉❧❡ t❤❡ n t❛s❦s ❜❡❢♦r❡ t❤❡ ❞❡❛❞❧✐♥❡ D✑❄

❚❤❡♦r❡♠ ✸✳✻ ✭❬✻✷❪✮✳ ▼❙✲❉✉t♦t ✐s ◆P✲❝♦♠♣❧❡t❡ ✐♥ t❤❡ str♦♥❣✲s❡♥s❡✳

❚❤❡♦r❡♠ ✸✳✼✳ ▼❙✲❤❡t❡r♦ ✐s ◆P✲❝♦♠♣❧❡t❡ ✐♥ t❤❡ str♦♥❣✲s❡♥s❡✳

Pr♦♦❢✳ ❋✐rst✱ ▼❙✲❤❡t❡r♦ ✐s ✐♥ ◆P✳ ■❢ ✇❡ ❤❛✈❡ ❛ s❝❤❡❞✉❧❡ ❢♦r n t❛s❦s ❛♥❞ ❛ ❣✐✈❡♥ ♠❛st❡r✲✇♦r❦❡r
♣❧❛t❢♦r♠✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ t❤❛t t❤✐s s❝❤❡❞✉❧❡ r❡s♣❡❝ts t❤❡ ❞❡❛❞❧✐♥❡ D✳

▲❡t S ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢▼❙✲❉✉t♦t✳ S ✐s ♠❛❞❡ ♦❢ ❛ tr❡❡ T ❛♥❞ ♦❢ n t❛s❦s J1, ..., Jn✳ ❲❡ s✉♣♣♦s❡
t❤❛t T ✐s ❛ t✇♦✲❧❡✈❡❧ tr❡❡ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✽✱ ✇✐t❤ ♦♥❡ ♠❛st❡r ♥♦❞❡ P−1✱ ♦♥❡ ❞✐str✐❜✉t✐♦♥
♥♦❞❡ P0✱ ❛♥❞ m ✇♦r❦❡rs✱ P1✱ ✳✳✳✱ Pm✳ P−1 ✐s ♦♥❧② ❝♦♥♥❡❝t❡❞ t♦ P0✱ ❛♥❞ P0 ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛❧❧
♦t❤❡r ✈❡rt✐❝❡s ✭❛s t❤❡ ♣❧❛t❢♦r♠ t♦♣♦❧♦❣② ✐s ❛ tr❡❡ t❤❡s❡ ❛r❡ t❤❡ ♦♥❧② ❡❞❣❡s ✐t ❝♦♥t❛✐♥s✮✳ ■t t❛❦❡s ❛
t✐♠❡ p ❢♦r P0 t♦ ❝♦♠♣✉t❡ ❛ t❛s❦✱ ❛♥❞ pi ❢♦r ♣r♦❝❡ss♦r Pi✱ 1 ≤ i ≤ m✳ ■t t❛❦❡s ❛ t✐♠❡ c ❢♦r ❛ t❛s❦
t♦ ❜❡ s❡♥t ♦✈❡r t❤❡ ❡❞❣❡ (P−1, P0) ❛♥❞✱ ❢♦r i ∈ [1, m]✱ ✐t t❛❦❡s ❛ t✐♠❡ ci ♦♥ t❤❡ ❡❞❣❡ (P0, Pi)✳ ❲❡
❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ❛♥② ✐♥st❛♥❝❡ S ❤❛s t❤✐s s❤❛♣❡ ❛s ❉✉t♦t ❡①❛❝t❧②
✉s❡❞ t❤✐s ❦✐♥❞ ♦❢ tr❡❡ t♦ ❜✉✐❧❞ ❤✐s ♣r♦♦❢ ♦❢ ◆P✲❝♦♠♣❧❡t❡♥❡ss✳

✷❲❡ ♠❛❦❡ t❤❡ ✉s✉❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t ♦✉r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ t❛❦❡s t❤❡ t❛s❦s ✶✱ ✷✱ ✳✳✳✱ n ❛s ✐♥♣✉t✱ ❛♥❞ ♥♦t
♠❡r❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ t❛s❦s✳ ❚❤✐s ✐s ❛ ♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t ❜❛s✐❝ ❝❡rt✐✜❝❛t❡s✱ s✉❝❤
❛s s❡ts ♦❢ t❛s❦ st❛rt✐♥❣ t✐♠❡s✱ ❛r❡ ♦❢ s✐③❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t✱ ❛♥❞ t❤✉s t❤❛t s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s
❛r❡ ✐♥ ◆P✳
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...

❉✐str✐❜✉t✐♦♥ ♥♦❞❡ P0

▼❛st❡r ♥♦❞❡ P−1

P1

c

p

c1

p1

Pm

pm

cm

P❧❛t❢♦r♠ T ✉s❡❞ ✐♥ ▼❙✲❉✉t♦t✳

...

▼❛st❡r P ′
−1

P ′
0P ′

1

0c1

p1 p

P ′
m

pm

cm

P❧❛t❢♦r♠ T ′ ✉s❡❞ ✐♥ ▼❙✲❤❡t❡r♦✳

❋✐❣✉r❡ ✸✳✽✿ ❚❤❡ ♣❧❛t❢♦r♠s ✉s❡❞ ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ▼❙✲❉✉t♦t t♦ ▼❙✲❤❡t❡r♦✳

❋r♦♠ ✐♥st❛♥❝❡ S ♦❢ ▼❙✲❉✉t♦t✱ ✇❡ ❜✉✐❧❞ ❛♥ ✐♥st❛♥❝❡ S′ ♦❢ ▼❙✲❍❡t❡r♦✱ ❝♦♠♣♦s❡❞ ♦❢ ❛ tr❡❡ T ′

❛♥❞ n t❛s❦s✱ J ′
1, ..., J

′
n✱ ✇✐t❤ t❤❡✐r r❡s♣❡❝t✐✈❡ r❡❧❡❛s❡ ❞❛t❡s✱ r′1, ..., r

′
n ✭❋✐❣✉r❡ ✸✳✽✮✳ T ′ ✐s ❛ ❢♦r❦

tr❡❡✱ ❝♦♠♣♦s❡❞ ♦❢ ♦♥❡ ♠❛st❡r P ′
−1 ❛♥❞ m+1 ❧❡❛✈❡s P ′

0, P
′
1, .., P

′
m✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ t❤❡

❡❞❣❡ (P ′
−1, P

′
0) ✐s ✵ ❛♥❞✱ ❢♦r ❡❛❝❤ i ∈ [1, m]✱ t❤❡ ❝♦st ♦❢ t❤❡ ❡❞❣❡ (P ′

−1, P
′
i ) ✐s ci✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥

❝♦st ♦❢ P ′
0 ✐s p ❛♥❞✱ ❢♦r ❡❛❝❤ i ∈ [1, m]✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ P ′

i ✐s pi✳ ❋✐♥❛❧❧②✱ t❤❡ r❡❧❡❛s❡ ❞❛t❡s
♦❢ t❤❡ t❛s❦s ❛r❡ ✉♥✐❢♦r♠❧② s♣❛❝❡❞✿ ∀ 1 ≤ i ≤ n, ri = ic✳ ❚❤✐s r❡❞✉❝t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ♣♦❧②♥♦♠✐❛❧
✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✐♥st❛♥❝❡✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♣r♦❜❧❡♠s S ❛♥❞ S′✿

• ❲❡ ✜rst s✉♣♣♦s❡ t❤❛t ♣r♦❜❧❡♠ ▼❙✲❤❡t❡r♦ ♦♥ S′ ❤❛s ❛ s♦❧✉t✐♦♥✱ ✐✳❡✳✱ t❤❛t t❤❡r❡ ❡①✐sts ❛
s❝❤❡❞✉❧❡ σ′ ✇❤✐❝❤ ❡①❡❝✉t❡s t❤❡ n t❛s❦s ♦♥ t❤❡ 1 + m ♣r♦❝❡ss♦rs✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r r❡❧❡❛s❡
❞❛t❡s✱ ❛♥❞ ✐♥ ❛♥ ♦✈❡r❛❧❧ t✐♠❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ D✳ ❋r♦♠ σ′✱ ✇❡ ❝r❡❛t❡ ❛ ♥❡✇ s❝❤❡❞✉❧❡ σ
❢♦r S✳ ❯♥❞❡r σ✱ t❤❡ ♠❛st❡r ♥♦❞❡ P−1 s❡♥❞s ❛❧❧ t❤❡ t❛s❦s ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱ t❤❡ i✲t❤ t❛s❦
Ji ❜❡✐♥❣ s❡♥t ❞✉r✐♥❣ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [(i− 1)c, ic[✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡r σ ❛ t❛s❦ Ji ❛rr✐✈❡s ♦♥
P0 ❡①❛❝t❧② ❛t t❤❡ r❡❧❡❛s❡ ❞❛t❡ ♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ t❛s❦ J ′

i ✳

❋♦r ❛♥② i ∈ [1, n]✱ Ji ✐s ❡①❡❝✉t❡❞ ♦♥ Pj ✉♥❞❡r σ ✐❢ ❛♥❞ ♦♥❧② ✐❢ J ′
i ✐s ❡①❡❝✉t❡❞ ♦♥ P ′

j ✉♥❞❡r
σ′✳ ❋✉rt❤❡r♠♦r❡✱ Ji ✐s s❡♥t t♦ Pj ✉♥❞❡r σ ❛t t❤❡ ❞❛t❡ J ′

i ✐s s❡♥t t♦ P ′
j ✉♥❞❡r σ′✱ ❛♥❞ t❤❡

t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ t❛s❦s ❛r❡ ❡①❡❝✉t❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ J ′
i ✇❛s ❡①❡❝✉t❡❞

♦♥ P ′
0✱ P0 ❡①❡❝✉t❡s ✐ts❡❧❢ Ji ✇✐t❤♦✉t ❢♦r✇❛r❞✐♥❣ ✐t t♦ ♦♥❡ ♦❢ ✐ts ✇♦r❦❡rs✳

❆s σ′ s✉❝❝❡ss❢✉❧❧② s❝❤❡❞✉❧❡s t❤❡ n t❛s❦s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s J ′
1✱ ✳✳✳✱ J ′

n ♦♥ T ′ ❜❡❢♦r❡ t❤❡
❞❡❛❞❧✐♥❡ D✱ σ s❝❤❡❞✉❧❡s t❤❡ n t❛s❦s J1✱ ✳✳✳✱ Jn ♦♥ T ❜❡❢♦r❡ D✳

• ❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t ✐♥st❛♥❝❡ S ♦❢ ▼❙✲❉✉t♦t ❤❛s ❛ s♦❧✉t✐♦♥✱ ✐✳❡✳✱ t❤❛t t❤❡r❡ ❡①✐sts ❛
s❝❤❡❞✉❧❡ σ ✇❤✐❝❤ ❡①❡❝✉t❡s t❤❡ n t❛s❦s J1✱ ✳✳✳✱ Jn ♦♥ T ❜❡❢♦r❡ t❤❡ ❞❡❛❞❧✐♥❡ D✳ ❆s t❤❡ t✐♠❡
♥❡❡❞❡❞ ❜② t❤❡ ♠❛st❡r P−1 t♦ s❡♥❞ t❛s❦s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♥♦❞❡ P0 ✐s c✱ t❛s❦ i ✇✐❧❧ ❛rr✐✈❡
♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♥♦❞❡ ❛t ❛ t✐♠❡ ti ❣r❡❛t❡r t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ ri✳

❚❤❡♥✱ s②♠♠❡tr✐❝❛❧❧② t♦ ✇❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❞❡✜♥❡ σ′ ❢r♦♠ σ ❛s
❢♦❧❧♦✇s✿ ❢♦r ❛♥② i ∈ [1, n]✱ J ′

i ✐s ❡①❡❝✉t❡❞ ♦♥ P ′
j ✉♥❞❡r σ′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ji ✐s ❡①❡❝✉t❡❞ ♦♥

Pj ✉♥❞❡r σ✱ Ji ✐s s❡♥t t♦ Pj ✉♥❞❡r σ ❛t t❤❡ ❞❛t❡ J ′
i ✐s s❡♥t t♦ P ′

j ✉♥❞❡r σ′✱ ❛♥❞ t❤❡ t✇♦
❝♦rr❡s♣♦♥❞✐♥❣ t❛s❦s ❛r❡ ❡①❡❝✉t❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳

te
l-0

05
30

13
1,

 v
er

si
on

 1
 - 

27
 O

ct
 2

01
0



✹✹ ❈❍❆P❚❊❘ ✸✳ ❚❍❊ ❉■❋❋■❈❯▲❚❨ ❖❋ ❙❈❍❊❉❯▲■◆● ❲■❚❍ ❈❖▼▼❯◆■❈❆❚■❖◆❙

❲❡ ❤❛✈❡ ♥♦t✐❝❡❞ t❤❛t✱ ❢♦r ❛♥② i ∈ [1, n]✱ ti ≥ ri✱ t❤❡r❡❢♦r❡ s❝❤❡❞✉❧❡ σ′ r❡s♣❡❝ts t❤❡ r❡❧❡❛s❡
❞❛t❡s✳ ❆s ✐t ❤❛s t❤❡ s❛♠❡ ♠❛❦❡s♣❛♥ t❤❛♥ σ✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ▼❙✲❤❡t❡r♦ ✐s ◆P✲❝♦♠♣❧❡t❡ ✐♥ t❤❡ str♦♥❣ s❡♥s❡✳ �

✸✳✹ ▼P■ ❡①♣❡r✐♠❡♥ts

❚♦ ❝♦♠♣❧❡♠❡♥t t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✱ ✇❡ ❧♦♦❦❡❞ ❛t s♦♠❡ ❡✣❝✐❡♥t ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s✱
❛♥❞ ✇❡ ❝♦♠♣❛r❡❞ t❤❡♠ ❡①♣❡r✐♠❡♥t❛❧❧② ♦♥ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ♣❧❛t❢♦r♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✐♥❝❧✉❞❡
✐♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦✉r ❧❛st t✇♦ ♥❡✇ ❤❡✉r✐st✐❝s✱ ✇❤✐❝❤ ✇❡r❡ s♣❡❝✐✜❝❛❧❧② ❞❡s✐❣♥❡❞ t♦ ✇♦r❦ ✇❡❧❧ ♦♥
❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ♦♥ ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s r❡s♣❡❝t✐✈❡❧②✳

✸✳✹✳✶ ❚❤❡ ❛❧❣♦r✐t❤♠s

❲❡ ❞❡s❝r✐❜❡ ❤❡r❡ t❤❡ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ✉s❡❞ ✐♥ t❤❡ ♣r❛❝t✐❝❛❧ t❡sts✿

✶✳ ❉❉ ✭❉❡♠❛♥❞ ❉r✐✈❡♥✮ ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ❛❧❣♦r✐t❤♠✿ ❡❛❝❤ t✐♠❡ ❛ ♣r♦❝❡ss♦r ✐s ❢r❡❡ ♦❢ ✇♦r❦✱ ✐t
❛s❦s t❤❡ ♠❛st❡r ❢♦r ❛ ♥❡✇ t❛s❦✳

✷✳ ▲❙ ✭▲✐st ❙❝❤❡❞✉❧✐♥❣✮ ✐s ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ♦♥ st❛❜❧❡ ♣❧❛t❢♦r♠s✳ ■t ✉s❡s ✐ts ❦♥♦✇❧❡❞❣❡ ♦❢
t❤❡ s②st❡♠ ✭❡st✐♠❛t❡❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡✮ t♦ s❡♥❞ ❛ t❛s❦ ❛s s♦♦♥
❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ✇♦r❦❡r t❤❛t ✇♦✉❧❞ ✜♥✐s❤ ✐t ✜rst✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✉rr❡♥t ❧♦❛❞ ❡st✐♠❛t✐♦♥
✭t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ❛❧r❡❛❞② ✇❛✐t✐♥❣ ❢♦r ❡①❡❝✉t✐♦♥ ♦♥ t❤❡ ✇♦r❦❡r✮✳

✸✳ ❘❘ ✭❘♦✉♥❞ ❘♦❜✐♥✮ ✐s t❤❡ s✐♠♣❧❡st ❛❧❣♦r✐t❤♠✳ ■t s❡♥❞s ❛ t❛s❦ t♦ ❡❛❝❤ ✇♦r❦❡r ♦♥❡ ❜② ♦♥❡✱
❛❝❝♦r❞✐♥❣ t♦ ❛ ❝②❝❧✐❝ ❢❛s❤✐♦♥✿ ✐t ✇✐❧❧ s❡♥❞ t❛s❦ i t♦ ♣r♦❝❡ss♦r i ♠♦❞ p ❛♥❞ ✇✐❧❧ s❡♥❞ ✐t ❛s
s♦♦♥ ❛s ♣♦ss✐❜❧❡

✹✳ ❘❘❈ ✐s ❛ ✈❛r✐❛♥t ♦❢ ❘❘ ♣❡r❢♦r♠✐♥❣ s♦♠❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✿ ✐t s❡♥❞s t❤❡ t❛s❦s st❛rt✐♥❣
❢r♦♠ t❤❡ ✇♦r❦❡r ✇✐t❤ t❤❡ s♠❛❧❧❡st ci ✉♣ t♦ t❤❡ ✇♦r❦❡r ✇✐t❤ t❤❡ ❧❛r❣❡st ♦♥❡ ✉♥t✐❧ t❤❡ ✜rst
♣r♦❝❡ss♦r ✜♥✐s❤❡s ✐ts ❝♦♠♣✉t❛t✐♦♥ ♦r ✉♥t✐❧ ❛❧❧ ♣r♦❝❡ss♦rs r❡❝❡✐✈❡ ♦♥❡ t❛s❦✱ ❛♥❞ t❤❡♥ r❡♣❡❛t
t❤✐s ♣r♦❝❡❞✉r❡ ❛❣❛✐♥✳

✺✳ ❘❘P ❤❛s ❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ❛s ❘❘❈✱ ❜✉t ❧♦♦❦s ✐♥t♦ ❝♦♠♣✉t❛t✐♦♥ ✐♥st❡❛❞ ♦❢ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥✿ ✐t s❡♥❞s t❤❡ t❛s❦s st❛rt✐♥❣ ❢r♦♠ t❤❡ ✇♦r❦❡r ✇✐t❤ t❤❡ s♠❛❧❧❡st pi ✉♣ t♦ t❤❡ ✇♦r❦❡r
✇✐t❤ t❤❡ ❧❛r❣❡st ♦♥❡✱ ✉♥t✐❧ t❤❡ ✜rst ♣r♦❝❡ss♦r ✜♥✐s❤❡s ✐ts t❛s❦ ♦r ✉♥t✐❧ ❛❧❧ ♣r♦❝❡ss♦r r❡❝❡✐✈❡
♦♥❡ t❛s❦✱ ❛♥❞ t❤❡♥ r❡♣❡❛t t❤✐s ♣r♦❝❡❞✉r❡ ❛❣❛✐♥✳

✻✳ ❙▲❏❋ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❛ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■t ✐s ♦♣t✐♠❛❧ ❢♦r ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ♦♥
❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ❛s s♦♦♥ ❛s ✐t ❦♥♦✇s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s✳

✼✳ ❙▲❏❋❲❈ ✐s ♦✉r ❤❡✉r✐st✐❝ ♠❡❛♥t t♦ ❜❡ ✉s❡❞ ♦♥ ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳

✸✳✹✳✷ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣❧❛t❢♦r♠

❉✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❜✉✐❧t ❛ s♠❛❧❧ r❡❛❧ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ✇✐t❤ ✜✈❡
❞✐✛❡r❡♥t ❧❛♣t♦♣s r✉♥♥✐♥❣ t❤❡ ▲✐♥✉① ♦♣❡r❛t✐♥❣ s②st❡♠ ❛♥❞ ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❛ ❢❛st
❊t❤❡r♥❡t s✇✐t❝❤ ✭✶✵✵ ▼❇✴s✮✳ ❚❤❡ ✜✈❡ ♠❛❝❤✐♥❡s ❛r❡ ❛❧❧ ❞✐✛❡r❡♥t✱ ❜♦t❤ ✐♥ t❡r♠s ♦❢ t❤❡ ❛♠♦✉♥t ♦❢
❛✈❛✐❧❛❜❧❡ ♠❡♠♦r② ❛♥❞ ✐♥ t❡r♠s ♦❢ ❈P❯ s♣❡❡❞ ✭❢♦✉r ❤❛✈❡ ❛ ❈P❯ s♣❡❡❞ ❜❡t✇❡❡♥ ✶✳✷ ❛♥❞ ✶✳✻ ●❍③✱
t❤❡ ❧❛st ❛♥❞ ♦❧❞❡st ♦♥❡ ❤❛s ❛ ♣r♦❝❡ss♦r ▼♦❜✐❧❡ P❡♥t✐✉♠ ▼▼❳ ✷✸✸ ▼❍③✮✳ ❚❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢

te
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t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♥❡t✇♦r❦ ❝❛r❞s ✭t❤❡ ♦❧❞❡st
❛♥❞ s❧♦✇❡st ♠❛❝❤✐♥❡ ❤❛s ❛ ✶✵ ▼❇✴s ♥❡t✇♦r❦ ❝❛r❞✱ t❤❡ ❢♦✉r ♦t❤❡rs ❤❛✈❡ ✶✵✵ ▼❇✴s ♦♥❡s✮✳ ❋r♦♠
t❤✐s ♣❧❛t❢♦r♠✱ ✇❡ s❡❧❡❝t❡❞ ♦♥❡ ♠❛❝❤✐♥❡ t♦ ❜❡ t❤❡ ♠❛st❡r✳

✸✳✹✳✸ ❚❤❡ t❛s❦s

❊❛❝❤ t❛s❦ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ♠❛tr✐①✱ ❛♥❞ ❡❛❝❤ ✇♦r❦❡r ❤❛s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡
♠❛tr✐❝❡s ✐t r❡❝❡✐✈❡s✳ ❲❤❡♥❡✈❡r ♥❡❡❞❡❞✱ ✇❡ ♣❧❛② ✇✐t❤ ♠❛tr✐① s✐③❡s s♦ ❛s t♦ ❛❝❤✐❡✈❡ ♠♦r❡ ❤❡t❡r♦✲
❣❡♥❡✐t② ♦r ♦♥ t❤❡ ❝♦♥tr❛r② s♦♠❡ ❤♦♠♦❣❡♥❡✐t② ✐♥ t❤❡ ❈P❯ s♣❡❡❞s ♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤s✳
❲❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❛ ✜rst st❡♣✱ ✇❡ s❡♥❞ ♦♥❡ s✐♥❣❧❡ ♠❛tr✐① t♦ ❡❛❝❤ ✇♦r❦❡r ♦♥❡ ❛❢t❡r t❤❡
♦t❤❡r✱ ❛♥❞ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ t❤✐s ♠❛tr✐① ❛♥❞ t♦ ❝❛❧❝✉❧❛t❡ ✐ts ❞❡t❡r♠✐♥❛♥t ♦♥
❡❛❝❤ ✇♦r❦❡r✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ ci ❛♥❞ pi✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❛tr✐① s✐③❡✳ ❚❤❡♥
✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤✐s ♠❛tr✐① s❤♦✉❧❞ ❜❡ s❡♥t ✭nci

✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ✐ts
❞❡t❡r♠✐♥❛♥t s❤♦✉❧❞ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✭npi

✮ ♦♥ ❡❛❝❤ ✇♦r❦❡r ✐♥ ♦r❞❡r t♦ ♠♦❞✐❢② t❤❡ ♣❧❛t❢♦r♠ ❝❤❛r❛❝✲
t❡r✐st✐❝s s♦ ❛s t♦ r❡❛❝❤ t❤❡ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✳ ❚❤❡♥✱ ❛ t❛s❦ ✭♠❛tr✐①✮ ❛ss✐❣♥❡❞ ♦♥ Pi

✇✐❧❧ ❛❝t✉❛❧❧② ❜❡ s❡♥t nci
t✐♠❡s t♦ Pi ✭s♦ t❤❛t ci ← nci

.ci✮✱ ❛♥❞ ✐ts ❞❡t❡r♠✐♥❛♥t ✇✐❧❧ ❛❝t✉❛❧❧② ❜❡
❝❛❧❝✉❧❛t❡❞ npi

t✐♠❡s ❜② Pi ✭s♦ t❤❛t pi ← npi
.pi✮✳

❍❡r❡ ❛r❡ t❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡s ♦❢ ci ❛♥❞ pi ❢♦r ❛ s♠❛❧❧ ♠❛tr✐① ✭40× 40✮✿
• c1 ❂ ✵✳✵✶✶✹✷✸ ❛♥❞ p1 ❂ ✵✳✵✺✷✶✾✵
• c2 ❂ ✵✳✵✶✷✵✺✷ ❛♥❞ p2 ❂ ✵✳✵✶✾✻✽✺
• c3 ❂ ✵✳✵✶✻✽✵✽ ❛♥❞ p3 ❂ ✵✳✶✵✶✼✼✼
• c4 ❂ ✵✳✵✹✸✹✽✷ ❛♥❞ p4 ❂ ✵✳✷✽✽✸✾✼
❚❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ❛s ❢♦❧❧♦✇s✿ ❢♦r ❡❛❝❤ ❞✐❛❣r❛♠✱ ✇❡ ❝r❡❛t❡ t❡♥ r❛♥❞♦♠ ♣❧❛t❢♦r♠s✱ ♣♦ss✐❜❧②

✇✐t❤ ♦♥❡ ♣r❡s❝r✐❜❡❞ ♣r♦♣❡rt② ✭s✉❝❤ ❛s ❤♦♠♦❣❡♥❡♦✉s ❧✐♥❦s ♦r ♣r♦❝❡ss♦rs✮ ❛♥❞ ✇❡ ❡①❡❝✉t❡ t❤❡
❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ♦♥ ✐t✳ ❆❢t❡r ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ♦✉r ♣❧❛t❢♦r♠s ✇❡r❡ ❝♦♠♣♦s❡❞
♦❢ ♠❛❝❤✐♥❡s Pi ✇✐t❤ ci ❜❡t✇❡❡♥ 0.01 s ❛♥❞ 1 s✱ ❛♥❞ pi ❜❡t✇❡❡♥ 0.1 s ❛♥❞ 8 s✳ ❖♥❝❡ t❤❡ ♣❧❛t❢♦r♠ ✐s
❝r❡❛t❡❞✱ ✇❡ s❡♥❞ ♦♥❡ t❤♦✉s❛♥❞ t❛s❦s t♦ ✐t✱ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s ❢♦❧❧♦✇✐♥❣ ❛ P♦✐ss♦♥✬s ❞✐str✐❜✉t✐♦♥✳
❚❤❡♥ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛❦❡s♣❛♥✱ s✉♠✲✢♦✇✱ ❛♥❞ ♠❛①✲✢♦✇ ♦❜t❛✐♥❡❞ ❜② ❡❛❝❤ ❛❧❣♦r✐t❤♠✳ ❆❢t❡r
❤❛✈✐♥❣ ❡①❡❝✉t❡❞ ❛❧❧ ❛❧❣♦r✐t❤♠s ♦♥ t❤❡ t❡♥ ♣❧❛t❢♦r♠s✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ ♠❛❦❡s♣❛♥✱ s✉♠✲
✢♦✇✱ ❛♥❞ ♠❛①✲✢♦✇✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ s❤♦✇s t❤❡ ❞✐✛❡r❡♥t r❡s✉❧ts t❤❛t ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞✳

✸✳✹✳✹ ❘❡s✉❧ts

❋♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠ ✇❡ ♣❧♦t ✐ts ♠❛❦❡s♣❛♥ ✭✐♥ ❜❧✉❡✮✱ s✉♠✲✢♦✇ ✭✐♥ ♦r❛♥❣❡✮✱ ❛♥❞ ♠❛①✲✢♦✇ ✭✐♥
②❡❧❧♦✇✮✱ ✇❤✐❝❤ ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♦r❞❡r✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✳ ❲❡ ♥♦r♠❛❧✐③❡ ❡✈❡r②t❤✐♥❣ t♦ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ ❉❉ ✱ ✇❤♦s❡ ♠❛❦❡s♣❛♥✱ ♠❛①✲✢♦✇ ❛♥❞ s✉♠✲✢♦✇ ❛r❡ t❤❡r❡❢♦r❡ s❡t ❡q✉❛❧ t♦ 1✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❝♦♥s✐❞❡r ❢✉❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❋✐❣✉r❡ ✸✳✶✵✭❛✮ s❤♦✇s t❤❛t ❛❧❧ st❛t✐❝
❛❧❣♦r✐t❤♠s ♣❡r❢♦r♠ ❡q✉❛❧❧② ✇❡❧❧ ♦♥ s✉❝❤ ♣❧❛t❢♦r♠s✱ ❛♥❞ ❡①❤✐❜✐t ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ t❤❡
❞②♥❛♠✐❝ ❤❡✉r✐st✐❝ ❉❉✳ ❖♥ ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❋✐❣✉r❡ ✸✳✶✵✭❜✮✮✱ ✇❡ s❡❡ t❤❛t
❘❘❈ ✱ ✇❤✐❝❤ ❞♦❡s ♥♦t t❛❦❡ ♣r♦❝❡ss♦r ❤❡t❡r♦❣❡♥❡✐t② ✐♥t♦ ❛❝❝♦✉♥t✱ ♣❡r❢♦r♠s s✐❣♥✐✜❝❛♥t❧② ✇♦rs❡
t❤❛♥ t❤❡ ♦t❤❡rs❀ ✇❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ❙▲❏❋ ✐s t❤❡ ❜❡st ❛♣♣r♦❛❝❤ ❢♦r ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✳ ❖♥
❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❋✐❣✉r❡ ✸✳✶✵✭❝✮✮✱ ✇❡ s❡❡ t❤❛t ❘❘P ❛♥❞ ❙▲❏❋ ✱ ✇❤✐❝❤ ❞♦
♥♦t t❛❦❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t② ✐♥t♦ ❛❝❝♦✉♥t✱ ♣❡r❢♦r♠ s✐❣♥✐✜❝❛♥t❧② ✇♦rs❡ t❤❛♥ t❤❡ ♦t❤❡rs❀
✇❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ❙▲❏❋❲❈ ✐s t❤❡ ❜❡st ❛♣♣r♦❛❝❤ ❢♦r ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ♦♥
❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❋✐❣✉r❡ ✸✳✶✵✭❞✮✮✱ t❤❡ ❜❡st ❛❧❣♦r✐t❤♠s ❛r❡ ▲❙ ❛♥❞ ❙▲❏❋❲❈ ✳
▼♦r❡♦✈❡r✱ ✇❡ s❡❡ t❤❛t ❛❧❣♦r✐t❤♠s t❛❦✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡❧❛②s ✐♥t♦ ❛❝❝♦✉♥t ❛❝t✉❛❧❧② ♣❡r❢♦r♠
❜❡tt❡r✳ ❲❡ ✉♥❞❡r❧✐♥❡ ❤❡r❡ t❤❛t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t② ✐s ♠♦r❡
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✐♠♣♦rt❛♥t t❤❛♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t② ❢♦r ❛ s❝❤❡❞✉❧❡r✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ♠❛✐♥❧②
❜❡❝❛✉s❡ ♦❢ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✳

❋✐❣✉r❡ ✸✳✾✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s❡✈❡♥ ❛❧❣♦r✐t❤♠s ♦♥ ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠s✳

DD LS Round-Robin SLJF SLJFWC

0

0.2

0.4

0.6

0.8

1

1.2

1.4 Makespan

Sum flow

max flow

✭❛✮ ❍♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

DD LS Round-Robin SLJF SLJFWC

0

0.2

0.4

0.6

0.8

1

1.2 Makespan

Sum flow

max flow

✭❜✮ P❧❛t❢♦r♠s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s

DD LS Round-Robin SLJF SLJFWC
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0.2

0.4

0.6

0.8
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1.2

1.4 Makespan

Sum flow

max flow

✭❝✮ P❧❛t❢♦r♠s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❝❡s✲
s♦rs

DD LS Round-Robin SLJF SLJFWC

0

0.2

0.4

0.6

0.8

1

1.2

1.4 Makespan

Sum flow

max flow

✭❞✮ ❋✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

✸✳✺ ❘❡❧❛t❡❞ ✇♦r❦

❚❛s❦ ❣r❛♣❤ s❝❤❡❞✉❧✐♥❣✕ ❚❛s❦ ❣r❛♣❤ s❝❤❡❞✉❧✐♥❣ ✐s ✉s✉❛❧❧② st✉❞✐❡❞ ✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ♠❛❝r♦✲
❞❛t❛✢♦✇ ♠♦❞❡❧ ✭❙❡❝t✐♦♥ ✷✳✹✳✷✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦ ✐s ❛ss✉♠❡❞ t♦
❜❡ ❝♦♥t❡♥t✐♦♥✲❢r❡❡✱ ✇❤✐❝❤ ♦❢ ❝♦✉rs❡ ✐s ♥♦t r❡❛❧✐st✐❝ ❛s s♦♦♥ ❛s t❤❡ ♣r♦❝❡ss♦r ♥✉♠❜❡r ❡①❝❡❡❞s
❛ ❢❡✇ ✉♥✐ts✳ ▼♦r❡ r❡❝❡♥t ♣❛♣❡rs ❬✶✸✽✱ ✶✶✶✱ ✶✷✶✱ ✶✻✱ ✷✷✱ ✶✸✹❪ t❛❦❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s
✐♥t♦ ❛❝❝♦✉♥t✳

❍♦❧❧❡r♠❛♥♥ ❡t ❛❧✳ ❬✼✼❪ ❛♥❞ ❍s✉ ❡t ❛❧✳ ❬✽✶❪ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❢♦r t❛s❦ ❣r❛♣❤
s❝❤❡❞✉❧✐♥❣✿ ❡❛❝❤ ♣r♦❝❡ss♦r ❝❛♥ ❡✐t❤❡r s❡♥❞ ♦r r❡❝❡✐✈❡ ❛ ♠❡ss❛❣❡ ❛t ❛ ❣✐✈❡♥ t✐♠❡✲st❡♣ ✭❜✐❞✐✲
r❡❝t✐♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✮❀ ❛❧s♦✱ t❤❡r❡ ✐s ❛ ✜①❡❞ ❧❛t❡♥❝② ❜❡t✇❡❡♥ t❤❡ ✐♥✐t✐❛t✐♦♥
♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜② t❤❡ s❡♥❞❡r ❛♥❞ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r❡❝❡♣t✐♦♥ ❜② t❤❡ r❡❝❡✐✈❡r✳
❙t✐❧❧✱ t❤❡ ♠♦❞❡❧ ✐s r❛t❤❡r ❝❧♦s❡ t♦ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ❞✐s❝✉ss❡❞ ❤❡r❡✳

❖♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣✕ ❆ ❣♦♦❞ s✉r✈❡② ♦❢ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✷✼✱ ✶✶✽❪✳ ❚✇♦
♣❛♣❡rs ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ❢♦r ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s✳ ■♥ ❬✶✵✵❪✱
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▲❡✉♥❣ ❛♥❞ ❩❤❛♦ ♣r♦♣♦s❡❞ s❡✈❡r❛❧ ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠s ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❝♦♠♣❧❡t✐♦♥
t✐♠❡ ♦♥ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ✇✐t❤ ♦r ✇✐t❤♦✉t ♣r❡✲ ❛♥❞ ♣♦st✲♣r♦❝❡ss✐♥❣✳ ■♥ ❬✾✾❪✱
t❤❡ s❛♠❡ ❛✉t❤♦rs st✉❞✐❡❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ♦r t❤❡ t♦t❛❧ ✢♦✇
t✐♠❡✱ ❛♥❞ ♣r♦♣♦s❡❞ s♦♠❡ ❤❡✉r✐st✐❝s✳ ❍♦✇❡✈❡r✱ ♥♦♥❡ ♦❢ t❤❡s❡ ✇♦r❦s t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥
❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ✜rst ❦♥♦✇♥ r❡s✉❧ts ❢♦r ♦♥❧✐♥❡
♣r♦❜❧❡♠s ✇✐t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❛r❡ t❤♦s❡ r❡♣♦rt❡❞ ✐♥ ♦✉r ❢♦r♠❡r ✇♦r❦ ❬✶✶✸❪✱ ❛♥❞
✐♥ ❬❇✷❪ ✇❡ ❞r❛♠❛t✐❝❛❧❧② ✐♠♣r♦✈❡❞ s❡✈❡r❛❧ ♦❢ t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦s ❣✐✈❡♥ ✐♥ ❬✶✶✸❪ ❛♥❞ ✇❡
❤❛✈❡ ❛❞❞❡❞ ♥❡✇ ♦♥❡s✳

▼❛st❡r✲✇♦r❦❡r ♦♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❣r✐❞ ✕ ▼❛st❡r✲✇♦r❦❡r s❝❤❡❞✉❧✐♥❣ ♦♥ ❛ ❣r✐❞ ❝❛♥ ❜❡ ❜❛s❡❞
♦♥ ❛ ♥❡t✇♦r❦✲✢♦✇ ❛♣♣r♦❛❝❤ ❬✶✷✾✱ ✶✷✽❪ ♦r ♦♥ ❛♥ ❛❞❛♣t✐✈❡ str❛t❡❣② ❬✼✺❪✳ ◆♦t❡ t❤❛t t❤❡
♥❡t✇♦r❦✲✢♦✇ ❛♣♣r♦❛❝❤ ♦❢ ❬✶✷✾✱ ✶✷✽❪ ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✇❤❡♥ ✉s✐♥❣ ❛ ❢✉❧❧ ♠✉❧t✐♣❧❡✲♣♦rt ♠♦❞❡❧✱
✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧t❛♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ♥♦❞❡ ✐s ♥♦t ❜♦✉♥❞❡❞✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❤❛s ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✼✽❪✳ ❊♥❛❜❧✐♥❣ ❢r❛♠❡✇♦r❦s t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ♦❢ ♠❛st❡r✲✇♦r❦❡r t❛s❦✐♥❣ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✼✷✱ ✶✹✹❪✳

✸✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❞❡❛❧t ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ✐♥❞❡♣❡♥❞❡♥t✱ s❛♠❡✲s✐③❡
t❛s❦s ♦♥ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s✳ ❲❡ ❡♥❢♦r❝❡ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✱ ❛♥❞ ✇❡ st✉❞② t❤❡ ✐♠♣❛❝t
♦❢ ❤❡t❡r♦❣❡♥❡✐t② ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦♥❧✐♥❡ ❛♥❞ ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ❛s ✇❡❧❧ ❛s t❤❡
✐♠♣❛❝t ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♦♥ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s✳

❚❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ✇♦r❦ ❧✐❡s ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ❛♥❞ ✐s ✇❡❧❧ s✉♠♠❛r✐③❡❞
❜② ❚❛❜❧❡ ✸✳✶ ❢♦r ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣✳ ❲❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ s❡t ♦❢ ❧♦✇❡r ❜♦✉♥❞s
❢♦r t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛♥② ❞❡t❡r♠✐♥✐st✐❝ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ❢♦r ❡❛❝❤ s♦✉r❝❡ ♦❢
❤❡t❡r♦❣❡♥❡✐t② ❛♥❞ ❢♦r ❡❛❝❤ t❛r❣❡t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❞❡r✐✈❡❞ s❡✈❡r❛❧ ♥❡✇ r❡s✉❧ts
❢♦r ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✱ ❛s ❛♥ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥✲♠✐♥✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r
❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ❛♥❞ ❛♥ ◆P✲❤❛r❞ ♣r♦♦❢ ♦❢ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ♦♥
❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❞✐r❡❝t✐♦♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ✇♦✉❧❞ ❜❡ t♦ ❞❡r✐✈❡
❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ♦r t♦ ♣r♦✈❡ t❤❡ ◆P✲❤❛r❞♥❡ss ❢♦r ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ♦♥
❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❖♥ t❤❡ ♣r❛❝t✐❝❛❧ s✐❞❡✱ ✇❡ ❤❛✈❡ t♦ ✇✐❞❡♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡
▼P■ ❡①♣❡r✐♠❡♥ts✳ ❙♦ ✇❡ ❤♦♣❡ t♦ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤♦s❡
❤❡✉r✐st✐❝s ✇❤✐❝❤ ❢✉❧❧② t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❧❛t✐✈❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✳
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❈❤❛♣t❡r ✹

▼❛tr✐① ♣r♦❞✉❝t

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡①♣❛♥❞ ♦✉r s❝❤❡❞✉❧✐♥❣ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❝❛s❡ ♦❢ ♠❛tr✐①✬ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❖✉r
❣♦❛❧ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡✱ ✇❤✐❝❤ r❡♠❛✐♥s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r✐♥❣ ♦✉r
❢r❛♠❡✇♦r❦✳ ■♥ ♦r❞❡r t♦ ❜②♣❛ss t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥❝❡♥tr❛t❡ ✐♥t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧
❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✱ ✇❤✐❝❤ ✇❡ t❤✐♥❦ ✐s t❤❡ ❜♦tt❧❡♥❡❝❦ ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✳

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

▼❛tr✐① ♣r♦❞✉❝t ✐s ❛ ❦❡② ❝♦♠♣✉t❛t✐♦♥❛❧ ❦❡r♥❡❧ ✐♥ ♠❛♥② s❝✐❡♥t✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥
❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ♦♥ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡s✳ ❚✇♦ ✇❡❧❧✲❦♥♦✇♥ ♣❛r❛❧❧❡❧ ✈❡rs✐♦♥s ❛r❡ ❈❛♥♥♦♥✬s
❛❧❣♦r✐t❤♠ ❬✹✶❪ ❛♥❞ t❤❡ ❙❝❛▲❆P❆❈❑ ♦✉t❡r ♣r♦❞✉❝t ❛❧❣♦r✐t❤♠ ❬✸✸❪✳ ❚②♣✐❝❛❧❧②✱ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥s ✇♦r❦ ✇❡❧❧ ♦♥ ✷❉ ♣r♦❝❡ss♦r ❣r✐❞s✱ ❜❡❝❛✉s❡ t❤❡ ✐♥♣✉t ♠❛tr✐❝❡s ❛r❡ s❧✐❝❡❞ ❤♦r✐③♦♥t❛❧❧② ❛♥❞
✈❡rt✐❝❛❧❧② ✐♥t♦ sq✉❛r❡ ❜❧♦❝❦s t❤❛t ❛r❡ ♠❛♣♣❡❞ ♦♥❡✲t♦✲♦♥❡ ♦♥t♦ t❤❡ ♣❤②s✐❝❛❧ r❡s♦✉r❝❡s❀ s❡✈❡r❛❧
❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ t❛❦❡ ♣❧❛❝❡ ✐♥ ♣❛r❛❧❧❡❧✱ ❜♦t❤ ❤♦r✐③♦♥t❛❧❧② ❛♥❞ ✈❡rt✐❝❛❧❧②✳ ❊✈❡♥ ❜❡tt❡r✱ ♠♦st
♦❢ t❤❡s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ ♦✈❡r❧❛♣♣❡❞ ✇✐t❤ ✭✐♥❞❡♣❡♥❞❡♥t✮ ❝♦♠♣✉t❛t✐♦♥s✳ ❆❧❧ t❤❡s❡ ❝❤❛r❛❝✲
t❡r✐st✐❝s r❡♥❞❡r t❤❡ ♠❛tr✐① ♣r♦❞✉❝t ❦❡r♥❡❧ q✉✐t❡ ❛♠❡♥❛❜❧❡ t♦ ❛♥ ❡✣❝✐❡♥t ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦♥ ✷❉ ♣r♦❝❡ss♦r ❣r✐❞s✳

❆s ✇❡ t❛r❣❡t ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡rs✱ ✇❤✐❝❤ ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t✐♥❣ r❡✲
s♦✉r❝❡s ✐♥t❡r❝♦♥♥❡❝t❡❞ ❜② ❛ s♣❛rs❡ ♥❡t✇♦r❦✱ ✇❡ ❝❛♥ ♥♦ ❧♦♥❣❡r s✉♣♣♦s❡ t❤❡r❡ ❛r❡ ❞✐r❡❝t ❧✐♥❦s
❜❡t✇❡❡♥ ❛♥② ♣❛✐r ♦❢ ✇♦r❦❡rs✳ ❚❤❛t ♠❡❛♥s t❤❛t ♠❡ss❛❣❡s ❢r♦♠ ♦♥❡ ♣r♦❝❡ss♦r t♦ ❛♥♦t❤❡r ❛r❡
r♦✉t❡❞ ✈✐❛ s❡✈❡r❛❧ ❧✐♥❦s✱ ❧✐❦❡❧② t♦ ❤❛✈❡ ❞✐✛❡r❡♥t ❝❛♣❛❝✐t✐❡s✱ ❛♥❞ ❝♦♥❣❡st✐♦♥ ✇✐❧❧ ♦❝❝✉r ✇❤❡♥ t✇♦
♠❡ss❛❣❡s✱ ✐♥✈♦❧✈✐♥❣ t✇♦ ❞✐✛❡r❡♥t s❡♥❞❡r✴r❡❝❡✐✈❡r ♣❛✐rs✱ ❝♦❧❧✐❞❡ ❜❡❝❛✉s❡ ❛ s❛♠❡ ♣❤②s✐❝❛❧ ❧✐♥❦ ❤❛♣✲
♣❡♥s t♦ ❜❡❧♦♥❣ t♦ t❤❡ t✇♦ r♦✉t✐♥❣ ♣❛t❤s✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❛❝❝✉r❛t❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦st r❡q✉✐r❡s ❛ ♣r❡❝✐s❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ t❛r❣❡t ♣❧❛t❢♦r♠✳

❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤❡s t♦ t❛❝❦❧❡ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ♠❛tr✐① ♣r♦❞✉❝t ♦♥ ❤❡t✲
❡r♦❣❡♥❡♦✉s ❝❧✉st❡rs ✇❤❡♥ ❛✐♠✐♥❣ ❛t r❡✉s✐♥❣ t❤❡ ✷❉ ♣r♦❝❡ss♦r ❣r✐❞ str❛t❡❣②✳ ❚❤❡ ✜rst ✭❞r❛st✐❝✮
❛♣♣r♦❛❝❤ ✐s t♦ ✐❣♥♦r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t❤❡♥ t♦ ❧♦❛❞✲❜❛❧❛♥❝❡ ❝♦♠♣✉t❛t✐♦♥s ❛s
❡✈❡♥❧② ❛s ♣♦ss✐❜❧❡ ♦♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ✷❉ ♣r♦❝❡ss♦r ❣r✐❞✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛rr❛♥❣✐♥❣ t❤❡ n
❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s ❛s ❛ ✭✈✐rt✉❛❧✮ ✷❉ ❣r✐❞ ♦❢ s✐③❡ p × q ✭✇❤❡r❡ p · q ≤ n✮ s♦ t❤❛t ❡❛❝❤ ♣r♦❝❡ss♦r
r❡❝❡✐✈❡s ❛ s❤❛r❡ ♦❢ t❤❡ ✇♦r❦✱ ✐✳❡✳✱ ❛ r❡❝t❛♥❣❧❡✱ ✇❤♦s❡ ❛r❡❛ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts r❡❧❛t✐✈❡ ❝♦♠♣✉t✐♥❣
s♣❡❡❞✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ♣r♦❝❡ss♦r ❛rr❛♥❣❡♠❡♥ts t♦ ❝♦♥s✐❞❡r✱ ❛♥❞ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ✐s
❛ ❤✐❣❤❧② ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ◆P✲❝♦♠♣❧❡t❡ ✐♥ ❬✶✷❪✳ ■♥ ❢❛❝t✱ ❜❡❝❛✉s❡ ♦❢
t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② t❤❡ ✷❉ ♣r♦❝❡ss♦r ❣r✐❞✱ ❛ ♣❡r❢❡❝t ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ❝❛♥ ♦♥❧②
❜❡ ❛❝❤✐❡✈❡❞ ✐♥ s♦♠❡ ✈❡r② ♣❛rt✐❝✉❧❛r ❝❛s❡s✳

❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✐s t♦ r❡❧❛① t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② ❛ ✷❉ ♣r♦❝❡ss♦r ❣r✐❞✳
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❚❤❡ ✐❞❡❛ ✐s t❤❡♥ t♦ s❡❛r❝❤ ❢♦r ❛ ✷❉ ♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ ✐♥♣✉t ♠❛tr✐❝❡s ✐♥t♦ r❡❝t❛♥❣❧❡s t❤❛t ✇✐❧❧
❜❡ ♠❛♣♣❡❞ ♦♥❡✲t♦✲♦♥❡ ♦♥t♦ t❤❡ ♣r♦❝❡ss♦rs✳ ❇❡❝❛✉s❡ t❤❡ ✷❉ ♣❛rt✐t✐♦♥✐♥❣ ♥♦✇ ✐s ✐rr❡❣✉❧❛r ✭✐t ✐s
♥♦ ❧♦♥❣❡r ❝♦♥str❛✐♥❡❞ t♦ ❛ ✷❉ ❣r✐❞✮✱ s♦♠❡ ♣r♦❝❡ss♦rs ♠❛② ✇❡❧❧ ❤❛✈❡ ♠♦r❡ t❤❛♥ ❢♦✉r ♥❡✐❣❤❜♦rs✳
❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ❛ ♣❡r❢❡❝t ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡❀ ❢♦r ✐♥st❛♥❝❡
♣❛rt✐t✐♦♥✐♥❣ t❤❡ ♠❛tr✐❝❡s ✐♥t♦ ❤♦r✐③♦♥t❛❧ s❧✐❝❡s ✇❤♦s❡ ✈❡rt✐❝❛❧ ❞✐♠❡♥s✐♦♥ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
❝♦♠♣✉t✐♥❣ s♣❡❡❞ ♦❢ t❤❡ ♣r♦❝❡ss♦rs ❛❧✇❛②s ❧❡❛❞s t♦ ❛ ♣❡r❢❡❝t❧② ❜❛❧❛♥❝❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t❤❡♥ t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ❝♦st ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱
✐t ✐s ✈❡r② ❤❛r❞ t♦ ❛❝❝✉r❛t❡❧② ♣r❡❞✐❝t t❤✐s ❝♦st✳ ■♥❞❡❡❞✱ t❤❡ ♣r♦❝❡ss♦r ❛rr❛♥❣❡♠❡♥t ✐s ✈✐rt✉❛❧✱
♥♦t ♣❤②s✐❝❛❧✿ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐♥t❡r❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦ ✐s ♥♦t ❡①♣❡❝t❡❞ t♦
❜❡ ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤✱ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦r ♣r♦❝❡ss♦rs ✐♥ t❤❡ ❛rr❛♥❣❡♠❡♥t ❛r❡
❧✐❦❡❧② t♦ ❜❡ r❡❛❧✐③❡❞ ✈✐❛ s❡✈❡r❛❧ ♣❤②s✐❝❛❧ ❧✐♥❦s ❝♦♥st✐t✉t✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣❛t❤✳ ❚❤❡ ❛❝t✉❛❧
r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❧✐♥❦s ❛❝r♦ss ❛❧❧ ♣❛t❤s ✐s ❤❛r❞ t♦ ♣r❡❞✐❝t✱ ❜✉t ❝♦♥t❡♥t✐♦♥ ✐s ❛❧♠♦st
❝❡rt❛✐♥ t♦ ♦❝❝✉r✳ ❚❤✐s ✐s ✇❤② ❛ ♥❛t✉r❛❧✱ ❛❧t❤♦✉❣❤ ♣❡ss✐♠✐st✐❝ ❛ss✉♠♣t✐♦♥✱ t♦ ❡st✐♠❛t❡ t❤❡ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ❝♦st✱ ✐s t♦ ❛ss✉♠❡ t❤❛t ❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧
❜❡ ✐♠♣❧❡♠❡♥t❡❞ s❡q✉❡♥t✐❛❧❧②✳ ❲✐t❤ t❤✐s ❤②♣♦t❤❡s✐s✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st
❛♠♦✉♥ts t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥
s❤♦✇♥ ◆P✲❝♦♠♣❧❡t❡ ❛s ✇❡❧❧ ❬✶✸❪✳ ◆♦t❡ t❤❛t ❡✈❡♥ ✉♥❞❡r t❤❡ ♦♣t✐♠✐st✐❝ ❛ss✉♠♣t✐♦♥ t❤❛t ❛❧❧ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥s ❛t ❛ ❣✐✈❡♥ st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ t❛❦❡ ♣❧❛❝❡ ✐♥ ♣❛r❛❧❧❡❧✱ t❤❡ ♣r♦❜❧❡♠ r❡♠❛✐♥s
◆P✲❝♦♠♣❧❡t❡ ❬✶✺❪✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ ❛❞❛♣t✐♥❣ ✷❉ ♣r♦❝❡ss♦r ❣r✐❞ str❛t❡❣✐❡s t♦ ❤❡t❡r♦❣❡✲
♥❡♦✉s ❝❧✉st❡rs✱ ❛s ♣r♦♣♦s❡❞ ✐♥ ❬✽✼✱ ✶✷✱ ✶✸❪✳ ■♥st❡❛❞✱ ✇❡ ❛❞♦♣t ❛ r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥ s❝❡♥❛r✐♦✱
✇❤❡r❡ ✐♥♣✉t ✜❧❡s ❛r❡ r❡❛❞ ❢r♦♠ ❛ ✜①❡❞ r❡♣♦s✐t♦r② ✭s✉❝❤ ❛s ❛ ❞✐s❦ ♦♥ ❛ ❞❛t❛ s❡r✈❡r✮✳ ❈♦♠♣✉t❛t✐♦♥s
✇✐❧❧ ❜❡ ❞❡❧❡❣❛t❡❞ t♦ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s ✐♥ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡✱ ❛♥❞ r❡s✉❧ts ✇✐❧❧ ❜❡ r❡t✉r♥❡❞
t♦ t❤❡ r❡♣♦s✐t♦r②✱ ✇❤✐❝❤ ❝❛❧❧s ❢♦r ❛ ♠❛st❡r✲✇♦r❦❡r ♣❛r❛❞✐❣♠✳ ■♥ t❤✐s ❝❡♥tr❛❧✐③❡❞ ❛♣♣r♦❛❝❤✱ ❛❧❧
♠❛tr✐① ✜❧❡s ♦r✐❣✐♥❛t❡ ❢r♦♠✱ ❛♥❞ ♠✉st ❜❡ r❡t✉r♥❡❞ t♦✱ t❤❡ ♠❛st❡r✳ ❚❤❡ ♠❛st❡r ❞✐str✐❜✉t❡s ❜♦t❤
❞❛t❛ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s t♦ t❤❡ ✇♦r❦❡rs ✭✇❤✐❧❡ ✐♥ ❙❝❛▲❆P❆❈❑✱ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ♠❛tr✐❝❡s ❛r❡
s✉♣♣♦s❡❞ t♦ ❜❡ ❡q✉❛❧❧② ❞✐str✐❜✉t❡❞ ❛♠♦♥❣ ♣❛rt✐❝✐♣❛t✐♥❣ r❡s♦✉r❝❡s ❜❡❢♦r❡❤❛♥❞✮✳ ❚②♣✐❝❛❧❧②✱ ♦✉r
❛♣♣r♦❛❝❤ ✐s ✉s❡❢✉❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣❡❡❞✐♥❣ ✉♣ ▼❆❚▲❆❇ ♦r ❙❈■▲❆❇ ❝❧✐❡♥ts r✉♥♥✐♥❣ ♦♥ ❛
s❡r✈❡r ✭✇❤✐❝❤ ❛❝ts ❛s t❤❡ ♠❛st❡r ❛♥❞ ✐♥✐t✐❛❧ r❡♣♦s✐t♦r② ♦❢ ✜❧❡s✮✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ❜❡❝♦♠❡s ♥❡❝❡ss❛r② t♦ ✐♥❝❧✉❞❡ t❤❡ ❝♦st ♦❢ ❜♦t❤ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛✲
tr✐❝❡s t♦ ♣r♦❝❡ss♦rs ❛♥❞ ♦❢ ❝♦❧❧❡❝t✐♥❣ ❜❛❝❦ r❡s✉❧ts✳ ❚❤❡s❡ ✐♥♣✉t✴♦✉t♣✉t ♦♣❡r❛t✐♦♥s ❤❛✈❡ ❛❧✇❛②s
❜❡❡♥ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♦♥❧② Θ(n2) ❝♦✲
❡✣❝✐❡♥ts ♥❡❡❞ t♦ ❜❡ ❞✐str✐❜✉t❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✱ ❛♥❞ ❣❛t❤❡r❡❞ ❛t t❤❡ ❡♥❞✱ ❛s ♦♣♣♦s❡❞ t♦ t❤❡
Θ(n3) ❝♦♠♣✉t❛t✐♦♥s✶ t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✭✇❤❡r❡ n ✐s t❤❡ ♣r♦❜❧❡♠ s✐③❡✮✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡s❡
❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ ✐❣♥♦r❡❞ ❝♦✉❧❞ ❤❛✈❡ ♠❛❞❡ s❡♥s❡ ♦♥ ❞❡❞✐❝❛t❡❞ ♣r♦❝❡ss♦r ❣r✐❞s ❧✐❦❡✱ s❛②✱ t❤❡
■♥t❡❧ P❛r❛❣♦♥✱ ❜✉t ✐t ✐s ♥♦ ❧♦♥❣❡r r❡❛s♦♥❛❜❧❡ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡
✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ❧❛r❣❡ ♣r♦❜❧❡♠s✱ ✇❡ ❝❛♥♥♦t ❛ss✉♠❡ t❤❛t ❢✉❧❧ ♠❛tr✐① ♣❛♥❡❧s
❝❛♥ ❜❡ st♦r❡❞ ✐♥ ✇♦r❦❡r ♠❡♠♦r✐❡s ❛♥❞ r❡✲✉s❡❞ ❢♦r s✉❜s❡q✉❡♥t ✉♣❞❛t❡s ✭❛s ✐♥ ❙❝❛▲❆P❆❈❑✮✳ ❆s
♣r♦❝❡ss♦rs ❝❛♥♥♦t st♦r❡ ❛❧❧ t❤❡ ♠❛tr✐❝❡s ✐♥ t❤❡✐r ♠❡♠♦r②✱ t❤❡ t♦t❛❧ r❡q✉✐r❡❞ ✈♦❧✉♠❡ ♦❢ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❝❛♥ ❜❡ ❧❛r❣❡r t❤❛♥ Θ(n2) ❛s ❛ s❛♠❡ ♠❛tr✐① ❡❧❡♠❡♥t ♠❛② ❤❛✈❡ t♦ ❜❡ s❡♥t s❡✈❡r❛❧ t✐♠❡s
t♦ ❛ s❛♠❡ ♣r♦❝❡ss♦r✳

❚♦ s✉♠♠❛r✐③❡✱ t❤❡ t❛r❣❡t ♣❧❛t❢♦r♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ s❡✈❡r❛❧ ✇♦r❦❡rs ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♠♣✉t✐♥❣
♣♦✇❡rs✱ ❞✐✛❡r❡♥t ❜❛♥❞✇✐❞t❤ ❧✐♥❦s t♦✴❢r♦♠ t❤❡ ♠❛st❡r✱ ❛♥❞ ❞✐✛❡r❡♥t✱ ❧✐♠✐t❡❞✱ ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s✳
❚❤❡ ✜rst ♣r♦❜❧❡♠ ✐s r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✳ ❲❤✐❝❤ ✇♦r❦❡rs s❤♦✉❧❞ ❜❡ ❡♥r♦❧❧❡❞ ✐♥ t❤❡ ❡①❡❝✉t✐♦♥❄

✶❖❢ ❝♦✉rs❡✱ t❤❡r❡ ❛r❡ Θ(n3) ❝♦♠♣✉t❛t✐♦♥s ✐❢ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❛❧❣♦r✐t❤♠s t❤❛t ✉s❡ t❤❡ st❛♥❞❛r❞ ✇❛② ♦❢ ♠✉❧t✐✲
♣❧②✐♥❣ ♠❛tr✐❝❡s❀ t❤✐s ❡①❝❧✉❞❡s ❙tr❛ss❡♥✬s ❛♥❞ ❲✐♥♦❣r❛❞✬s ❛❧❣♦r✐t❤♠s ❬✺✻❪✳
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✹✳✷✳ ❋❘❆▼❊❲❖❘❑ ✺✶

❆❧❧ ♦❢ t❤❡♠✱ ♦r ♠❛②❜❡ ♦♥❧② t❤❡ ❢❛st❡r ❝♦♠♣✉t✐♥❣ ♦♥❡s✱ ♦r ❡❧s❡ ♦♥❧② t❤❡ ❢❛st❡r✲❝♦♠♠✉♥✐❝❛t✐♥❣
♦♥❡s❄ ❖♥❝❡ ♣❛rt✐❝✐♣❛t✐♥❣ r❡s♦✉r❝❡s ❤❛✈❡ ❜❡❡♥ s❡❧❡❝t❡❞✱ t❤❡r❡ r❡♠❛✐♥ s❡✈❡r❛❧ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s
t♦ ❜❡ t❛❦❡♥✿ ❤♦✇ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s❄ ✐♥ ✇❤✐❝❤ ♦r❞❡r ✇♦r❦❡rs s❤♦✉❧❞
r❡❝❡✐✈❡ ✐♥♣✉t ❞❛t❛ ❛♥❞ r❡t✉r♥ r❡s✉❧ts❄ ✇❤❛t ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ ♦✈❡r❧❛♣♣❡❞ ✇✐t❤
✭✐♥❞❡♣❡♥❞❡♥t✮ ❝♦♠♣✉t❛t✐♦♥s❄ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ❢♦r r❡s♦✉r❝❡
s❡❧❡❝t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦r❞❡r✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ r❡♣♦rt ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ♦♥ ✈❛r✐✲
♦✉s ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ❛t t❤❡ ➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡ ❞❡ ▲②♦♥ ❛♥❞ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢
❚❡♥♥❡ss❡❡✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ t✇♦❢♦❧❞✿

• ❖♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ✇❡ ❤❛✈❡ r❡✜♥❡❞ t❤❡ ❡①✐st✐♥❣ ❜♦✉♥❞s ♦♥ t❤❡ ✈♦❧✉♠❡ ♦❢ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥s ♥❡❡❞❡❞ t♦ ♣❡r❢♦r♠ ❛ ♠❛tr✐①✲♣r♦❞✉❝t ♦♥ ❛ ♣❧❛t❢♦r♠ ✇✐t❤ ✐♥s✉✣❝✐❡♥t ♠❡♠♦r② t♦
s✐♠✉❧t❛♥❡♦✉s❧② st♦r❡ t❤❡ ✇❤♦❧❡ t❤r❡❡ ♠❛tr✐❝❡s✳

• ❖♥ t❤❡ ♣r❛❝t✐❝❛❧ s✐❞❡✱ ✇❡ ❤❛✈❡ ❞❡s✐❣♥❡❞ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✇❤✐❝❤ ✐s
q✉✐❝❦❡r t❤❛♥ t❤❡ ❡①✐st✐♥❣ ♦♥❡s✱ ❛♥❞ ✇❤✐❝❤ ✉s❡s ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱ ❛❝❝♦r❞✐♥❣ t♦
♦✉r ▼P■ ❡①♣❡r✐♠❡♥ts✳

❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ st❛t❡ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠
♣r❡❝✐s❡❧②✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳ ◆❡①t✱ ✇❡ s❤♦✇ t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥
t✐♠❡ ✐s st✐❧❧ ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡ ✇♦r❦❡r ✭❙❡❝t✐♦♥ ✹✳✸✮✳ ■♥ ❙❡❝t✐♦♥ ✹✳✹✱ ✇❡
♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ t❤❛t ✐s ♥❡❡❞❡❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
♠❡♠♦r② ❝♦♥str❛✐♥ts✳ ❲❡ ✐♠♣r♦✈❡ ❛ ✇❡❧❧✲❦♥♦✇♥ ❜♦✉♥❞ ❜② ❚♦❧❡❞♦ ❡t ❛❧✳ ❬✶✹✵✱ ✽✷❪ ❛♥❞ ✇❡ ♣r♦♣♦s❡
❛♥ ❛❧❣♦r✐t❤♠ ❛❧♠♦st ❛❝❤✐❡✈✐♥❣ t❤✐s ❜♦✉♥❞ ♦♥ ♣❧❛t❢♦r♠s ✇✐t❤ ❛ s✐♥❣❧❡ ✇♦r❦❡r ✭❙❡❝t✐♦♥ ✹✳✹✳✷✮✳
❲❡ ❞❡❛❧ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✐♥ ❙❡❝t✐♦♥ ✹✳✺✱ ❛♥❞ ✇❡ ❡①t❡♥❞ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ♠❛tr✐①
♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✐♥ ❙❡❝t✐♦♥ ✹✳✻✱ ❛♥❞ t♦ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✼✳
❲❡ r❡♣♦rt ♦♥ s♦♠❡ ▼P■ ❡①♣❡r✐♠❡♥ts ✐♥ ❙❡❝t✐♦♥ ✹✳✽✳ ❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ r❡❧❛t❡❞
✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✹✳✾✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✵✳

✹✳✷ ❋r❛♠❡✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦r♠❛❧❧② st❛t❡ ♦✉r ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✷✳✶✮ ❛♥❞ ♦♥ t❤❡
t❛r❣❡t ♣❧❛t❢♦r♠ ✭❙❡❝t✐♦♥ ✹✳✷✳✷✮✳

✹✳✷✳✶ ❆♣♣❧✐❝❛t✐♦♥

❲❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❦❡r♥❡❧ C ← C +A× B✳ ❲❡ ♣❛rt✐t✐♦♥ t❤❡ t❤r❡❡ ♠❛tr✐❝❡s A✱ B✱
❛♥❞ C ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✳ ❋♦r♠❛❧❧②✿

• ❲❡ ✉s❡ ❛ ❜❧♦❝❦✲♦r✐❡♥t❡❞ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❛t♦♠✐❝ ❡❧❡♠❡♥ts t❤❛t ✇❡ ♠❛♥✐♣✉❧❛t❡ ❛r❡ ♥♦t ♠❛tr✐①
❝♦❡✣❝✐❡♥ts ❜✉t ✐♥st❡❛❞ sq✉❛r❡ ❜❧♦❝❦s ♦❢ s✐③❡ q×q ✭❤❡♥❝❡ ✇✐t❤ q2 ❝♦❡✣❝✐❡♥ts✮✳ ❚❤❡ s✐③❡ q ♦❢
t❤❡s❡ sq✉❛r❡ ❜❧♦❝❦s ✐s ❝❤♦s❡♥ s♦ ❛s t♦ ❤❛r♥❡ss t❤❡ ♣♦✇❡r ♦❢ ▲❡✈❡❧ ✸ ❇▲❆❙ r♦✉t✐♥❡s ❬✸✷✱ ✸✸❪✳
❚②♣✐❝❛❧❧②✱ q = 80 ♦r 100 ♦♥ ♠♦st ♣❧❛t❢♦r♠s ✇❤❡♥ ✉s✐♥❣ ❆❚▲❆❙✲❣❡♥❡r❛t❡❞ r♦✉t✐♥❡s ❬✺✺✱ ✶✹✺❪✳

• ❚❤❡ ✐♥♣✉t ♠❛tr✐① A ✐s ♦❢ s✐③❡ nA × nAB✿
✲ ✇❡ s♣❧✐t A ✐♥t♦ r ❤♦r✐③♦♥t❛❧ str✐♣❡s Ai✱ 1 ≤ i ≤ r✱ ✇❤❡r❡ r = nA/q❀
✲ ✇❡ s♣❧✐t ❡❛❝❤ str✐♣❡ Ai ✐♥t♦ t sq✉❛r❡ q × q ❜❧♦❝❦s Ai,k✱ 1 ≤ k ≤ t✱ ✇❤❡r❡ t = nAB/q✳

te
l-0

05
30

13
1,

 v
er

si
on

 1
 - 

27
 O

ct
 2

01
0



✺✷ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

t ❜❧♦❝❦s
♦❢ s✐③❡ q ∗ q

✳✳✳

✳✳✳

✳✳✳

✳✳✳

✳✳✳

✳✳✳

r ∗ s ❜❧♦❝❦s

str✐♣❡sr

s str✐♣❡s

Ai,k Ci,j

Bk,j

❋✐❣✉r❡ ✹✳✶✿ P❛rt✐t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ♠❛tr✐❝❡s A✱
B✱ ❛♥❞ C✳

... ... ... ...

Links

Network

Workers
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▼❛st❡r

ci

Pi

mi

▼❡♠♦r②
wi

❋✐❣✉r❡ ✹✳✷✿ ❆ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲
✇♦r❦❡r ♣❧❛t❢♦r♠ ✇✐t❤ ❧✐♠✐t❡❞ ♠❡♠♦r②✳

• ❚❤❡ ✐♥♣✉t ♠❛tr✐① B ✐s ♦❢ s✐③❡ nAB × nB✿
✲ ✇❡ s♣❧✐t B ✐♥t♦ s ✈❡rt✐❝❛❧ str✐♣❡s Bj ✱ 1 ≤ j ≤ s✱ ✇❤❡r❡ s = nB/q❀
✲ ✇❡ s♣❧✐t str✐♣❡ Bj ✐♥t♦ t sq✉❛r❡ q × q ❜❧♦❝❦s Bk,j ✱ 1 ≤ k ≤ t✳

• ❲❡ ❝♦♠♣✉t❡ C = C +A× B✳ ▼❛tr✐① C ✐s ❛❝❝❡ss❡❞ ✭❜♦t❤ ❢♦r ✐♥♣✉t ❛♥❞ ♦✉t♣✉t✮ ❜② sq✉❛r❡
q × q ❜❧♦❝❦s Ci,j ✱ 1 ≤ i ≤ r✱ 1 ≤ j ≤ s✳ ❚❤❡r❡ ❛r❡ r × s s✉❝❤ ❜❧♦❝❦s✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t ✇✐t❤ s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❛❧❧ str✐♣❡s ❛♥❞ ❜❧♦❝❦s ❤❛✈❡ t❤❡ s❛♠❡ s✐③❡✳ ❚❤✐s
✇✐❧❧ ❣r❡❛t❧② s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✳

✹✳✷✳✷ P❧❛t❢♦r♠

❲❡ st✐❧❧ t❛r❣❡t ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ❝♦♠♣♦s❡❞ ♦❢ p ✇♦r❦❡rs✱ ❝♦♥♥❡❝t❡❞ ❜② ❛ st❛r ♥❡t✇♦r❦
r✉❧❡❞ ❜② t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ✭s❡❡ ❋✐❣✉r❡ ✹✳✷✮✳ ❇❡❝❛✉s❡ ✇❡ ♠❛♥✐♣✉❧❛t❡ ❧❛r❣❡ ❞❛t❛ ❜❧♦❝❦s✱ ✇❡
❛❞♦♣t ❛ ❧✐♥❡❛r ❝♦st ♠♦❞❡❧✱ ❜♦t❤ ❢♦r ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✭✐✳❡✳✱ ✇❡ ♥❡❣❧❡❝t st❛rt✲✉♣
♦✈❡r❤❡❛❞s✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

❈♦♠♣✉t❛t✐♦♥ s♣❡❡❞✿ ■t t❛❦❡s X.wi t✐♠❡✲✉♥✐ts t♦ ❡①❡❝✉t❡ ❛ t❛s❦ ♦❢ s✐③❡ X ♦♥ Pi❀

❈♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞✿ ■t t❛❦❡s X.ci t✐♠❡✲✉♥✐ts ❢♦r t❤❡ ♠❛st❡r P0 t♦ s❡♥❞ ❛ ♠❡ss❛❣❡ ♦❢ s✐③❡
X t♦ Pi ♦r t♦ r❡❝❡✐✈❡ ❛ ♠❡ss❛❣❡ ♦❢ s✐③❡ X ❢r♦♠ Pi❀

▼❡♠♦r② ❝❛♣❛❝✐t②✿ t❤❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ✐♥ ❡❛❝❤ ✇♦r❦❡r ✐s ❡①♣r❡ss❡❞ ❛s ❛ ❣✐✈❡♥
♥✉♠❜❡r mi ♦❢ ❜✉✛❡rs✱ ✇❤❡r❡ ❛ ❜✉✛❡r ❝❛♥ st♦r❡ ♦♥❡ ❜❧♦❝❦ ♦❢ s✐③❡ q × q ✭❡✐t❤❡r ❢r♦♠ A✱ B✱
♦r C✮✳

❋♦r ❧❛r❣❡ ♣r♦❜❧❡♠s✱ t❤✐s ♠❡♠♦r② ❧✐♠✐t❛t✐♦♥ ✇✐❧❧ ❝♦♥s✐❞❡r❛❜❧② ✐♠♣❛❝t t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❛❧❣♦✲
r✐t❤♠s✱ ❛s ❞❛t❛ r❡✲✉s❡ ✇✐❧❧ ❜❡ ❣r❡❛t❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ ❛✈❛✐❧❛❜❧❡ ❜✉✛❡rs✳
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❉✉r✐♥❣ ♠♦st ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ s✉♣♣♦s❡ t❤❛t t❤❡ ♠❛st❡r ❤❛s ♥♦ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✲
✐t②✳ ❖♥❡ ❝❛♥ ❛r❣✉❡ t❤❛t ✐❢ t❤❡ ♠❛st❡r ❤❛❞ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t②✱ ✇❡ ❝♦✉❧❞ ❛❞❞ ❛ ✜❝t✐t✐♦✉s ❡①tr❛
✇♦r❦❡r ♣❛②✐♥❣ ♥♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st t♦ s✐♠✉❧❛t❡ ❝♦♠♣✉t❛t✐♦♥ ❛t t❤❡ ♠❛st❡r✳

✹✳✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❛ s✐♠♣❧❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

❚❤✐s s❡❝t✐♦♥ ✐s ❛❧♠♦st ❛ ❞✐❣r❡ss✐♦♥❀ ✐t ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ s✐♠♣❧❡st ✈❛r✐❛♥t ♦❢ t❤❡
♣r♦❜❧❡♠✳ ■t ✐s ✐♥t❡♥❞❡❞ t♦ s❤♦✇ t❤❡ ✐♥tr✐♥s✐❝ ❝♦♠❜✐♥❛t♦r✐❛❧ ❞✐✣❝✉❧t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❲❡ ♠❛❦❡
t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧✐✜❝❛t✐♦♥s✿

• ❲❡ ❝♦♥s✐❞❡r ♦♥❧② r❛♥❦✲♦♥❡ ❜❧♦❝❦ ✉♣❞❛t❡s❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ ❛♥❞ ✇✐t❤ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ ✇❡
❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t = 1 ✭s♦ t❤❡ ♠❛tr✐❝❡s ❛r❡ ♦❢ s✐③❡ r × 1, 1× s, r × s✮✳

• ❘❡s✉❧ts ♥❡❡❞ ♥♦t ❜❡ r❡t✉r♥❡❞ t♦ t❤❡ ♠❛st❡r✳

• ❲♦r❦❡rs ❤❛✈❡ ♥♦ ♠❡♠♦r② ❧✐♠✐t❛t✐♦♥❀ t❤❡② r❡❝❡✐✈❡ ❡❛❝❤ str✐♣❡ ♦♥❧② ♦♥❝❡ ❛♥❞ ❝❛♥ r❡✲✉s❡
t❤❡♠ ❢♦r ♦t❤❡r ❝♦♠♣✉t❛t✐♦♥s✳

❚❤❡r❡ ❛r❡ ✜✈❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♣r♦❜❧❡♠❀ t❤r❡❡ ♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs ✭c✱ w✱ ❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ✇♦r❦❡rs p✮ ❛♥❞ t✇♦ ❛♣♣❧✐❝❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭r ❛♥❞ s✮✳ ❚❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❛♠♦✉♥ts t♦
❞❡❝✐❞✐♥❣ ✇❤✐❝❤ ✜❧❡s s❤♦✉❧❞ ❜❡ s❡♥t t♦ ✇❤✐❝❤ ✇♦r❦❡rs ❛♥❞ ✐♥ ✇❤✐❝❤ ♦r❞❡r✳ ❆ ❣✐✈❡♥ ✜❧❡ ♠❛② ✇❡❧❧
❜❡ s❡♥t s❡✈❡r❛❧ t✐♠❡s✱ t♦ ❢✉rt❤❡r ❞✐str✐❜✉t❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ s✐♠♣❧❡ str❛t❡❣② ✐s t♦
♣❛rt✐t✐♦♥ A ❛♥❞ t♦ ❞✉♣❧✐❝❛t❡ B✱ ✐✳❡✳✱ s❡♥❞ ❡❛❝❤ ❜❧♦❝❦ Ai ♦♥❧② ♦♥❝❡ ❛♥❞ ❡❛❝❤ ❜❧♦❝❦ Bj p t✐♠❡s❀ ❛❧❧
✇♦r❦❡rs ✇♦✉❧❞ t❤❡♥ ❜❡ ❛❜❧❡ t♦ ❢✉❧❧② ✇♦r❦ ✐♥ ♣❛r❛❧❧❡❧✳

A1

A2

A3 C31 C32

C22C21

C11 C12

B2B1

❋✐❣✉r❡ ✹✳✸✿ ❉❡♣❡♥❞❡♥❝❡ ❣r❛♣❤ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✇✐t❤ r = 3 ❛♥❞ s = 2✮✳

❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ❣r❛♣❤ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✸✳ ■t s✉❣❣❡sts ❛ ♥❛t✉r❛❧ str❛t❡❣②
❢♦r ❡♥❛❜❧✐♥❣ ✇♦r❦❡rs t♦ st❛rt ❝♦♠♣✉t✐♥❣ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ■♥❞❡❡❞✱ t❤❡ ♠❛st❡r s❤♦✉❧❞ ❛❧t❡r♥❛t❡
s❡♥❞✐♥❣ ♦❢ A✲❜❧♦❝❦s ❛♥❞ B✲❜❧♦❝❦s✳ ❖❢ ❝♦✉rs❡ ✐t ♠✉st ❜❡ ❞❡❝✐❞❡❞ ❤♦✇ ♠❛♥② ✇♦r❦❡rs t♦ ❡♥r♦❧❧ ❛♥❞
✐♥ ✇❤✐❝❤ ♦r❞❡r ♦♥❡ ♥❡❡❞s t♦ s❡♥❞ t❤❡ ❜❧♦❝❦s t♦ t❤❡ ❡♥r♦❧❧❡❞ ✇♦r❦❡rs✳ ❇✉t ✇✐t❤ ❛ s✐♥❣❧❡ ✇♦r❦❡r✱
✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✐s ♦♣t✐♠❛❧✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❲✐t❤ ❛ s✐♥❣❧❡ ✇♦r❦❡r✱ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✐s ♦♣t✐♠❛❧✳

Pr♦♦❢✳ ■♥ t❤✐s ❛❧❣♦r✐t❤♠✱ t❤❡ ♠❛st❡r s❡♥❞s ❜❧♦❝❦s ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱ ❛❧t❡r♥❛t✐♥❣ ❛ ❜❧♦❝❦ ♦❢ t②♣❡
A ❛♥❞ ❛ ❜❧♦❝❦ ♦❢ t②♣❡ B ✭❛♥❞ ♣r♦❝❡❡❞s ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ❜❧♦❝❦s ✇❤❡♥ ♦♥❡ t②♣❡ ✐s ❡①❤❛✉st❡❞✮✳
❚❤✐s str❛t❡❣② ♠❛①✐♠✐③❡s ❛t ❡❛❝❤ st❡♣ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s t❤❛t ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ❜② t❤❡
✇♦r❦❡r✳ ❚♦ s❡❡ t❤✐s✱ ❛❢t❡r x ❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣s✱ ✇✐t❤ y ✜❧❡s ♦❢ t②♣❡ A s❡♥t✱ ❛♥❞ z ✜❧❡s ♦❢ t②♣❡
B s❡♥t✱ ✇❤❡r❡ y + z = x✱ t❤❡ ✇♦r❦❡r ❝❛♥ ♣r♦❝❡ss ❛t ♠♦st y × z t❛s❦s✳ ❚❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠
❡♥❢♦r❝❡s y =

⌈

x
2

⌉

❛♥❞ z =
⌊

x
2

⌋

✭❛s ❧♦♥❣ ❛s max(x, y) ≤ min(r, s)✱ ❛♥❞ t❤❡♥ s❡♥❞s t❤❡ r❡♠❛✐♥✐♥❣
✜❧❡s✮✱ ❤❡♥❝❡ ✐ts ♦♣t✐♠❛❧✐t②✳ �

te
l-0

05
30

13
1,

 v
er

si
on

 1
 - 

27
 O

ct
 2

01
0



✺✹ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

C23

B3

B3

C13

C13

A2

C23

B3

C22

B3

C22

A2

A2B2

C33

B2

C21

B2

C21

B2

C33

C12

C32

A3

C12

C32

A1

A3

A1

C11

B1

C31

B1

C11

B1

B1

C31

▼✐♥✲▼✐♥

❚❤r✐❢t②

P2

P1

P2

P1

❋✐❣✉r❡ ✹✳✹✿ ❊①❛♠♣❧❡ s❤♦✇✐♥❣ t❤❛t ❚❤r✐❢t② ✐s ♥♦t ♦♣t✐♠❛❧✿ ✇✐t❤ p = 2✱ c = 4✱ w = 7✱ ❛♥❞
r = s = 3✱ ▼✐♥✲♠✐♥ ❤❛s ❛ ❧♦✇❡r ♠❛❦❡s♣❛♥✳ ❋♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ t❤❡ ✜rst ❧✐♥❡ ♣r❡s❡♥ts t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥s ❢♦r P1✱ t❤❡ s❡❝♦♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ P1✱ t❤❡ t❤✐r❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❢♦r
P2✱ ❛♥❞ t❤❡ ❢♦✉rt❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ P2✳

❯♥❢♦rt✉♥❛t❡❧②✱ ❢♦r ♠♦r❡ t❤❛♥ ♦♥❡ ✇♦r❦❡r✱ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♥❡①t ✇♦r❦❡r t♦ ❡♥r♦❧❧ ✐s ❛ ❞✐✣❝✉❧t
♣r♦❜❧❡♠✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✐s ◆P✲❝♦♠♣❧❡t❡ ❜✉t ✇❡ ✇❡r❡ ✉♥❛❜❧❡ t♦ ♣r♦✈❡ ✐t✳
❖♥❡ ❝❛♥ s❡❡ t❤❡ ❞✐✣❝✉❧t② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳ ❚❤❡r❡ ❛r❡ ✭❛t ❧❡❛st✮ t✇♦ ❣r❡❡❞② ❛❧❣♦r✐t❤♠s
t❤❛t ❝❛♥ ❜❡ ❞❡✈✐s❡❞ ❢♦r p ✇♦r❦❡rs✿

❚❤r✐❢t②✿ ❚❤✐s ❛❧❣♦r✐t❤♠ ✏s♣❛r❡s✑ r❡s♦✉r❝❡s ❛s ✐t ❛✐♠s ❛t ❦❡❡♣✐♥❣ ❡❛❝❤ ❡♥r♦❧❧❡❞ ✇♦r❦❡r ❢✉❧❧②
❛❝t✐✈❡✳ ■t ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

• ❙❡♥❞ ❡♥♦✉❣❤ ❜❧♦❝❦s t♦ t❤❡ ✜rst ✇♦r❦❡r s♦ t❤❛t ✐t ✐s ♥❡✈❡r ✐❞❧❡✱

• ❙❡♥❞ ❜❧♦❝❦s t♦ ❛ s❡❝♦♥❞ ✇♦r❦❡r ❞✉r✐♥❣ s♣❛r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❧♦ts✱ ❛♥❞

• ❊♥r♦❧❧ ❛ ♥❡✇ ✇♦r❦❡r ✭❛♥❞ s❡♥❞ ❜❧♦❝❦s t♦ ✐t✮ ♦♥❧② ✐❢ t❤✐s ❞♦❡s ♥♦t ❞❡❧❛② ♣r❡✈✐♦✉s❧②
❡♥r♦❧❧❡❞ ✇♦r❦❡rs✳

▼✐♥✲♠✐♥✿ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ♠✐♥✲♠✐♥ ❤❡✉r✐st✐❝ ❬✶✵✹❪✳ ❆t ❡❛❝❤ st❡♣✱ ❛❧❧
t❛s❦s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡♠✱ ✇❡ ❝♦♠♣✉t❡ t❤❡✐r ♣♦ss✐❜❧❡ st❛rt✐♥❣ ❞❛t❡ ♦♥ ❡❛❝❤
✇♦r❦❡r✱ ❣✐✈❡♥ t❤❡ ✜❧❡s t❤❛t ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ s❡♥t t♦ t❤✐s ✇♦r❦❡r ❛♥❞ ❛❧❧ ❞❡❝✐s✐♦♥s t❛❦❡♥
♣r❡✈✐♦✉s❧②❀ ✇❡ s❡❧❡❝t t❤❡ ❜❡st ✇♦r❦❡r✱ ❤❡♥❝❡ t❤❡ ✜rst ♠✐♥ ✐♥ t❤❡ ❤❡✉r✐st✐❝✳ ❲❡ t❛❦❡ t❤❡
♠✐♥✐♠✉♠ ♦❢ st❛rt✐♥❣ ❞❛t❡s ♦✈❡r ❛❧❧ t❛s❦s✱ ❤❡♥❝❡ t❤❡ s❡❝♦♥❞ ♠✐♥✳

■t t✉r♥s ♦✉t t❤❛t ♥❡✐t❤❡r ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✐s ♦♣t✐♠❛❧✳ ❙❡❡ ❋✐❣✉r❡ ✹✳✹ ❢♦r ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡
▼✐♥✲♠✐♥ ✐s ❜❡tt❡r t❤❛♥ ❚❤r✐❢t②✱ ❛♥❞ ❋✐❣✉r❡ ✹✳✺ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♦♣♣♦s✐t❡ s✐t✉❛t✐♦♥✳

❲❡ ♥♦✇ ❣♦ ❜❛❝❦ t♦ ♦✉r ♦r✐❣✐♥❛❧ ♠♦❞❡❧✳

✹✳✹ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡

❖✉r ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❞♦♠✐♥❛t❡ ♦✉r ♣r♦❜❧❡♠✳ ❚❤❡r❡❢♦r❡✱
✇❡ ❞♦ ♥♦t ❞✐r❡❝t❧② t❛r❣❡t ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✱ ❜✉t ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ♠✐♥✐♠✐③❛t✐♦♥✳
❊①♣❡r✐♠❡♥ts✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✽✱ ✇✐❧❧ s❤♦✇ t❤❛t ♦✉r ❝♦♠♠✉♥✐❝❛t✐♦♥✲✈♦❧✉♠❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤
❡✛❡❝t✐✈❡❧② ❧❡❛❞s t♦ ❛❧❣♦r✐t❤♠s ✇✐t❤ s❤♦rt❡r ♠❛❦❡s♣❛♥s✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡r✐✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✭s❡♥t ❢r♦♠✱
♦r r❡❝❡✐✈❡❞ ❜②✱ t❤❡ ♠❛st❡r✮ t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ❡①❡❝✉t❡ ❛♥② ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛❧❣♦r✐t❤♠
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A1 A2

C12 C22
A3

C23 C32

A6 A5

C62 C52

C32

C52C62

A5

C23C22
A6

C12
A2A1

C41 C43

C53

C41

C53

B1

C11

B1

C61

C61

B1

C11
B1

P1

P2

P2

P1

A4

C33 C42

B3

C51 C63

B2

C31

A3 A4

C13

B2 B3

C51

C31 C33
A4

C63 C43

C42

B2

C21
B3

C13

B3

C21
B2

❚❤r✐❢t②

▼✐♥✲▼✐♥

❋✐❣✉r❡ ✹✳✺✿ ❊①❛♠♣❧❡ s❤♦✇✐♥❣ t❤❛t ▼✐♥✲♠✐♥ ✐s ♥♦t ♦♣t✐♠❛❧✿ ✇✐t❤ p = 2✱ c = 8✱ w = 9✱ r = 6✱
❛♥❞ s = 3✱ ❚❤r✐❢t② ❤❛s ❛ ❧♦✇❡r ♠❛❦❡s♣❛♥✳

s❛t✐s❢②✐♥❣ ♦✉r ❤②♣♦t❤❡s❡s ✭❝❡♥tr❛❧✐③❡❞ ❞❛t❛ ❛♥❞ ❧✐♠✐t❡❞ ♠❡♠♦r②✮✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✉♥❞❡r t❤❡ ♦♥❡✲
♣♦rt ♠♦❞❡❧✱ ♦♥❡ ❝❛♥ s✐♠✉❧❛t❡ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ♦❢ ❛♥② ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛
s✐♥❣❧❡ ✇♦r❦❡r✱ s♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲✇♦r❦❡r ❝❛s❡✳

❚❤❡r❡❢♦r❡✱ ❲❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✿

• ❚❤❡ ♠❛st❡r s❡♥❞s ❜❧♦❝❦s Aik✱ Bkj ✱ ❛♥❞ Cij ✱

• ❚❤❡ ♠❛st❡r r❡tr✐❡✈❡s ✜♥❛❧ ✈❛❧✉❡s ♦❢ ❜❧♦❝❦s Cij ✱

• ❲❡ ❡♥❢♦r❝❡ ❧✐♠✐t❡❞ ♠❡♠♦r② ♦♥ t❤❡ ✇♦r❦❡r❀ ♦♥❧② m ❜✉✛❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
❛t ♠♦st m ❜❧♦❝❦s ♦❢ A✱ B✱ ❛♥❞✴♦r C ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❜❡ st♦r❡❞ ♦♥ t❤❡ ✇♦r❦❡r✳

❋✐rst✱ ✇❡ ✐♠♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ❡st❛❜❧✐s❤❡❞ ❜② ❚♦❧❡❞♦ ❡t
❛❧✳ ❬✽✷❪✳ ❚❤❡♥✱ ✇❡ ❞❡s❝r✐❜❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❛✐♠s ❛t r❡✲✉s✐♥❣ C ❜❧♦❝❦s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❛❢t❡r
t❤❡② ❤❛✈❡ ❜❡❡♥ ❧♦❛❞❡❞✱ ❛♥❞ ✇❡ ❛ss❡ss ✐ts ♣❡r❢♦r♠❛♥❝❡✳

✹✳✹✳✶ ▲♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡

❚♦ ❞❡r✐✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ✇❡ r❡✜♥❡ ❛♥ ❛♥❛❧②s✐s ❞✉❡ t♦ ❚♦❧❡❞♦ ❬✶✹✵❪✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❡st✐♠❛t❡
t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣✉t❛t✐♦♥s ♠❛❞❡ t❤❛♥❦s t♦ m ✭t❤❡ ♠❡♠♦r② s✐③❡✮ ❝♦♥s❡❝✉t✐✈❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
st❡♣s ✭♦♥❝❡ ❛❣❛✐♥✱ t❤❡ ✉♥✐t ❤❡r❡ ✐s ❛ ♠❛tr✐① ❜❧♦❝❦✮✳ ❲❡ ♥❡❡❞ s♦♠❡ ♥♦t❛t✐♦♥s✿

• ❲❡ ❧❡t αold✱ βold✱ ❛♥❞ γold ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜✉✛❡rs ✉s❡❞ ❜② ❜❧♦❝❦s ♦❢ A✱ B✱ ❛♥❞ C r✐❣❤t
❜❡❢♦r❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ m ❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣s❀

• ❲❡ ❧❡t αrecv✱ βrecv✱ ❛♥❞ γrecv ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ A✱ B✱ ❛♥❞ C ❜❧♦❝❦s s❡♥t ❜② t❤❡ ♠❛st❡r
❞✉r✐♥❣ t❤❡ m ❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣s❀

• ❋✐♥❛❧❧②✱ ✇❡ ❧❡t γsend ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ C ❜❧♦❝❦s r❡t✉r♥❡❞ t♦ t❤❡ ♠❛st❡r ❞✉r✐♥❣ t❤❡s❡ m
st❡♣s✳

■♥✐t✐❛❧❧②✱ t❤❡ ♠❡♠♦r② ❝♦♥t❛✐♥s ❛t ♠♦st m ❜❧♦❝❦s✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ m ❝♦♠♠✉♥✐❝❛✲
t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ♠✉st ❤♦❧❞ tr✉❡✿

{

αold + βold + γold ≤ m
αrecv + βrecv + γrecv + γsend = m
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❚♦❧❡❞♦✬s ✐♥❡q✉❛❧✐t②

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❣✐✈❡♥ ✐♥ ❬✶✹✵❪✿ ❝♦♥s✐❞❡r ❛♥② ❛❧❣♦r✐t❤♠ t❤❛t ✉s❡s t❤❡ st❛♥❞❛r❞ ✇❛② ♦❢
♠✉❧t✐♣❧②✐♥❣ ♠❛tr✐❝❡s ✭t❤✐s ❡①❝❧✉❞❡s ❙tr❛ss❡♥✬s ❛♥❞ ❲✐♥♦❣r❛❞✬s ❛❧❣♦r✐t❤♠s ❬✺✻❪✱ ❢♦r ✐♥st❛♥❝❡✮✳ ■❢
NA ❡❧❡♠❡♥ts ♦❢ A✱ NB ❡❧❡♠❡♥ts ♦❢ B✱ ❛♥❞ NC ❡❧❡♠❡♥ts ♦❢ C ❛r❡ ❛❝❝❡ss❡❞✱ t❤❡♥ ♥♦ ♠♦r❡ t❤❛♥ K
❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡✱ ✇❤❡r❡

K = min
{

(NA + NB)
√

NC , (NA + NC)
√

NB, (NB + NC)
√

NA

}

.

❚♦ ✉s❡ t❤✐s r❡s✉❧t ❤❡r❡✱ ✇❡ r❡♠❛r❦ t❤❛t ♥♦ ♠♦r❡ t❤❛♥ αold +αrecv ❜❧♦❝❦s ♦❢ A ❛r❡ ❛❝❝❡ss❡❞✱ ❤❡♥❝❡
NA = (αold + αrecv)q

2✳ ❙✐♠✐❧❛r❧②✱ NB = (βold + βrecv)q
2 ❛♥❞ NC = (γold + γrecv)q

2 ✭t❤❡ C ❜❧♦❝❦s
r❡t✉r♥❡❞ ❛r❡ ❛❧r❡❛❞② ❝♦✉♥t❡❞✮✳ ❲❡ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥s ❜② ✇r✐t✐♥❣✿







αold + αrecv = αm
βold + βrecv = βm
γold + γrecv = γm

❚❤❡♥ ✇❡ ♦❜t❛✐♥

K =min
{

(α+β)
√

γ, (β+γ)
√

α, (γ+α)
√

β
}

×m
√

mq3.

❲r✐t✐♥❣ K = km
√

mq3✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

▼❛①✐♠✐③❡ k s✉❝❤ t❤❛t






















k ≤ (α + β)
√

γ

k ≤ (β + γ)
√

α

k ≤ (γ + α)
√

β

α + β + γ ≤ 2

✇❤♦s❡ s♦❧✉t✐♦♥ ✐s ❡❛s✐❧② ❢♦✉♥❞ t♦ ❜❡ α = β = γ = 2
3 , ❛♥❞ k =

√

32
27 ✳ ❚❤✐s ❣✐✈❡s ❛ ❧♦✇❡r ❜♦✉♥❞

❢♦r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ✭✐♥ t❡r♠s ♦❢ ❜❧♦❝❦s✮ ♦❢ ❛♥② ❛❧❣♦r✐t❤♠✿

❈❈❘♦♣t =
m

km
√

m
=

√

27

32m
.

▲♦♦♠✐s✲❲❤✐t♥❡②✬s ✐♥❡q✉❛❧✐t②

■♥ ❢❛❝t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡✜♥❡ t❤✐s ❜♦✉♥❞✳ ■♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ❧❡♠♠❛ ❣✐✈❡♥ ✐♥ ❬✶✹✵❪✱ ✇❡ ✉s❡
▲♦♦♠✐s✲❲❤✐t♥❡② ✐♥❡q✉❛❧✐t② ❬✽✷❪✿ ✐♥ ❛♥② ❛❧❣♦r✐t❤♠ t❤❛t ✉s❡s t❤❡ st❛♥❞❛r❞ ✇❛② ♦❢ ♠✉❧t✐♣❧②✐♥❣
♠❛tr✐❝❡s✱ ✐❢ NA ❡❧❡♠❡♥ts ♦❢ A✱ NB ❡❧❡♠❡♥ts ♦❢ B✱ ❛♥❞ NC ❡❧❡♠❡♥ts ♦❢ C ❛r❡ ❛❝❝❡ss❡❞✱ t❤❡♥ ♥♦
♠♦r❡ t❤❛♥ K ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡✱ ✇❤❡r❡ K =

√
NANBNC ✳

❍❡r❡✱
K =

√

αβγ ×m
√

mq3.

K ✐s t❤❡♥ ♠❛①✐♠✐③❡❞ ✇❤❡♥ α = β = γ = 2
3 ❛♥❞ k =

√

8
27 ✱ s♦ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡

❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ❜❡❝♦♠❡s✿ ❈❈❘♦♣t =
√

27
8m

✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❜♦✉♥❞ ❈❈❘♦♣t ✐♠♣r♦✈❡s ✉♣♦♥ t❤❡ ❜❡st✲❦♥♦✇♥ ✈❛❧✉❡
√

1
8m

❞❡r✐✈❡❞ ❜②

■r♦♥②❛✱ ❚♦❧❡❞♦✱ ❛♥❞ ❚✐s❦✐♥ ❬✽✷❪✳

te
l-0

05
30

13
1,

 v
er

si
on

 1
 - 

27
 O

ct
 2

01
0



✹✳✹✳ ▼■◆■▼■❩❆❚■❖◆ ❖❋ ❚❍❊ ❈❖▼▼❯◆■❈❆❚■❖◆ ❱❖▲❯▼❊ ✺✼

✹✳✹✳✷ ❚❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠

■♥ t❤❡ ❛❜♦✈❡ st✉❞②✱ t❤❡ ❧♦✇❡r✲❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ t❤r❡❡
♠❛tr✐❝❡s A✱ B✱ ❛♥❞ C ❛r❡ ❡q✉❛❧❧② ❛❝❝❡ss❡❞ ❞✉r✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❚❤✐s ♠❛② s✉❣✲
❣❡st t♦ ❛❧❧♦❝❛t❡ ♦♥❡ t❤✐r❞ ♦❢ t❤❡ ♠❡♠♦r② t♦ ❡❛❝❤ ♦❢ t❤❡s❡ ♠❛tr✐❝❡s✳ ■♥ ❢❛❝t✱ ❚♦❧❡❞♦ ❬✶✹✵❪ ✉s❡s t❤✐s
♠❡♠♦r② ❧❛②♦✉t✳ ❍❡ ❡✈❡♥ ♣r♦✈❡s t❤❛t✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ sq✉❛r❡ ♠❛tr✐❝❡s ♦❢ s✐③❡
r✱ ❤✐s ❛❧❣♦r✐t❤♠ ✐s ✏❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧✑ ❛s s♦♦♥ ❛s t❤❡ ♣r♦❝❡ss♦r ❝❛♥♥♦t st♦r❡ ✐♥ ✐ts ♠❡♠♦r②
♠♦r❡ t❤❛♥ ♦♥❡ s✐①t❤ ♦❢ ♦♥❡ ♦❢ t❤❡ ♠❛tr✐❝❡s✿ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ♠✉st ❤❛✈❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥✲♣❡r✲

❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ✇❤✐❝❤ ✐s Ω
(

r3√
m

)

✇❤❡♥ ❤✐s ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦ ❝♦♠♣✉t❛t✐♦♥

r❛t✐♦ ♦❢ O
(

r3√
m

)

✳ ❲❡ ❝❛♥✱ ❤♦✇❡✈❡r✱ st✐❧❧ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♠❛tr✐① ♠✉❧t✐✲

♣❧✐❝❛t✐♦♥ ✐♥ ♦✉r ❝♦♥t❡①t ❜② r❡❞✉❝✐♥❣ t❤❡ ❝♦♥st❛♥t ❤✐❞❞❡♥ ✐♥ t❤❡ ♦r❞❡r ♦❢ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s r❛t✐♦✱
❛s ♦✉r ❡①♣❡r✐♠❡♥ts ✇✐❧❧ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✹✳✽✳

❆ ❝❧♦s❡r ❧♦♦❦ ❛t ♦✉r ♣r♦❜❧❡♠ s❤♦✇s t❤❛t t❤❡ ♠✉❧t✐♣❧✐❡❞ ♠❛tr✐❝❡s A ❛♥❞ B ❤❛✈❡ t❤❡ s❛♠❡
❜❡❤❛✈✐♦r✱ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡s✉❧t ♠❛tr✐① C✳ ■♥❞❡❡❞✱ ✐❢ ❛♥ ❡❧❡♠❡♥t ♦❢ C ✐s
♥♦ ❧♦♥❣❡r ✉s❡❞✱ ✐t ❝❛♥♥♦t ❜❡ s✐♠♣❧② ❞✐s❝❛r❞❡❞ ❢r♦♠ t❤❡ ♠❡♠♦r② ❛s t❤❡ ❡❧❡♠❡♥ts ♦❢ A ❛♥❞ B ❛r❡✱
❜✉t ✐t ♠✉st ❜❡ s❡♥t ❜❛❝❦ t♦ t❤❡ ♠❛st❡r✳ ■♥t✉✐t✐✈❡❧②✱ s❡♥❞✐♥❣ ❛♥ ❡❧❡♠❡♥t ♦❢ C t♦ ❛ ✇♦r❦❡r ❛❧s♦
❝♦sts t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡❡❞❡❞ t♦ r❡tr✐❡✈❡ ✐t ❢r♦♠ t❤❡ ✇♦r❦❡r✱ ❛♥❞ ✐s t❤✉s t✇✐❝❡ ❛s ❡①♣❡♥s✐✈❡
❛s s❡♥❞✐♥❣ ❛♥ ❡❧❡♠❡♥t ♦❢ A ♦r B✳

❇❡❧♦✇ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥❞ ❛♥❛❧②③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠✱ t❤❛t
r❡✉s❡s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ C✳ ❈❛♥♥♦♥✬s ❛❧❣♦r✐t❤♠ ❬✹✶❪ ❛♥❞ t❤❡ ❙❝❛▲❆P❆❈❑
♦✉t❡r ♣r♦❞✉❝t ❛❧❣♦r✐t❤♠ ❬✸✸❪ ❜♦t❤ ❞✐str✐❜✉t❡ sq✉❛r❡ ❜❧♦❝❦s ♦❢ C t♦ t❤❡ ♣r♦❝❡ss♦rs✳ ■♥t✉✐t✐✈❡❧②✱
sq✉❛r❡s ❛r❡ ❜❡tt❡r t❤❛♥ ❡❧♦♥❣❛t❡❞ r❡❝t❛♥❣❧❡s ❜❡❝❛✉s❡ t❤❡✐r ♣❡r✐♠❡t❡r ✭✇❤✐❝❤ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦
t❤❡ ❞❛t❛ ♥❡❡❞❡❞ ❜② ❛ ✇♦r❦❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❛r❡❛✮ ✐s s♠❛❧❧❡r ❢♦r t❤❡ s❛♠❡ ❛r❡❛✳ ❲❡ ✉s❡ t❤❡ s❛♠❡
❛♣♣r♦❛❝❤ ❤❡r❡✳

C C CC C C CC C C CC C C CCB B B BA

µ✶ µ2

♠

❋✐❣✉r❡ ✹✳✻✿ ▼❡♠♦r② ❧❛②♦✉t ❢♦r t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ ✇❤❡♥ m = 21✿ µ = 4❀ 1 ❜❧♦❝❦ ✐s
✉s❡❞ ❢♦r A✱ µ ❢♦r B✱ ❛♥❞ µ2 ❢♦r C✳

❚❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ♠❡♠♦r② ❧❛②♦✉t ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻✳ ❋♦✉r
❝♦♥s❡❝✉t✐✈❡ ❡①❡❝✉t✐♦♥ st❡♣s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✼✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ m ❛✈❛✐❧❛❜❧❡ ❜✉✛❡rs✳
❋✐rst ✇❡ ❞❡✜♥❡ µ ❛s t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t 1 + µ + µ2 ≤ m✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ ♦♥❡ ❜✉✛❡r
t♦ st♦r❡ A ❜❧♦❝❦s✱ µ ❜✉✛❡rs t♦ st♦r❡ B ❜❧♦❝❦s✱ ❛♥❞ µ2 ❜✉✛❡rs t♦ st♦r❡ C ❜❧♦❝❦s✳ ■♥ t❤❡ ♦✉t❡r
❧♦♦♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛ µ × µ sq✉❛r❡ ♦❢ C ❜❧♦❝❦s ✐s ❧♦❛❞❡❞✳ ❖♥❝❡ t❤❡s❡ µ2 ❜❧♦❝❦s ❤❛✈❡ ❜❡❡♥
❧♦❛❞❡❞✱ t❤❡② ❛r❡ r❡♣❡❛t❡❞❧② ✉♣❞❛t❡❞ ✐♥ t❤❡ ✐♥♥❡r ❧♦♦♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✉♥t✐❧ t❤❡✐r ✜♥❛❧ ✈❛❧✉❡ ✐s
❝♦♠♣✉t❡❞✳ ❚❤❡♥ t❤❡ ❜❧♦❝❦s ❛r❡ r❡t✉r♥❡❞ t♦ t❤❡ ♠❛st❡r✱ ❛♥❞ µ2 ♥❡✇ C ❜❧♦❝❦s ❛r❡ s❡♥t ❜② t❤❡
♠❛st❡r ❛♥❞ st♦r❡❞ ❜② t❤❡ ✇♦r❦❡r✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻✱ ✇❡ ♥❡❡❞ µ ❜✉✛❡rs t♦ st♦r❡ ❛ r♦✇
♦❢ B ❜❧♦❝❦s✱ ❜✉t ♦♥❧② ♦♥❡ ❜✉✛❡r ❢♦r A ❜❧♦❝❦s✿ A ❜❧♦❝❦s ❛r❡ s❡♥t ✐♥ s❡q✉❡♥❝❡✱ ❡❛❝❤ ♦❢ t❤❡♠ ✐s
✉s❡❞ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛ r♦✇ ♦❢ µ B ❜❧♦❝❦s t♦ ✉♣❞❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✇ ♦❢ C ❜❧♦❝❦s✳ ❚❤✐s
❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❦❡t❝❤ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✿

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ♦✉t❡r ❧♦♦♣ ♦❢ t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ ❝❛♥
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✺✽ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

C14C13C12C11

C44C41 C42 C43

C34C31 C32 C33

C24C21 C22 C23

B14B13B12B11

A11

C22C21 C24C23

C44C41 C42 C43

C34C31 C32 C33

C14C13C12C11

B14B13B12B11

A21

C34C33C32C31

C44C41 C42 C43

C24C21 C22 C23

C14C13C12C11

B14B13B12B11

A31

C44C43C41 C42

C34C31 C32 C33

C24C21 C22 C23

C14C13C12C11

B14B13B12B11

A41

❋✐❣✉r❡ ✹✳✼✿ ❋♦✉r st❡♣s ♦❢ t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠✱ ✇✐t❤ m = 21 ❛♥❞ µ = 4✳ ❯♣❞❛t❡❞
❡❧❡♠❡♥ts ♦❢ C ❛r❡ ✇r✐tt❡♥ ✇❤✐t❡ ♦♥ ❜❧❛❝❦✳

❆❧❣♦r✐t❤♠ ✺✿ ❚❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠

✇❤✐❧❡ t❤❡r❡ r❡♠❛✐♥ C ❜❧♦❝❦s t♦ ❜❡ ❝♦♠♣✉t❡❞ ❞♦
❘❡❝❡✐✈❡ µ2 ❜❧♦❝❦s ♦❢ C✿ {Ci,j | i0 ≤ i < i0 + µ, j0 ≤ j < j0 + µ}❀
❢♦r k ← 1 t♦ t ❞♦

❘❡❝❡✐✈❡ ❛ r♦✇ ♦❢ µ ❡❧❡♠❡♥ts ♦❢ B {Bk,j | j0 ≤ j < j0 + µ}❀
❙❡q✉❡♥t✐❛❧❧② r❡❝❡✐✈❡ µ ❡❧❡♠❡♥ts ♦❢ ♦♥❡ ❝♦❧✉♠♥ ♦❢ A {Ai,k | i0 ≤ i < i0 + µ}❀
❢♦r ❡❛❝❤ Ai,k ❞♦

✉♣❞❛t❡ µ ❡❧❡♠❡♥ts ♦❢ C ❀

❘❡t✉r♥ r❡s✉❧ts t♦ ♠❛st❡r❀

r❡❛❞✐❧② ❜❡ ❞❡t❡r♠✐♥❡❞✿

• ❲❡ ♥❡❡❞ 2µ2 ❝♦♠♠✉♥✐❝❛t✐♦♥s t♦ s❡♥❞ ❛♥❞ r❡tr✐❡✈❡ C ❜❧♦❝❦s✳

• ❋♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ t✿
✲ ✇❡ ♥❡❡❞ µ ❡❧❡♠❡♥ts ♦❢ A ❛♥❞ µ ❡❧❡♠❡♥ts ♦❢ B❀
✲ ✇❡ ✉♣❞❛t❡ µ2 ❜❧♦❝❦s✳

■♥ t❡r♠s ♦❢ ❜❧♦❝❦ ♦♣❡r❛t✐♦♥s✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠
✐s t❤✉s

❈❈❘ =
2µ2 + 2µt

µ2t
=

2

t
+

2

µ
.

❋♦r ❧❛r❣❡ ♣r♦❜❧❡♠s✱ ✐✳❡✳✱ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t✱ ✇❡ s❡❡ t❤❛t t❤❡ ❈❈❘ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❝❧♦s❡ t♦ t❤❡ ✈❛❧✉❡
❈❈❘∞ = 2√

m
✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t✱ ✐♥ t❡r♠s ♦❢ ❞❛t❛ ❡❧❡♠❡♥ts✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥

r❛t✐♦ ✐s ❞✐✈✐❞❡❞ ❜② ❛ ❢❛❝t♦r q✳ ■♥❞❡❡❞✱ ❛ ❜❧♦❝❦ ❝♦♥s✐sts ♦❢ q2 ❝♦❡✣❝✐❡♥ts ❜✉t ❛♥ ✉♣❞❛t❡ r❡q✉✐r❡s
q3 ✢♦❛t✐♥❣✲♣♦✐♥t ♦♣❡r❛t✐♦♥s✳ ❆❧s♦✱ t❤❡ r❛t✐♦ ❈❈❘∞ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠
✐s ❧♦✇❡r ❜② ❛ ❢❛❝t♦r

√
3 t❤❛♥ t❤❡ r❛t✐♦ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❜❧♦❝❦❡❞ ♠❛tr✐①✲♠✉❧t✐♣❧② ❛❧❣♦r✐t❤♠ ♦❢ ❬✶✹✵❪✳

❋✐♥❛❧❧②✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ ✐s q✉✐t❡ ❝❧♦s❡ t♦

t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❞❡r✐✈❡❞ ❡❛r❧✐❡r✿ ❈❈❘∞ = 2√
m

=
√

32
8m

.

✹✳✺ ❆❧❣♦r✐t❤♠s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛❞❛♣t t❤❡ ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ t♦ ❢✉❧❧② ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ■♥ t❤✐s
❢r❛♠❡✇♦r❦✱ t❤❡ ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s ♦❢ ♣r♦❝❡ss♦rs ❛r❡ ❧✐♠✐t❡❞✳ ❙♦ ✇❡ ♠✉st ✜rst ❞❡❝✐❞❡ ✇❤✐❝❤ ♣❛rt
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♦❢ t❤❡ ♠❡♠♦r② ✇✐❧❧ ❜❡ ✉s❡❞ t♦ st♦❝❦ ✇❤✐❝❤ ♣❛rt ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠❛tr✐❝❡s✱ ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡
t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❝♦♠♣❧❡t❡❞ ♣❡r t✐♠❡ ✉♥✐t✳

✹✳✺✳✶ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❲❡ ❧♦❛❞ ✐♥t♦ t❤❡ ♠❡♠♦r② ♦❢ ❡❛❝❤ ✇♦r❦❡r µ q× q ❜❧♦❝❦s ♦❢ A ❛♥❞ µ q× q ❜❧♦❝❦s ♦❢ B t♦ ❝♦♠♣✉t❡
µ2 q × q ❜❧♦❝❦s ♦❢ C✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♥❡❡❞ 2µ ❡①tr❛ ❜✉✛❡rs✱ s♣❧✐t ✐♥t♦ µ ❜✉✛❡rs ❢♦r A ❛♥❞ µ ❢♦r
B✱ ✐♥ ♦r❞❡r t♦ ♦✈❡r❧❛♣ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣s✳ ■♥ ❢❛❝t✱ µ ❜✉✛❡rs ❢♦r A ❛♥❞ µ ❢♦r
B ✇♦✉❧❞ s✉✣❝❡ ❢♦r ❡❛❝❤ ✉♣❞❛t❡✱ ❜✉t ✇❡ ♥❡❡❞ t♦ ♣r❡♣❛r❡ ❢♦r t❤❡ ♥❡①t ✉♣❞❛t❡ ✇❤✐❧❡ ❝♦♠♣✉t✐♥❣✳
❖✈❡r❛❧❧✱ t❤❡ ♥✉♠❜❡r ♦❢ C ❜❧♦❝❦s t❤❛t ✇❡ ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❧♦❛❞ ✐♥t♦ ♠❡♠♦r② ✐s ❞❡✜♥❡❞ ❜② t❤❡
❧❛r❣❡st ✐♥t❡❣❡r µ s✉❝❤ t❤❛t

µ2 + 4µ ≤ m.

❲❡ ❤❛✈❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ✇♦r❦❡rs✱ P✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ♣r♦❝❡❡❞
❛s ❢♦❧❧♦✇s✳ ❖♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s✐❞❡✱ ✇❡ ❦♥♦✇ t❤❛t ✐♥ ❛ r♦✉♥❞ ✭❝♦♠♣✉t✐♥❣ ❛ C ❜❧♦❝❦ ❡♥t✐r❡❧②✮✱
t❤❡ ♠❛st❡r ❡①❝❤❛♥❣❡s ✇✐t❤ ❡❛❝❤ ✇♦r❦❡r 2µ2 ❜❧♦❝❦s ♦❢ C ✭µ2 s❡♥t ❛♥❞ µ2 r❡❝❡✐✈❡❞✮✱ ❛♥❞ s❡♥❞s µt
❜❧♦❝❦s ♦❢ A ❛♥❞ µt ❜❧♦❝❦s ♦❢ B✳ ❆❧s♦ ❞✉r✐♥❣ t❤✐s r♦✉♥❞✱ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s✐❞❡✱ ❡❛❝❤ ✇♦r❦❡r
❝♦♠♣✉t❡s µ2t ❜❧♦❝❦ ✉♣❞❛t❡s✳

■❢ ✇❡ ❡♥r♦❧❧ t♦♦ ♠❛♥② ♣r♦❝❡ss♦rs✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r ✇✐❧❧ ❜❡ ❡①❝❡❡❞❡❞✿
t❤❡r❡ ✐s ❛ ❧✐♠✐t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s t❤❛t ✐t ❝❛♥ s❡♥❞ ♣❡r t✐♠❡ ✉♥✐t✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ ✇❡
❡♥r♦❧❧ t♦♦ ❢❡✇ ♣r♦❝❡ss♦rs✱ t❤❡② ♠❛② ❜❡ ♦✈❡r❧♦❛❞❡❞✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs
P s♦ t❤❛t t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ ❜❧♦❝❦s t♦ P ♣r♦❝❡ss♦rs ✇✐❧❧ ❜❡ r♦✉❣❤❧② ❡q✉❛❧ t♦ ✭♦r s❧✐❣❤t❧②
❣r❡❛t❡r t❤❛♥✮ t❤❡ t✐♠❡ s♣❡♥t ❜② ♦♥❡ ♣r♦❝❡ss♦r ❢♦r ✐ts ❝♦♠♣✉t❛t✐♦♥s✳ P ✐s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r
s✉❝❤ t❤❛t

2µtc×P ≥ µ2tw.

■♥❞❡❡❞✱ t❤✐s ✐s t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ t♦ s❛t✉r❛t❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r r❡q✉✐r❡❞
t♦ s✉st❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣✉t❛t✐♦♥s✳ ❲❡ ❞❡r✐✈❡ t❤❛t

P =

⌈

µ2tw

2µtc

⌉

=
⌈µw

2c

⌉

.

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ ❤❛✈❡ c = q2τc ❛♥❞ w = q3τa✱ ✇❤❡r❡ τc ❛♥❞ τa

r❡s♣❡❝t✐✈❡❧② r❡♣r❡s❡♥t t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦ ❛♥❞ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ♣r♦❝❡ss♦r✳ ❍❡♥❝❡

✇❡ ❤❛✈❡ P =
⌈

µq
2

τa

τc

⌉

✳ ▼♦r❡♦✈❡r✱ ✇❡ ♥❡❡❞ t♦ ❡♥❢♦r❝❡ t❤❛t P ≤ p✱ ❤❡♥❝❡ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❡

❢♦r♠✉❧❛

P = min

{

p,

⌈

µq

2

τa

τc

⌉}

.

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ s✉♣♣♦s❡ t❤❛t r ✐s ❞✐✈✐s✐❜❧❡ ❜② µ✱ ❛♥❞ s ❜② Pµ✳ ❲❡ ❛❧❧♦❝❛t❡
µ ❜❧♦❝❦ ❝♦❧✉♠♥s ✭✐✳❡✳✱ qµ ❝♦♥s❡❝✉t✐✈❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠❛tr✐①✮ ♦❢ C t♦ ❡❛❝❤ ♣r♦❝❡ss♦r✳
❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ♠❛❞❡ ♦❢ t✇♦ ♣❛rts✳ ❆❧❣♦r✐t❤♠ ✻ ♦✉t❧✐♥❡s t❤❡ ♣r♦❣r❛♠ ♦❢ t❤❡ ♠❛st❡r✱ ✇❤✐❧❡
❆❧❣♦r✐t❤♠ ✼ ✐s t❤❡ ♣r♦❣r❛♠ ♦❢ ❡❛❝❤ ✇♦r❦❡r✳

✹✳✺✳✷ ■♠♣❛❝t ♦❢ t❤❡ st❛rt✲✉♣ ♦✈❡r❤❡❛❞

■❢ ✇❡ ❢♦❧❧♦✇ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠✱ ✇❡ ♠❛② ✇♦♥❞❡r ✇❤❡t❤❡r ✇❡ ❝❛♥ r❡❛❧❧②
♥❡❣❧❡❝t t❤❡ ✐♥♣✉t✴♦✉t♣✉t ♦❢ C ❜❧♦❝❦s✳ ❲❡ s❡q✉❡♥t✐❛❧✐③❡ t❤❡ s❡♥❞✐♥❣✱ ❝♦♠♣✉t✐♥❣✱ ❛♥❞ r❡❝❡✐✈✐♥❣
♦❢ t❤❡ C ❜❧♦❝❦s✱ s♦ t❤❛t ❡❛❝❤ ✇♦r❦❡r ❧♦s❡s 2c t✐♠❡✲✉♥✐ts ♣❡r ❜❧♦❝❦✱ ✐✳❡✳✱ ♣❡r tw t✐♠❡✲✉♥✐ts✳ ❆s
t❤❡r❡ ❛r❡ P ≤ µw

2c
+ 1 ✇♦r❦❡rs✱ t❤❡ t♦t❛❧ ❧♦ss ✇♦✉❧❞ ❜❡ ♦❢ 2cP t✐♠❡✲✉♥✐ts ❡✈❡r② tw t✐♠❡✲✉♥✐ts✱
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✻✵ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

❆❧❣♦r✐t❤♠ ✻✿ ❍♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥✱ ♠❛st❡r ♣r♦❣r❛♠✳

µ←
⌊√

4 + m− 2
⌋

❀

P← min
{

p,
⌈

µw
2c

⌉

}

❀

❙♣❧✐t ♠❛tr✐① C ✐♥t♦ sq✉❛r❡s Ci′,j′ ♦❢ µ2 q × q ❜❧♦❝❦s ✿
Ci′,j′ = {Ci,j | (i′−1)µ + 1 ≤ i ≤ i′µ, (j′−1)µ + 1≤j≤j′µ}❀
❢♦r j′′ ← 0 t♦ s

Pµ
❜② ❙t❡♣ P ❞♦

❢♦r i′ ← 1 t♦ r
µ
❞♦

❢♦r idworker ← 1 t♦ P ❞♦
j′ ← j′′ + idworker❀
❙❡♥❞ ❜❧♦❝❦ Ci′,j′ t♦ ✇♦r❦❡r idworker❀

❢♦r k ← 1 t♦ t ❞♦
❢♦r idworker ← 1 t♦ P ❞♦

j′ ← j′′ + idworker❀
❢♦r j ← (j′ − 1)µ + 1 t♦ j′µ ❞♦ ❙❡♥❞ Bk,j ❀
❢♦r i← (i′ − 1)µ + 1 t♦ i′µ ❞♦ ❙❡♥❞ Ai,k❀

❢♦r idworker ← 1 t♦ P ❞♦
j′ ← j′′ + idworker❀
❘❡❝❡✐✈❡ Ci′,j′ ❢r♦♠ ✇♦r❦❡r idworker❀

❆❧❣♦r✐t❤♠ ✼✿ ❍♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥✱ ✇♦r❦❡r ♣r♦❣r❛♠✳

❢♦r ❛❧❧ ❜❧♦❝❦s ❞♦
❘❡❝❡✐✈❡ Ci′,j′ ❢r♦♠ ♠❛st❡r❀
❢♦r k ← 1 t♦ t ❞♦

❢♦r j ← (j′ − 1)µ + 1 t♦ j′µ ❞♦ ❘❡❝❡✐✈❡ Bk,j ❀
❢♦r i← (i′ − 1)µ + 1 t♦ i′µ ❞♦

❘❡❝❡✐✈❡ Ai,k❀
❢♦r j ← (j′ − 1)µ + 1 t♦ j′µ ❞♦ Ci,j ← Ci,j +Ai,k.Bk,j ❀

❘❡t✉r♥ Ci′,j′ t♦ ♠❛st❡r❀

✇❤✐❝❤ ✐s ❧❡ss t❤❛♥ µ
t

+ 2c
tw
✳ ❋♦r ❡①❛♠♣❧❡✱ ✇✐t❤ c = 2✱ w = 4.5✱ µ = 4 ❛♥❞ t = 100✱ ✇❡ ❡♥r♦❧❧

P = 5 ✇♦r❦❡rs✱ ❛♥❞ t❤❡ t♦t❛❧ ❧♦ss ✐s ❛t ♠♦st 4%✱ ✇❤✐❝❤ ✐s s♠❛❧❧ ❡♥♦✉❣❤ t♦ ❜❡ ♥❡❣❧❡❝t❡❞✳ ◆♦t❡
t❤❛t ✐t ✇♦✉❧❞ t❡❝❤♥✐❝❛❧❧② ❜❡ ♣♦ss✐❜❧❡ t♦ ❞❡s✐❣♥ ❛♥ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ t❤❡ s❡♥❞✐♥❣ ♦❢ t❤❡ ♥❡①t ❜❧♦❝❦
✐s ♦✈❡r❧❛♣♣❡❞ ✇✐t❤ t❤❡ ❧❛st ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❝✉rr❡♥t ❜❧♦❝❦✱ ❜✉t t❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡ ✇♦✉❧❞
❣❡t ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

✹✳✺✳✸ ❉❡❛❧✐♥❣ ✇✐t❤ ✏s♠❛❧❧✑ ♠❛tr✐❝❡s ♦r ♣❧❛t❢♦r♠s

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ✉s❡ P = min
{

p,
⌈

µq
2

τa

τc

⌉}

♣r♦❝❡ss♦rs✱ ❡❛❝❤ ♦❢ t❤❡♠

❤♦❧❞✐♥❣ µ2 ❜❧♦❝❦s ♦❢ ♠❛tr✐① C✳ ❋♦r t❤✐s s♦❧✉t✐♦♥ t♦ ❜❡ ❢❡❛s✐❜❧❡✱ C ♠✉st ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ■♥ ♦t❤❡r

✇♦r❞s✱ t❤✐s s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ r × s ≥ min
{

p,
⌈

µq
2

τa

τc

⌉}

µ2✳ ■❢ C ✐s ♥♦t
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✹✳✻✳ ❆▲●❖❘■❚❍▼❙ ❋❖❘ ❍❊❚❊❘❖●❊◆❊❖❯❙ P▲❆❚❋❖❘▼❙ ✻✶

❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ✇✐❧❧ ♦♥❧② ✉s❡ Q < P ♣r♦❝❡ss♦rs✱ ❡❛❝❤ ♦❢ t❤❡♠ ❤♦❧❞✐♥❣ ν2 ❜❧♦❝❦s ♦❢ C✱ s✉❝❤ t❤❛t✿

{

Qν2 ≤ r × s
ν2w ≤ 2νQc

⇔
{

Qν2 ≤ r × s
νw
2c
≤ Q

,

❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣ ❛s ♣r❡✈✐♦✉s❧②✳ ❲❡ ♦❜✈✐♦✉s❧② ✇❛♥t ν t♦ ❜❡ t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡
✐♥ ♦r❞❡r ❢♦r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s t♦ ❜❡ ♠♦st ❜❡♥❡✜❝✐❛❧✳ ❋♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ ν ✇❡ ✇❛♥t Q t♦ ❜❡
t❤❡ s♠❛❧❧❡st t♦ s♣❛r❡ r❡s♦✉r❝❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡st s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❧❛r❣❡st ✈❛❧✉❡ ♦❢ ν
s✉❝❤ t❤❛t✿

⌈νw

2c

⌉

ν2 ≤ r × s,

❛♥❞ t❤❡♥ Q =
⌈

νw
2c

⌉

✳
■❢ t❤❡ ♣❧❛t❢♦r♠ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ ❞❡s✐r❡❞ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs✱ ✐✳❡✳✱ ✐❢ P > p ✐♥ t❤❡ ❝❛s❡

♦❢ ❛ ✏❧❛r❣❡✑ ♠❛tr✐① C ♦r ✐❢ Q > p ♦t❤❡r✇✐s❡✱ t❤❡♥ ✇❡ ❡♥r♦❧❧ ❛❧❧ t❤❡ p ♣r♦❝❡ss♦rs ❛♥❞ ✇❡ ❣✐✈❡ t❤❡♠

ν2 ❜❧♦❝❦s ♦❢ C ✇✐t❤ ν = min
{

r×s
p

, 2c
w

p
}

✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣ ❛s ♣r❡✈✐♦✉s❧②✳

✹✳✻ ❆❧❣♦r✐t❤♠s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠✱ ✐✳❡✳✱ ✇❤❡♥ ♣r♦❝❡ss♦rs ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❡r♠s ♦❢ ♠❡♠♦r②
s✐③❡ ❛s ✇❡❧❧ ❛s ❝♦♠♣✉t❛t✐♦♥ ❛♥❞✴♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ mi ✐s t❤❡
♥✉♠❜❡r ♦❢ q×q ❜❧♦❝❦s t❤❛t ✜t ✐♥ t❤❡ ♠❡♠♦r② ♦❢ ✇♦r❦❡r Pi✱ ❛♥❞ ✇❡ ♥❡❡❞ t♦ ❧♦❛❞ ✐♥t♦ t❤❡ ♠❡♠♦r②
♦❢ Pi 2µi ❜❧♦❝❦s ♦❢ A✱ 2µi ❜❧♦❝❦s ♦❢ B✱ ❛♥❞ µ2

i ❜❧♦❝❦s ♦❢ C✳ ❚❤✐s ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ❧♦❛❞❡❞ ✐♥t♦
♠❡♠♦r② ❝❤❛♥❣❡s ❢r♦♠ ✇♦r❦❡r t♦ ✇♦r❦❡r✱ ❛s ✐t ❞❡♣❡♥❞s ♦♥ t❤❡✐r ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s✿ µi ✐s t❤❡
❧❛r❣❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t µ2

i + 4µi ≤ mi.

❲❡ ✜rst tr② t♦ ❛❞❛♣t ♦✉r ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ t♦ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✉s✐♥❣ ❛
st❡❛❞②✲st❛t❡✲❧✐❦❡ ❛♣♣r♦❛❝❤✳ ❇✉t ❜❡❝❛✉s❡ ♦❢ ♦✉r ♠♦❞❡❧✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞✐s❝✉ss ✐ts ❧✐♠✐t❛t✐♦♥s✳ ❲❡
t❤❡♥ ✐♥tr♦❞✉❝❡ ♦✉r ✜♥❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✐♥ ❙❡❝t✐♦♥ ✹✳✻✳✷✳

✹✳✻✳✶ ❇❛♥❞✇✐❞t❤✲❝❡♥tr✐❝ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥

❊❛❝❤ ✇♦r❦❡r Pi ❤❛s ♣❛r❛♠❡t❡rs ci✱ wi✱ ❛♥❞ µi✱ ❛♥❞ ❡❛❝❤ ♣❛rt✐❝✐♣❛t✐♥❣ Pi ♥❡❡❞s ❛ t✐♠❡ 2µitci t♦
r❡❝❡✐✈❡ δi = 2µitci ❜❧♦❝❦s t♦ ♣❡r❢♦r♠ φi = tµ2

i wi ❝♦♠♣✉t❛t✐♦♥s✳ ❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ♥❡❣❧❡❝t ■✴❖ ❢♦r C
❜❧♦❝❦s✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ st❡❛❞②✲st❛t❡ ♦❢ ❛ s❝❤❡❞✉❧❡✳ ❉✉r✐♥❣ ♦♥❡ t✐♠❡✲✉♥✐t✱ Pi r❡❝❡✐✈❡s ❛ ❝❡rt❛✐♥
❛♠♦✉♥t yi ♦❢ ❜❧♦❝❦s✱ ❜♦t❤ ♦❢ A ❛♥❞ B✱ ❛♥❞ ❝♦♠♣✉t❡s xi C ❜❧♦❝❦s✳ ❲❡ ❡①♣r❡ss t❤❡ ❝♦♥str❛✐♥ts✱ ✐♥
t❡r♠s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✕t❤❡ ♠❛st❡r ❤❛s ❧✐♠✐t❡❞ ❜❛♥❞✇✐❞t❤✕ ❛♥❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥s ✕❛ ✇♦r❦❡r
❝❛♥♥♦t ♣❡r❢♦r♠ ♠♦r❡ ✇♦r❦ t❤❛♥ ✐t r❡❝❡✐✈❡s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡ t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦
♣❡r❢♦r♠❡❞ ♣❡r t✐♠❡✲✉♥✐t✳ ❆❧t♦❣❡t❤❡r✱ ✇❡ ❣❛t❤❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠✿



























▼❛①✐♠✐③❡
∑

i xi

s✉❜❥❡❝t t♦
∑

i yici ≤ 1
∀i, xiwi ≤ 1
∀i, xi

µ2
i

≤ yi

2µi
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✻✷ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

P1 P2

ci 1 x

wi 2 2x

µi 2 2
2ci

µiwi

1
2

1
2

❚❛❜❧❡ ✹✳✶✿ P❧❛t❢♦r♠ ❢♦r ✇❤✐❝❤ t❤❡ ❜❛♥❞✇✐❞t❤✲❝❡♥tr✐❝ s♦❧✉t✐♦♥ ✐s ♥♦t ❢❡❛s✐❜❧❡✳

❖❜✈✐♦✉s❧②✱ t❤❡ ❜❡st s♦❧✉t✐♦♥ ❢♦r yi ✐s yi = 2xi

µi
✱ s♦ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ✿















▼❛①✐♠✐③❡
∑

i xi

s✉❜❥❡❝t t♦

∀i, xi ≤ 1
wi

∑

i
2ci

µi
xi ≤ 1

❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤✐s s②st❡♠ ✐s ❛ ❜❛♥❞✇✐❞t❤✲❝❡♥tr✐❝ str❛t❡❣② ❬✶✼✱ ✾❪✿ ✇❡ s♦rt ✇♦r❦❡rs
❜② ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ 2ci

µi
❛♥❞ ✇❡ ❡♥r♦❧❧ t❤❡♠ ❛s ❧♦♥❣ ❛s

∑ 2ci

µiwi
≤ 1✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥

❛❝❤✐❡✈❡ t❤❡ t❤r♦✉❣❤♣✉t ρ ≈∑i ❡♥r♦❧❧❡❞
1
wi
✳

❚❤✐s s♦❧✉t✐♦♥ s❡❡♠s t♦ ❜❡ ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ✇♦r❦❡rs ♠❛②
♥♦t ❤❛✈❡ ❡♥♦✉❣❤ ♠❡♠♦r② t♦ ❡①❡❝✉t❡ ✐t✦ ❈♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ❞❡s❝r✐❜❡❞ ❜② ❚❛❜❧❡ ✹✳✶✳

❯s✐♥❣ t❤❡ ❜❛♥❞✇✐❞t❤✲❝❡♥tr✐❝ str❛t❡❣②✱ ❡✈❡r② 8x s❡❝♦♥❞s✿

• P1 r❡❝❡✐✈❡s 4x ❜❧♦❝❦s ✭x µ1 × µ1 ❝❤✉♥❦s✮ ✐♥ 4x s❡❝♦♥❞s✱ ❛♥❞ ❝♦♠♣✉t❡s 4x ❜❧♦❝❦s ✐♥ 8x
s❡❝♦♥❞s❀

• P2 r❡❝❡✐✈❡s 4 ❜❧♦❝❦s ✭1 µ2×µ2 ❝❤✉♥❦✮ ✐♥ 4x s❡❝♦♥❞s✱ ❛♥❞ ❝♦♠♣✉t❡s 4 ❜❧♦❝❦s ✐♥ 8x s❡❝♦♥❞s✳

❇✉t P1 ❝♦♠♣✉t❡s t♦♦ q✉✐❝❦❧②✿ ❞✉r✐♥❣ t❤❡ t✐♠❡ x ♥❡❡❞❡❞ t♦ s❡♥❞ ❛ ❜❧♦❝❦ t♦ P2✱ P1 ✉♣❞❛t❡s x
2

❜❧♦❝❦s✱ ✇❤✐❝❤ r❡q✉✐r❡s ❛t ❧❡❛st x ❜❧♦❝❦s ❛♥❞ ❛s ♠❛♥② ❜✉✛❡rs✳ ❆♥❞ x ❝❛♥ ❜❡ ❛r❜✐tr❛r② ❧❛r❣❡ ✦ ❋♦r
❡①❛♠♣❧❡✱ ✐❢ x = 20✱ P1 ✇♦✉❧❞ ♥❡❡❞ ❜✉✛❡rs t♦ st♦r❡ ❛s ♠❛♥② ❛s 20 ❜❧♦❝❦s t♦ st❛② ❜✉s② ✇❤✐❧❡ ♦♥❡
❜❧♦❝❦ ✐s s❡♥t t♦ P2✿

Communications 11111111111111111111 20 11111111111111111111 20 111111111 . . .
P rocessor P1 P2 P1 P2 P1 . . .

❚❤❡r❡❢♦r❡✱ t❤❡ ❜❛♥❞✇✐❞t❤✲❝❡♥tr✐❝ s♦❧✉t✐♦♥ ❝❛♥♥♦t ❛❧✇❛②s ❜❡ r❡❛❧✐③❡❞ ✐♥ ♣r❛❝t✐❝❡✱ ❛♥❞ ✇❡
t✉r♥ t♦ ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❚♦ ❛✈♦✐❞ t❤❡ ♣r❡✈✐♦✉s ❜✉✛❡r ♣r♦❜❧❡♠s✱ r❡s♦✉r❝❡
s❡❧❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ t❤r♦✉❣❤ ❛ st❡♣✲❜②✲st❡♣ s✐♠✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡
st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥ ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳

✹✳✻✳✷ ■♥❝r❡♠❡♥t❛❧ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥

❚❤❡ ❞✐✛❡r❡♥t ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s ♦❢ t❤❡ ✇♦r❦❡rs ✐♠♣❧② t❤❛t ✇❡ ❛ss✐❣♥ t❤❡♠ ❝❤✉♥❦s ♦❢ ❞✐✛❡r❡♥t
s✐③❡s✳ ❚❤✐s r❡q✉✐r❡♠❡♥t ❝♦♠♣❧✐❝❛t❡s t❤❡ ❣❧♦❜❛❧ ♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ C ♠❛tr✐① ❛♠♦♥❣ t❤❡ ✇♦r❦❡rs✳
❚♦ t❛❦❡ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ s✐♠♣❧✐❢② t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❞❡❝✐❞❡ t♦ ❛ss✐❣♥ ♦♥❧② ❢✉❧❧ ♠❛tr✐①
❝♦❧✉♠♥ ❜❧♦❝❦s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ ❛ t✇♦✲♣❤❛s❡ ❛♣♣r♦❛❝❤✳

■♥ t❤❡ ✜rst ♣❤❛s❡ ✇❡ ♣r❡✲❝♦♠♣✉t❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❜❧♦❝❦s t♦ ♣r♦❝❡ss♦rs✱ ✉s✐♥❣ ❛ ♣r♦❝❡ss♦r
s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❧❛t❡r✳ ❲❡ st❛rt ❛s ✐❢ ✇❡ ❤❛❞ ❛ ❤✉❣❡ ♠❛tr✐① ♦❢ s✐③❡∞×∑n

i=1 µi✳
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✹✳✻✳ ❆▲●❖❘■❚❍▼❙ ❋❖❘ ❍❊❚❊❘❖●❊◆❊❖❯❙ P▲❆❚❋❖❘▼❙ ✻✸

❊❛❝❤ t✐♠❡ ❛ ♣r♦❝❡ss♦r Pi ✐s ❝❤♦s❡♥ ❜② t❤❡ ♣r♦❝❡ss♦r s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✐t ✐s ❛ss✐❣♥❡❞ ❛ sq✉❛r❡
❝❤✉♥❦ ♦❢ µ2

i C ❜❧♦❝❦s✳ ❆s s♦♦♥ ❛s s♦♠❡ ♣r♦❝❡ss♦r Pi ❤❛s ❡♥♦✉❣❤ ❜❧♦❝❦s t♦ ✜❧❧ ✉♣ µi ❜❧♦❝❦
❝♦❧✉♠♥s ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠❛tr✐①✱ ✇❡ ❞❡❝✐❞❡ t❤❛t Pi ✇✐❧❧ ✐♥❞❡❡❞ ❡①❡❝✉t❡ t❤❡s❡ ❝♦❧✉♠♥s ❞✉r✐♥❣ t❤❡
♣❛r❛❧❧❡❧ ❡①❡❝✉t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠❛✐♥t❛✐♥ ❛ ♣❛♥❡❧ ♦❢

∑p
i=1 µi ❜❧♦❝❦ ❝♦❧✉♠♥s ❛♥❞ ✜❧❧ t❤❡♠ ♦✉t

❜② ❛ss✐❣♥✐♥❣ ❜❧♦❝❦s t♦ ♣r♦❝❡ss♦rs✳ ❲❡ st♦♣ t❤✐s ♣❤❛s❡ ❛s s♦♦♥ ❛s ❛❧❧ t❤❡ r×s ❜❧♦❝❦s ♦❢ t❤❡ ✐♥✐t✐❛❧
♠❛tr✐① ❤❛✈❡ ❜❡❡♥ ❛❧❧♦❝❛t❡❞ ❝♦❧✉♠♥✇✐s❡ ❜② t❤✐s ♣r♦❝❡ss✳ ◆♦t❡ t❤❛t ✇♦r❦❡r Pi ✇✐❧❧ ❜❡ ❛ss✐❣♥❡❞ ❛
❜❧♦❝❦ ❝♦❧✉♠♥ ❛❢t❡r ✐t ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞ ⌈ r

µi
⌉ t✐♠❡s ❜② t❤❡ ❛❧❣♦r✐t❤♠✳

■♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ✇❡ ♣❡r❢♦r♠ t❤❡ ❛❝t✉❛❧ ❡①❡❝✉t✐♦♥✳ ▼❡ss❛❣❡s ✇✐❧❧ ❜❡ s❡♥t t♦ ✇♦r❦❡rs
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ✜rst t✐♠❡ ❛ ♣r♦❝❡ss♦r Pi ✐s s❡❧❡❝t❡❞✱ ✐t r❡❝❡✐✈❡s
❛ sq✉❛r❡ ❝❤✉♥❦ ♦❢ µ2

i C ❜❧♦❝❦s✱ ✇❤✐❝❤ ✐♥✐t✐❛❧✐③❡s ✐ts r❡♣❡❛t❡❞ ♣❛tt❡r♥ ♦❢ ♦♣❡r❛t✐♦♥✿ t❤❡ ❢♦❧❧♦✇✐♥❣
t t✐♠❡s✱ Pi r❡❝❡✐✈❡s µi A ❛♥❞ µi B ❜❧♦❝❦s✱ ✇❤✐❝❤ r❡q✉✐r❡s 2µici t✐♠❡✲✉♥✐ts✳

■t r❡♠❛✐♥s t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♣r♦❝❡ss♦r t♦ s❡❧❡❝t ❛t ❡❛❝❤ st❡♣✳ ❲❡ ❤❛✈❡ ♥♦ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛
❢♦r t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❜❧♦❝❦s t♦ ♣r♦❝❡ss♦rs✳ ■♥st❡❛❞✱ ✇❡ ✉s❡ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡
✇❤✐❝❤ ✇♦r❦❡r t❤❡ ♥❡①t ❜❧♦❝❦s ✇✐❧❧ ❜❡ ❛ss✐❣♥❡❞ t♦✳ ❲❡ ❤❛✈❡ t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧
❛❧❣♦r✐t❤♠✱ ❛ ❣❧♦❜❛❧ ♦♥❡ t❤❛t ❛✐♠s ❛t ♦♣t✐♠✐③✐♥❣ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦✱
❛♥❞ ❛ ❧♦❝❛❧ ♦♥❡ t❤❛t s❡❧❡❝ts t❤❡ ❜❡st ♣r♦❝❡ss♦r ❢♦r t❤❡ ♥❡①t st❛❣❡✳ ❇♦t❤ ✈❛r✐❛♥ts ❛r❡ ❞❡s❝r✐❜❡❞
❜❡❧♦✇✳

●❧♦❜❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠

❚❤❡ ✐♥t✉✐t✐✈❡ ✐❞❡❛✱ ❤❡r❡✱ ✐s t♦ s❡❧❡❝t t❤❡ ♣r♦❝❡ss♦r t❤❛t ♠❛①✐♠✐③❡s t❤❡ r❛t✐♦ ♦❢ t❤❡ t♦t❛❧ ✇♦r❦
❛❝❤✐❡✈❡❞ s♦ ❢❛r ✭✐♥ t❡r♠s ♦❢ ❜❧♦❝❦ ✉♣❞❛t❡s✮ ♦✈❡r t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❧❛st ❝♦♠♠✉♥✐❝❛t✐♦♥✳
❚❤❡ ❧❛tt❡r r❡♣r❡s❡♥ts t❤❡ t✐♠❡ s♣❡♥t ❜② t❤❡ ♠❛st❡r s♦ ❢❛r✱ ❡✐t❤❡r s❡♥❞✐♥❣ ❞❛t❛ t♦ ✇♦r❦❡rs ♦r
st❛②✐♥❣ ✐❞❧❡✱ ✇❛✐t✐♥❣ ❢♦r t❤❡ ✇♦r❦❡rs t♦ ✜♥✐s❤ t❤❡✐r ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥s✳ ❲❡ ❤❛✈❡✿

r❛t✐♦← t♦t❛❧ ✇♦r❦ ❛❝❤✐❡✈❡❞
❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❧❛st ❝♦♠♠✉♥✐❝❛t✐♦♥

.

❊st✐♠❛t✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ✐s ❡❛s②✿ Pi ❡①❡❝✉t❡s µ2
i ❜❧♦❝❦ ✉♣❞❛t❡s ♣❡r ❛ss✐❣♥♠❡♥t✳ ❈♦♠♠✉♥✐✲

❝❛t✐♦♥s ❛r❡ s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t♦ ❞❡❛❧ ✇✐t❤❀ ✇❡ ❝❛♥♥♦t ❥✉st ✉s❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡
2µici ♦❢ Pi ❢♦r t❤❡ A ❛♥❞ B ❜❧♦❝❦s ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐ts r❡❛❞② t✐♠❡ ✐♥t♦ ❛❝❝♦✉♥t✳ ■♥❞❡❡❞✱
✐❢ Pi ✐s ❝✉rr❡♥t❧② ❜✉s② ❡①❡❝✉t✐♥❣ ✇♦r❦✱ ✐t ❝❛♥♥♦t r❡❝❡✐✈❡ ❛❞❞✐t✐♦♥❛❧ ❞❛t❛ t♦♦ ♠✉❝❤ ✐♥ ❛❞✈❛♥❝❡
❜❡❝❛✉s❡ ✐ts ♠❡♠♦r② ✐s ❧✐♠✐t❡❞✳ ❆❧❣♦r✐t❤♠ ✽ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤✐s s❡❧❡❝t✐♦♥
♣r♦❝❡ss✱ ✇❤✐❝❤ ✇❡ ✐t❡r❛t❡ ✉♥t✐❧ ❛❧❧ ❜❧♦❝❦s ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠❛tr✐① ❛r❡ ❛ss✐❣♥❡❞ ❛♥❞ ❝♦♠♣✉t❡❞✳ ❲❡
✐❧❧✉str❛t❡ ✐t ♦♥ ❛♥ ❡①❛♠♣❧❡✳

❘✉♥♥✐♥❣ t❤❡ ❣❧♦❜❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥ ❛♥ ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ❞❡s❝r✐❜❡❞ ✐♥

❚❛❜❧❡ ✹✳✷ ✇✐t❤ t❤r❡❡ ✇♦r❦❡rs P1✱ P2 ❛♥❞ P3✳ ❋♦r t❤❡ ✜rst st❡♣✱ ✇❡ ❤❛✈❡ r❛t✐♦i ← µ2
i

2µici
❢♦r ❛❧❧ i✳ ❲❡

❝♦♠♣✉t❡ r❛t✐♦1 = 1.5✱ r❛t✐♦2 = 3✱ ❛♥❞ r❛t✐♦3 = 1 ❛♥❞ s❡❧❡❝t P2✿ ♥❡①t← 2✳ ❲❡ ✉♣❞❛t❡ ✈❛r✐❛❜❧❡s ❛s
t♦t❛❧✲✇♦r❦← 0+324 = 324✱ ❝♦♠♣❧❡t✐♦♥✲t✐♠❡← max(0+108, 0) = 108✱ r❡❛❞②2 ← 108+972 = 1080
❛♥❞ ♥❜✲❜❧♦❝❦2 ← 36✳

❆t t❤❡ s❡❝♦♥❞ st❡♣ ✇❡ ❝♦♠♣✉t❡ r❛t✐♦1 ← 324+36
108+24 = 2.71✱ r❛t✐♦2 ← 324+324

1080 = 0.6 ❛♥❞ r❛t✐♦3 ←
324+100
108+100 = 2.04 ❛♥❞ ✇❡ s❡❧❡❝t P1✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t P2 ✐s ❜✉s② ✉♥t✐❧ t✐♠❡ t = 1080 ❜❡❝❛✉s❡
♦❢ t❤❡ ✜rst ❛ss✐❣♥♠❡♥t✱ ✇❤✐❝❤ ✇❡ ❝♦rr❡❝t❧② t♦♦❦ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❝♦♠♣✉t✐♥❣ r❡❛❞②2✳ ❋♦r P1

❛♥❞ P3 t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦✉❧❞ t❛❦❡ ♣❧❛❝❡ ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r t❤❡ ✜rst ♦♥❡✳ ■t r❡♠❛✐♥s t♦
✉♣❞❛t❡ t❤❡ ✈❛r✐❛❜❧❡s✿ t♦t❛❧✲✇♦r❦← 324 + 36 = 360✱ ❝♦♠♣❧❡t✐♦♥✲t✐♠❡← max(108 + 24, 0) = 132✱
r❡❛❞②1 ← 132 + 72 = 204 ❛♥❞ ♥❜✲❜❧♦❝❦1 ← 12✳
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❆❧❣♦r✐t❤♠ ✽✿ ●❧♦❜❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠✳
❉❛t❛✿
❝♦♠♣❧❡t✐♦♥✲t✐♠❡✿ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❧❛st ❝♦♠♠✉♥✐❝❛t✐♦♥
r❡❛❞②i✿ r❡❛❞② t✐♠❡ ♦❢ ♣r♦❝❡ss♦r Pi

♥❜✲❜❧♦❝❦i✿ ♥✉♠❜❡r ♦❢ A ❛♥❞ B ❜❧♦❝❦s s❡♥t t♦ ♣r♦❝❡ss♦r Pi

t♦t❛❧✲✇♦r❦✿ t♦t❛❧ ✇♦r❦ ❛ss✐❣♥❡❞ s♦ ❢❛r ✭✐♥ t❡r♠s ♦❢ ❜❧♦❝❦ ✉♣❞❛t❡s✮
♥❜✲❝♦❧✉♠♥✿ ♥✉♠❜❡r ♦❢ ❢✉❧❧② ♣r♦❝❡ss❡❞ C ❜❧♦❝❦ ❝♦❧✉♠♥s

■◆■❚■❆▲■❩❆❚■❖◆

❝♦♠♣❧❡t✐♦♥✲t✐♠❡← 0❀
t♦t❛❧✲✇♦r❦← 0❀
❢♦r i← 1 t♦ p ❞♦

r❡❛❞②i ← 0❀
♥❜✲❜❧♦❝❦i ← 0❀

❙■▼❯▲❆❚■❖◆

r❡♣❡❛t

♥❡①t← ✇♦r❦❡r t❤❛t r❡❛❧✐③❡s maxp
i=1

t♦t❛❧✲✇♦r❦+µ2
i

max(❝♦♠♣❧❡t✐♦♥✲t✐♠❡+2µici,r❡❛❞②i)
❀

t♦t❛❧✲✇♦r❦← t♦t❛❧✲✇♦r❦ + µ2
♥❡①t❀

❝♦♠♣❧❡t✐♦♥✲t✐♠❡← max{❝♦♠♣❧❡t✐♦♥✲t✐♠❡ + 2µ♥❡①tc♥❡①t, r❡❛❞②♥❡①t}❀
r❡❛❞②♥❡①t ← ❝♦♠♣❧❡t✐♦♥✲t✐♠❡ + µ2

♥❡①tw♥❡①t❀
♥❜✲❜❧♦❝❦♥❡①t ← ♥❜✲❜❧♦❝❦♥❡①t + 2µ♥❡①t❀

♥❜✲❝♦❧✉♠♥←∑p
i=1

⌊

♥❜✲❜❧♦❝❦i

2µit⌈ r
µi

⌉

⌋

µi❀

✉♥t✐❧ ♥❜✲❝♦❧✉♠♥ ≥ s ❀

❆t t❤❡ t❤✐r❞ st❡♣ t❤❡ ❛❧❣♦r✐t❤♠ s❡❧❡❝ts P3✳ ●♦✐♥❣ ❢♦r✇❛r❞✱ ✇❡ ❤❛✈❡ ❛ ❝②❝❧✐❝ ♣❛tt❡r♥ r❡♣❡❛t✐♥❣✱
✇✐t❤ 13 ❝♦♥s❡❝✉t✐✈❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ♦♥❡ t♦ P2 ❢♦❧❧♦✇❡❞ ❜② 12 ♦♥❡s ❛❧t❡r♥❛t✐♥❣ ❜❡t✇❡❡♥ P1 ❛♥❞
P3✱ ❛♥❞ t❤❡♥ s♦♠❡ ✐❞❧❡ t✐♠❡ ❜❡❢♦r❡ t❤❡ ♥❡①t ♣❛tt❡r♥ ✭s❡❡ ❋✐❣✉r❡ ✹✳✽✮✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ✈❛❧✉❡
♦❢ r❛t✐♦ ✐s 1.17 ✇❤✐❧❡ t❤❡ st❡❛❞②✲st❛t❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✹✳✻✳✶ ✇♦✉❧❞ ❛❝❤✐❡✈❡ ❛ r❛t✐♦ ♦❢ 1.39
✇✐t❤♦✉t t❛❦✐♥❣ ♠❡♠♦r② ❧✐♠✐t❛t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t✳

P3

P2

P1

▼

❋✐❣✉r❡ ✹✳✽✿ ●❧♦❜❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❚❛❜❧❡ ✹✳✷✳

❋✐♥❛❧❧②✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t ✐t ✐s ❡❛s② t♦ ❢✉rt❤❡r r❡✜♥❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❣❡t ❝❧♦s❡r t♦ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ st❡❛❞②✲st❛t❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥st❡❛❞ ♦❢ s❡❧❡❝t✐♥❣ t❤❡ ❜❡st ♣r♦❝❡ss♦r ❣r❡❡❞✐❧②✱
✇❡ ❝♦✉❧❞ ❧♦♦❦ t✇♦✲st❡♣s ❛❤❡❛❞ ❛♥❞ s❡❛r❝❤ ❢♦r t❤❡ ❜❡st ♣❛✐r ♦❢ ✇♦r❦❡rs t♦ s❡❧❡❝t ❢♦r t❤❡ ♥❡①t t✇♦
❝♦♠♠✉♥✐❝❛t✐♦♥s ✭t❤❡ ♦♥❧② ♣r✐❝❡ t♦ ♣❛② ✐s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦st ♦❢ t❤❡ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠✮✳ ❋♦r
t❤❡ ❡①❛♠♣❧❡✱ t❤❡ t✇♦✲❜❧♦❝❦ ❧♦♦❦✲❛❤❡❛❞ str❛t❡❣② ❛❝❤✐❡✈❡s ❛♥ ❛s②♠♣t♦t✐❝ r❛t✐♦ ✉♣ t♦ ✶✳✸✵✳
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P1 P2 P3

ci ✷ ✸ ✺
wi ✷ ✸ ✶
µi ✻ ✶✽ ✶✵
µ2

i ✸✻ ✸✷✹ ✶✵✵
2µici ✷✹ ✶✵✽ ✶✵✵

❚❛❜❧❡ ✹✳✷✿ P❧❛t❢♦r♠ ✉s❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ♣r♦❝❡ss♦r s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s✳

▲♦❝❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠

❚❤❡ ❣❧♦❜❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♣✐❝❦s✱ ❛s t❤❡ ♥❡①t ♣r♦❝❡ss♦r✱ t❤❡ ♦♥❡ t❤❛t ♠❛①✐♠✐③❡s t❤❡ r❛t✐♦
♦❢ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ✇♦r❦ ❛ss✐❣♥❡❞ ♦✈❡r t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ ❛❧❧ t❤❡ r❡q✉✐r❡❞ ❞❛t❛✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❧♦❝❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❝❤♦♦s❡s✱ ❛s ❞❡st✐♥❛t✐♦♥ ♦❢ t❤❡ i✲t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥✱
t❤❡ ♣r♦❝❡ss♦r t❤❛t ♠❛①✐♠✐③❡s t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ ❛ss✐❣♥❡❞ ❜② t❤✐s ❝♦♠♠✉♥✐❝❛t✐♦♥
♦✈❡r t❤❡ t✐♠❡ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦ ✐s ✉s❡❞ t♦ ♣❡r❢♦r♠❡❞ t❤✐s ❝♦♠♠✉♥✐❝❛t✐♦♥
✭✐✳❡✳✱ t❤❡ ❡❧❛♣s❡❞ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ❡♥❞ ♦❢ (i − 1)✲t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❡♥❞ ♦❢ t❤❡ i✲t❤
❝♦♠♠✉♥✐❝❛t✐♦♥✮✳ ❆s ♣r❡✈✐♦✉s❧②✱ ✐❢ ♣r♦❝❡ss♦r Pj ✐s t❤❡ t❛r❣❡t ♦❢ t❤❡ i✲t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ t❤❡
i✲t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s t❤❡ s❡♥❞✐♥❣ ♦❢ µj ❜❧♦❝❦s ♦❢ A ❛♥❞ µj ❜❧♦❝❦s ♦❢ B t♦ ♣r♦❝❡ss♦r Pj ✱ ✇❤✐❝❤
❡♥❛❜❧❡s ✐t t♦ ♣❡r❢♦r♠ µ2

j ✉♣❞❛t❡s✳

▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ❧♦❝❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♣✐❝❦s t❤❡ ✇♦r❦❡r Pi t❤❛t ♠❛①✐♠✐③❡s✿

µ2
i

max{2µici, r❡❛❞②i − ❝♦♠♣❧❡t✐♦♥✲t✐♠❡}

❖♥❝❡ ❛❣❛✐♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ❞❡s❝r✐❜❡❞ ✐♥ ❚❛❜❧❡ ✹✳✷✳ ❋♦r t❤❡ ✜rst t❤r❡❡ st❡♣s✱ t❤❡
❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s ♠❛❦❡ t❤❡ s❛♠❡ ❞❡❝✐s✐♦♥s✳ ■♥ ❢❛❝t✱ t❤❡② t❛❦❡ t❤❡ s❛♠❡ ✜rst
✶✸ ❞❡❝✐s✐♦♥s✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ✶✹✲t❤ s❡❧❡❝t✐♦♥✱ t❤❡ ❣❧♦❜❛❧ ❛❧❣♦r✐t❤♠ ♣✐❝❦s ♣r♦❝❡ss♦r P2 ✇❤❡♥ t❤❡
❧♦❝❛❧ s❡❧❡❝t✐♦♥ s❡❧❡❝ts ♣r♦❝❡ss♦r P1 ❛♥❞ t❤❡♥ ♣r♦❝❡ss♦r P2 ❢♦r t❤❡ ✶✺✲t❤ ❞❡❝✐s✐♦♥✱ ❛s ✐❧❧✉str❛t❡❞
✐♥ ❋✐❣✉r❡ ✹✳✾✳ ❯♥❞❡r ❜♦t❤ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss❡s✱ ✐ts s❡❝♦♥❞ ❝❤✉♥❦ ♦❢ ✇♦r❦ ✐s s❡♥t t♦ ♣r♦❝❡ss♦r P2

❛t t❤❡ s❛♠❡ t✐♠❡ ❜✉t t❤❡ ❧♦❝❛❧ ❛❧❣♦r✐t❤♠ ✐♥s❡rts ❛♥ ❡①tr❛ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❋♦r t❤✐s ❡①❛♠♣❧❡✱
t❤❡ ❧♦❝❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❛❝❤✐❡✈❡s ❛♥ ❛s②♠♣t♦t✐❝ r❛t✐♦ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ♣❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢
✶✳✷✶✳ ❚❤✐s ✐s ❜❡tt❡r t❤❛♥ ✇❤❛t ✐s ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❣❧♦❜❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❜✉t✱ ♦❜✈✐♦✉s❧②✱ t❤❡r❡
❛r❡ ❡①❛♠♣❧❡s ✇❤❡r❡ t❤❡ ❣❧♦❜❛❧ s❡❧❡❝t✐♦♥ ✇✐❧❧ ❜❡❛t t❤❡ ❧♦❝❛❧ ♦♥❡✳

P3

P2

P1

▼

❋✐❣✉r❡ ✹✳✾✿ ▲♦❝❛❧ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❚❛❜❧❡ ✹✳✷✳

te
l-0

05
30
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on
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ct
 2

01
0



✻✻ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

❱❛r✐❛♥ts

❲❡ ❤❛✈❡ ❥✉st ♣r❡s❡♥t❡❞ ❛ ❣❧♦❜❛❧ ❛♥❞ ❛ ❧♦❝❛❧ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳ ❊❛❝❤ ♣r♦❝❡ss ❝❛♥ ❡✐t❤❡r t❛❦❡ ❛
❞❡❝✐s✐♦♥ ♦♥❧② ❧♦♦❦✐♥❣ ❛t t❤❡ ♥❡①t ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ♦r ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♥❡①t t✇♦ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱
✐♥ ❛ ❧♦♦❦✲❛❤❡❛❞ ❛♣♣r♦❛❝❤✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤❡ ❛❜♦✈❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss❡s ✇❡ ❤❛✈❡ ♥♦t t❛❦❡♥
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦st ♦❢ ✐♥✐t✐❛❧❧② s❡♥❞✐♥❣ µ2

i ❜❧♦❝❦s ♦❢ ♠❛tr✐① C t♦ ♣r♦❝❡ss♦r Pi t❤❡ ✜rst t✐♠❡
✐t r❡❝❡✐✈❡s ❜❧♦❝❦s ✭♦r t❤❡ ❝♦st ♦❢ s❡♥❞✐♥❣ ❜❛❝❦ µ2

i ❜❧♦❝❦s ♦❢ C t♦ t❤❡ ♠❛st❡r ❛❢t❡r t ✐t❡r❛t✐♦♥s✱
❛♥❞ t❤❡♥ r❡❝❡✐✈✐♥❣ µ2

i ❜r❛♥❞ ♥❡✇ ❜❧♦❝❦s✮✳ ❲❡ ❝❛♥ t❛❦❡ t❤❡s❡ ❝♦sts ✐♥t♦ ❛❝❝♦✉♥t ✐♥ ❛ ✈❛r✐❛♥t✿
t❤✐s ✇♦✉❧❞ s❡❡♠ ♠♦r❡ r❡❛❧✐st✐❝✱ ❜✉t t❤✐s ♠❛② ✇r♦♥❣❧② ❢♦r❜✐❞ t♦ ❡♥r♦❧❧ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣r♦❝❡ss♦r
❞✉❡ t♦ ❛ ❤✉❣❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❝♦st✳ ❍❡♥❝❡✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ✽ ❞✐✛❡r❡♥t s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s ✭❣❧♦❜❛❧
♦r ❧♦❝❛❧✱ ❧♦♦❦✲❛❤❡❛❞ ♦r ♥♦t✱ µ2

i C ❝♦sts ♦r ♥♦t✮✳ ❚❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t❤❛t ♦♥❡ ♦❢ t❤❡s❡ ❤❡✉r✐st✐❝s
❛❧✇❛②s ❞♦♠✐♥❛t❡ t❤❡ ♦t❤❡rs✳ ❲❡ ✇✐❧❧ t❤✉s ❝♦♥s✐❞❡r t❤❡ ❡✐❣❤t ♦❢ t❤❡♠ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✳

✹✳✼ ❊①t❡♥s✐♦♥ t♦ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ ♦✉r t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥✳ ❲❡ ✜rst
❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✇♦r❦❡r ✭❙❡❝t✐♦♥ ✹✳✼✳✶✮✱ ✐♥ ♦r❞❡r t♦ st✉❞② ❤♦✇ ✇❡ ❝❛♥ ♠✐♥✐♠✐③❡ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✳ ❚❤❡♥ ✇❡ ♣r❡s❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❝❧✉st❡rs ✭❙❡❝t✐♦♥ ✹✳✼✳✷✮
❛♥❞ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✹✳✼✳✸✮✳

❲❡ ❝♦♥s✐❞❡r t❤❡ r✐❣❤t✲❧♦♦❦✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ❛s ✐t ✐s ♠♦r❡ ❛♠❡♥❛❜❧❡ t♦
♣❛r❛❧❧❡❧✐s♠✳ ❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ✉s❡ ❛ ❜❧♦❝❦✲♦r✐❡♥t❡❞ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❛t♦♠✐❝ ❡❧❡♠❡♥ts t❤❛t ✇❡
♠❛♥✐♣✉❧❛t❡ ❛r❡ ♥♦t ♠❛tr✐① ❝♦❡✣❝✐❡♥ts ❜✉t ✐♥st❡❛❞ sq✉❛r❡ ❜❧♦❝❦s ♦❢ s✐③❡ q × q ✭❤❡♥❝❡ ✇✐t❤ q2

❝♦❡✣❝✐❡♥ts✮✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐① ✐s t❤❡♥ r × r ❜❧♦❝❦s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡❝♦♥❞
❧❡✈❡❧ ♦❢ ❜❧♦❝❦✐♥❣ ♦❢ s✐③❡ µ✳ ❆s ♣r❡✈✐♦✉s❧②✱ µ ✐s t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t µ2 + 4µ ≤ m✳ ❚❤❡
♠❛✐♥ ❦❡r♥❡❧ ✐s t❤❡♥ ❛ r❛♥❦✲µ ✉♣❞❛t❡ C ← C + A.B ♦❢ ❜❧♦❝❦s✳ ❍❡♥❝❡ t❤❡ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥
♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥✳

✹✳✼✳✶ ❙✐♥❣❧❡ ♣r♦❝❡ss♦r ❝❛s❡

❚❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✵✳ ❙t❡♣ k ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥
❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ ❋❛❝t♦r ♣✐✈♦t ♠❛tr✐① ✭❋✐❣✉r❡ ✹✳✶✶✭❛✮✮✳ ❲❡ ❝♦♠♣✉t❡ ❛t ❡❛❝❤ st❡♣ ❛ ♣✐✈♦t ♠❛tr✐① ♦❢ s✐③❡ µ2

✭✇❤✐❝❤ t❤✉s ❝♦♥t❛✐♥s µ2 × q2 ❝♦❡✣❝✐❡♥ts✮✳ ❚❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ❤❛s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢
2µ2c ✭t♦ ❜r✐♥❣ t❤❡ ♠❛tr✐① ❛♥❞ s❡♥❞ ✐t ❜❛❝❦ ❛❢t❡r t❤❡ ✉♣❞❛t❡✮ ❛♥❞ ❛ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢
µ3w✳

✷✳ ❯♣❞❛t❡ t❤❡ µ ❝♦❧✉♠♥s ❜❡❧♦✇ t❤❡ ♣✐✈♦t ♠❛tr✐① ✭✈❡rt✐❝❛❧ ♣❛♥❡❧✮ ✭❋✐❣✉r❡ ✹✳✶✶✭❜✮✮✳ ❊❛❝❤ r♦✇
x ♦❢ t❤✐s ✈❡rt✐❝❛❧ ♣❛♥❡❧ ✐s ♦❢ s✐③❡ µ ❛♥❞ ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② xU−1 ❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥ ❝♦st
♦❢ 1

2µ2w✳

❚❤❡ ♠♦st ❝♦♠♠✉♥✐❝❛t✐♦♥✲❡✣❝✐❡♥t ♣♦❧✐❝② t♦ ✐♠♣❧❡♠❡♥t t❤✐s ✉♣❞❛t❡ ✐s t♦ ❦❡❡♣ t❤❡ ♣✐✈♦t
♠❛tr✐① ✐♥ ♣❧❛❝❡ ❛♥❞ t♦ ♠♦✈❡ ❛r♦✉♥❞ t❤❡ r♦✇s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ♣❛♥❡❧✳ ❊❛❝❤ r♦✇ ♠✉st ❜❡
❜r♦✉❣❤t ❛♥❞ s❡♥t ❜❛❝❦ ❛❢t❡r ✉♣❞❛t❡✱ ❢♦r ❛ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ 2µc✳

❆t t❤❡ k✲t❤ st❡♣✱ t❤✐s ✉♣❞❛t❡ ❤❛s t❤❡♥ ❛♥ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ 2µ(r − kµ)c ❛♥❞
❛♥ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ 1

2µ2(r − kµ)w✳

✸✳ ❯♣❞❛t❡ t❤❡ µ r♦✇s ❛t t❤❡ r✐❣❤t ♦❢ t❤❡ ♣✐✈♦t ♠❛tr✐① ✭❤♦r✐③♦♥t❛❧ ♣❛♥❡❧✮ ✭❋✐❣✉r❡ ✹✳✶✶✭❝✮✮✳
❊❛❝❤ ❝♦❧✉♠♥ y ♦❢ t❤✐s ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ ✐s ♦❢ s✐③❡ µ ❛♥❞ ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② L−1y ❢♦r ❛
❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ 1

2µ2w✳
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✹✳✼✳ ❊❳❚❊◆❙■❖◆ ❚❖ ▲❯ ❋❆❈❚❖❘■❩❆❚■❖◆ ✻✼

❋✐❣✉r❡ ✹✳✶✵✿ ❙❝❤❡♠❡ ❢♦r ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ❛t st❡♣ k✳

✭❛✮ ❚❤❡ ♣✐✈♦t ♠❛tr✐①
✐s ❢❛❝t♦r❡❞✳

✭❜✮ ❯♣❞❛t❡ ♦❢ ✈❡rt✐✲
❝❛❧ ♣❛♥❡❧✳ ❆ r♦✇ x ✐s
r❡♣❧❛❝❡❞ ❜② xU−1✳

✭❝✮ ❯♣❞❛t❡ ♦❢ ❤♦r✐✲
③♦♥t❛❧ ♣❛♥❡❧✳ ❆ ❝♦❧✲
✉♠♥ y ✐s r❡♣❧❛❝❡❞ ❜②
L−1y✳

✭❞✮ µ ❝♦❧✉♠♥s ♦❢ t❤❡
❝♦r❡ ♠❛tr✐① ❛r❡ ✉♣✲
❞❛t❡❞ ✉s✐♥❣ t❤❡ ✈❡r✲
t✐❝❛❧ ♣❛♥❡❧ ❛♥❞ µ

❝♦❧✉♠♥s ♦❢ t❤❡ ❤♦r✲
✐③♦♥t❛❧ ♣❛♥❡❧✳

❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝❛❧ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣♦❧✐❝② ❛♥❞ ❛t
t❤❡ k✲t❤ st❡♣✱ t❤✐s ✉♣❞❛t❡ ❤❛s ❛♥ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ 2µ(r−kµ)c ❛♥❞ ❛♥ ♦✈❡r❛❧❧
❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ 1

2µ2(r − kµ)w✳

✹✳ ❯♣❞❛t❡ t❤❡ ❝♦r❡ ♠❛tr✐① ✭sq✉❛r❡ ♠❛tr✐① ♦❢ t❤❡ ❧❛st (r − kµ) r♦✇s ❛♥❞ ❝♦❧✉♠♥s✮ ✭❋✐❣✲
✉r❡ ✹✳✶✶✭❞✮✮✳ ❚❤✐s ✐s ❛ r❛♥❦✲µ ✉♣❞❛t❡✳ ❈♦♥tr❛r② t♦ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ t❤❡ ♠♦st
❝♦♠♠✉♥✐❝❛t✐♦♥✲❡✣❝✐❡♥t ♣♦❧✐❝② ✐s t♦ ♥♦t ❦❡❡♣ t❤❡ r❡s✉❧t ♠❛tr✐① ✐♥ ♠❡♠♦r②✱ ❜✉t ❡✐t❤❡r
❛ µ × µ sq✉❛r❡ ❜❧♦❝❦ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ♣❛♥❡❧ ♦r ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ ✭❜♦t❤ s♦❧✉t✐♦♥s ❛r❡
s②♠♠❡tr✐❝❛❧✮✳ ❆r❜✐tr❛r✐❧②✱ ✇❡ t❤❡♥ ❞❡❝✐❞❡ t♦ ❦❡❡♣ ✐♥ ♠❡♠♦r② ❛ ❝❤✉♥❦ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧
♣❛♥❡❧✳ ❚❤❡♥ t♦ ✉♣❞❛t❡ ❛ r♦✇ ✈❡❝t♦r x ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐①✱ ✇❡ ♥❡❡❞ t♦ ❜r✐♥❣ t♦ t❤❛t ✈❡❝t♦r
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r♦✇ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ♣❛♥❡❧✱ ❛♥❞ t❤❡♥ t♦ s❡♥❞ ❜❛❝❦ t❤❡ ✉♣❞❛t❡❞ ✈❛❧✉❡ ♦❢
x✳ ❚❤✐s ❤❛s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ 3µc ❛♥❞ ❛ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ µ2✳

❆t t❤❡ k✲t❤ st❡♣✱ t❤✐s ✉♣❞❛t❡ ❢♦r µ ❝♦❧✉♠♥s ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐① ❤❛s ❛♥ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦st ♦❢ (µ2 + 3(r − kµ)µ)c ✭❝♦✉♥t✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♥❡❝❡ss❛r② t♦ ✐♥✐t✐❛❧❧② ❜r✐♥❣ t❤❡
µ2 ❡❧❡♠❡♥ts ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧✮ ❛♥❞ ❛♥ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ (r − kµ)µ2w✳

❚❤❡r❡❢♦r❡✱ ❛t t❤❡ k✲t❤ st❡♣✱ t❤✐s ✉♣❞❛t❡ ❤❛s ❛♥ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ ( r
µ
−k)(µ2 +

3(r − kµ)µ)c ❛♥❞ ❛♥ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ♦❢ ( r
µ
− k)(r − kµ)µ2w✳

❯s✐♥❣ t❤❡ ❛❜♦✈❡ s❝❤❡♠❡✱ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ t❤❡ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ✐s

r
µ
∑

k=1

(

2µ2 + 4µ(r − kµ) +

(

r

µ
− k

)

(µ2 + 3(r − kµ)µ)

)

c =

(

r3

µ
− r2 + 2µr

)

c,

✇❤✐❧❡ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ✐s

r
µ
∑

k=1

(

µ3 + µ2(r − kµ) +

(

r

µ
− k

)

(r − kµ)µ2

)

w =
1

3

(

r3 + 2µ2r
)

w.
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✻✽ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

✹✳✼✳✷ ❆❧❣♦r✐t❤♠ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❝❧✉st❡rs

❚❤❡ ♠♦st t✐♠❡✲❝♦♥s✉♠✐♥❣ ♣❛rt ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐①✱ ❛s ✐t ❤❛s
❛♥ ♦✈❡r❛❧❧ ❝♦st ♦❢

(

1
3r3 − 1

2µr2 + 1
6µ2r

)

w✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇❛♥t t♦ ♣❛r❛❧❧❡❧✐③❡ t❤✐s ✉♣❞❛t❡ ❜②
❛❧❧♦❝❛t✐♥❣ ❜❧♦❝❦s ♦❢ µ ❝♦❧✉♠♥s ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐① t♦ ❞✐✛❡r❡♥t ♣r♦❝❡ss♦rs✳ ❏✉st ❛s ❢♦r ♠❛tr✐①
♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ✇♦r❦❡rs P✳ ❋♦r
t❤❛t ♣✉r♣♦s❡✱ ✇❡ ♣r♦❝❡❡❞ ❛s ♣r❡✈✐♦✉s❧②✳ ❖♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s✐❞❡✱ ✇❡ ❦♥♦✇ t❤❛t ✐♥ ❛ r♦✉♥❞
✭❡❛❝❤ ✇♦r❦❡r ✉♣❞❛t✐♥❣ µ ❝♦❧✉♠♥s ❡♥t✐r❡❧②✮✱ t❤❡ ♠❛st❡r s❡♥❞s t♦ ❡❛❝❤ ✇♦r❦❡r µ2 ❜❧♦❝❦s ♦❢ t❤❡
❤♦r✐③♦♥t❛❧ ♣❛♥❡❧✱ t❤❡♥ s❡♥❞s t♦ ❡❛❝❤ ✇♦r❦❡r t❤❡ µ(r − kµ) ❜❧♦❝❦s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ♣❛♥❡❧✱ ❛♥❞
❡①❝❤❛♥❣❡s ✇✐t❤ ❡❛❝❤ ♦❢ t❤❡♠ 2µ(r− kµ) ❜❧♦❝❦s ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐① ✭µ(r− kµ) r❡❝❡✐✈❡❞ ❛♥❞ ❧❛t❡r
s❡♥t ❜❛❝❦ ❛❢t❡r ✉♣❞❛t❡✮✳ ❆❧s♦ ❞✉r✐♥❣ t❤✐s r♦✉♥❞✱ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s✐❞❡✱ ❡❛❝❤ ✇♦r❦❡r ❝♦♠♣✉t❡s
µ2(r − kµ) ❜❧♦❝❦ ✉♣❞❛t❡s✳

■❢ ✇❡ ❡♥r♦❧❧ t♦♦ ♠❛♥② ♣r♦❝❡ss♦rs✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r ✇✐❧❧ ❜❡ ❡①❝❡❡❞❡❞✳
❚❤❡r❡ ✐s ❛ ❧✐♠✐t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s s❡♥t ♣❡r t✐♠❡ ✉♥✐t✱ ❤❡♥❝❡ ♦♥ t❤❡ ♠❛①✐♠❛❧ ♣r♦❝❡ss♦r
♥✉♠❜❡r P✱ ✇❤✐❝❤ ✇❡ ❝♦♠♣✉t❡ ❛s ❢♦❧❧♦✇s✿ P ✐s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t

(µ2 + 3µ(r − kµ))cP ≥ µ2(r − kµ)w.

❲❡ ♦❜t❛✐♥ t❤❛t
P =

⌈µw

3c

⌉

,

✇❤✐❧❡ ♥❡❣❧❡❝t✐♥❣ t❤❡ t❡r♠ µ2 ✐♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st✱ ❛s ✇❡ ❛ss✉♠❡ r
µ
t♦ ❜❡ ❧❛r❣❡✳

❖♥❝❡ t❤❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✱ ✇❡ ♣r♦♣♦s❡ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛❧❣♦r✐t❤♠✿ ❛ s✐♥❣❧❡
♣r♦❝❡ss♦r ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ♣✐✈♦t ♠❛tr✐① ❛♥❞ ♦❢ t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ✈❡rt✐❝❛❧
❛♥❞ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧s✱ ❛♥❞ t❤❡♥ P ♣r♦❝❡ss♦rs ✇♦r❦ ✐♥ ♣❛r❛❧❧❡❧ ❛t t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐①✳

✹✳✼✳✸ ❆❧❣♦r✐t❤♠ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s✐♠♣❧② s❦❡t❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❲❤❡♥ t❛r❣❡t✐♥❣
❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ t❤❡r❡ ✐s ❛ ❜✐❣ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ▲❯ ❢❛❝t♦r✐③❛t✐♦♥ ❛♥❞ ♠❛tr✐① ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥✳ ■♥❞❡❡❞✱ ❢♦r ▲❯ ♦♥❝❡ t❤❡ s✐③❡ µ ♦❢ t❤❡ ♣✐✈♦t ♠❛tr✐① ✐s ✜①❡❞✱ ❛❧❧ ♣r♦❝❡ss♦rs ❤❛✈❡ t♦ ❞❡❛❧
✇✐t❤ ✐t✱ ✇❤❛t❡✈❡r t❤❡✐r ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s✳ ❚❤❡r❡ ✇❛s ♥♦ s✉❝❤ ✜①❡❞ ❝♦♠♠♦♥ ❝♦♥st❛♥t ❢♦r ♠❛tr✐①
♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝r✉❝✐❛❧ st❡♣ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ s✐③❡ µ
♦❢ t❤❡ ♣✐✈♦t ♠❛tr✐①✳ ◆♦t❡ t❤❛t t✇♦ ♣✐✈♦t ♠❛tr✐❝❡s ❛t t✇♦ ❞✐✛❡r❡♥t st❡♣s ♦❢ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♠❛②
❤❛✈❡ ❞✐✛❡r❡♥t s✐③❡s✱ t❤❡ ❝♦♥str❛✐♥t ✐s t❤❛t ❛❧❧ ✇♦r❦❡rs ♠✉st ✉s❡ t❤❡ s❛♠❡ s✐③❡ ❛t ❛♥② ❣✐✈❡♥ st❡♣
♦❢ t❤❡ ❡❧✐♠✐♥❛t✐♦♥✳

■♥ t❤❡♦r②✱ t❤❡ ♠❡♠♦r② s✐③❡ ♦❢ t❤❡ ✇♦r❦❡rs ❝❛♥ ❜❡ ❛r❜✐tr❛r②✳ ■♥ ♣r❛❝t✐❝❡ ❤♦✇❡✈❡r✱ ♠❡♠♦r②
s✐③❡ ✉s✉❛❧❧② ✐s ❛♥ ✐♥t❡❣r❛❧ ♥✉♠❜❡r ♦❢ ●✐❣❛❜②t❡s✱ ❛♥❞ ❛t ♠♦st ❛ ❢❡✇ t❡♥s ♦❢ ●✐❣❛❜②t❡s✳ ❙♦ ✐t ✐s
❢❡❛s✐❜❧❡ t♦ ❡①❤❛✉st✐✈❡❧② st✉❞② ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ µ✱ ❡st✐♠❛t❡ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ❢♦r ❡❛❝❤
✈❛❧✉❡✱ ❛♥❞ t❤❡♥ ♣✐❝❦ t❤❡ ❜❡st ♦♥❡✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛ss✉♠❡ t❤❡ ✈❛❧✉❡ ♦❢ µ ❤❛s ❜❡❡♥
❝❤♦s❡♥✱ ✐✳❡✳✱ t❤❡ ♣✐✈♦t ♠❛tr✐① ✐s ♦❢ ❛ ❦♥♦✇♥ s✐③❡ µ× µ✳

❚❤❡ ♠❡♠♦r② ❧❛②♦✉t ✉s❡❞ ❜② ❡❛❝❤ ✇♦r❦❡r Pi ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣♦❧✐❝② t❤❛♥ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❝❛s❡✿

• ❛ ❝❤✉♥❦ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ ✐s ❦❡♣t ✐♥ ♠❡♠♦r②✱

• r♦✇s ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ ❛r❡ s❡♥t t♦ Pi✱

• ❛♥❞ r♦✇s ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐① ❛r❡ s❡♥t t♦ Pi ❛♥❞ ❛r❡ r❡t✉r♥❡❞ t♦ t❤❡ ♠❛st❡r ❛❢t❡r ✉♣❞❛t❡✳
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■❢ µi = µ✱ ♣r♦❝❡ss♦r Pi ♦♣❡r❛t❡s ❡①❛❝t❧② ❛s ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❇✉t ✐❢ t❤❡ ♠❡♠♦r②
❝❛♣❛❝✐t② ♦❢ Pi ❞♦❡s ♥♦t ♣❡r❢❡❝t❧② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✐③❡ ❝❤♦s❡♥ ❢♦r t❤❡ ♣✐✈♦t ♠❛tr✐①✱ ✇❡ st✐❧❧ ❤❛✈❡
t♦ ❞❡❝✐❞❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝❤✉♥❦ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ t❤❛t ♣r♦❝❡ss♦r Pi ✐s ❣♦✐♥❣ t♦ ❦❡❡♣ ✐♥ ✐ts
♠❡♠♦r②✳ ❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿

✶✳ µi < µ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Pi ❤❛s ♥♦t ❡♥♦✉❣❤ ♠❡♠♦r②✳ ❚❤❡♥ ✇❡ ❝❛♥ ✐♠❛❣✐♥❡ t✇♦ ❞✐✛❡r❡♥t
s❤❛♣❡s ❢♦r t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ ❝❤✉♥❦✿

✭❛✮ ❙q✉❛r❡ ❝❤✉♥❦✱ ✐✳❡✳✱ t❤❡ ❝❤✉♥❦ ✐s ♦❢ s✐③❡ µi × µi✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ✉♣❞❛t❡ t❤❡ ♠❛st❡r
♠✉st s❡♥❞ t♦ Pi ❛ r♦✇ ♦❢ s✐③❡ µi ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ ❛♥❞ ❛ r♦✇ ♦❢ s✐③❡ µi ♦❢
t❤❡ ❝♦r❡ ♠❛tr✐①✱ ❛♥❞ Pi s❡♥❞s ❜❛❝❦ ❛❢t❡r ✉♣❞❛t❡ t❤❡ r♦✇ ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐①✳ ❍❡♥❝❡ ❛
❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ 3µic ❢♦r µ2

i ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥✲t♦✲❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦st ✐♥❞✉❝❡❞ ❜② t❤✐s ❝❤✉♥❦ s❤❛♣❡ ✐s t❤❡♥✿

µ2
i w

3µic
=

µiw

3c
.

✭❜✮ ❙❡t ♦❢ ✇❤♦❧❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧✱ ✐✳❡✳✱ t❤❡ ❝❤✉♥❦ ✐s ♦❢ s✐③❡ µ×
(

µ2
i

µ

)

✳ ❚❤❡♥✱

❢♦r ❡❛❝❤ ✉♣❞❛t❡ t❤❡ ♠❛st❡r ♠✉st s❡♥❞ t♦ Pi ❛ r♦✇ ♦❢ s✐③❡ µ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧

❛♥❞ ❛ r♦✇ ♦❢ s✐③❡ µ2
i

µ
♦❢ t❤❡ ❝♦r❡ ♠❛tr✐①✱ ❛♥❞ Pi s❡♥❞s ❜❛❝❦ ❛❢t❡r ✉♣❞❛t❡ t❤❡ r♦✇ ♦❢

t❤❡ ❝♦r❡ ♠❛tr✐①✳ ❍❡♥❝❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢
(

µ + 2
µ2

i

µ

)

c ❢♦r µ2
i ❝♦♠♣✉t❛t✐♦♥s✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ t♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ✐♥❞✉❝❡❞ ❜② t❤✐s ❝❤✉♥❦ s❤❛♣❡ ✐s t❤❡♥✿

µ2
i w

(

µ + 2
µ2

i

µ

)

c
.

❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣♦❧✐❝② ❞❡♣❡♥❞s ♦♥ t❤❡ r❛t✐♦ µi

µ
✳ ■♥❞❡❡❞✱

µ2
i w

3µic
<

µ2
i w

(

µ + 2
µ2

i

µ

)

c
⇔

(

µ + 2
µ2

i

µ

)

c < 3µic

⇔
(

2
µi

µ
− 1

)(

µi

µ
− 1

)

< 0

❚❤❡r❡❢♦r❡✱ t❤❡ sq✉❛r❡ ❝❤✉♥❦ ❛♣♣r♦❛❝❤ ✐s ♠♦r❡ ❡✣❝✐❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ µi ≤ 1
2µ✳

✷✳ µi > µ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Pi ❤❛s ♠♦r❡ ♠❡♠♦r② t❤❛♥ ♥❡❝❡ss❛r② t♦ ❤♦❧❞ ❛ sq✉❛r❡ ♠❛tr✐① ❧✐❦❡
t❤❡ ♣✐✈♦t ♠❛tr✐①✱ t❤❛t ✐s ❛ ♠❛tr✐① ♦❢ s✐③❡ µ × µ✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ❞✐✈✐❞❡ t❤❡

♠❡♠♦r② ♦❢ Pi ✐♥t♦
⌊

µ2
i

µ2

⌋

sq✉❛r❡ ❝❤✉♥❦s ♦❢ s✐③❡ µ✱ ❛♥❞ t♦ ✉s❡ t❤✐s ♣r♦❝❡ss♦r ❛s ✐❢ t❤❡r❡ ✇❡r❡

✐♥ ❢❛❝t
⌊

µ2
i

µ2

⌋

♣r♦❝❡ss♦rs ✇✐t❤ ❛ ♠❡♠♦r② ♦❢ s✐③❡ µ2✳

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ✇❡ ❦♥❡✇ t❤❡ ✈❛❧✉❡ ♦❢ µ ❛♥❞ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ♠❡♠♦r② ❧❛②♦✉t ❢♦r
t❤❡ ✇♦r❦❡rs✳ ❲❡ st✐❧❧ ❤❛✈❡ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♣r♦❝❡ss♦r t♦ ❡♥r♦❧❧ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ ♣❡r❢♦r♠
t❤❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ❛s ❢♦r ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✿ ✇❡ ❞❡❝✐❞❡ t♦ ❛ss✐❣♥ ♦♥❧② ❢✉❧❧ ♠❛tr✐① ❝♦❧✉♠♥
❜❧♦❝❦s ♦❢ t❤❡ ❝♦r❡ ♠❛tr✐① ❛♥❞ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❛♥❡❧ t♦ ✇♦r❦❡rs✱ ❛♥❞ ✇❡ ❛❝t✉❛❧❧② ♣❡r❢♦r♠ r❡s♦✉r❝❡
s❡❧❡❝t✐♦♥ ✉s✐♥❣ t❤❡ s❛♠❡ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s t❤❛♥ ❢♦r ♠❛tr✐①✲♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❚❤❡ ♦✈❡r❛❧❧ ♣r♦❝❡ss t♦ ❞❡✜♥❡ ❛ s♦❧✉t✐♦♥ ✐s t❤❡♥✿
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✼✵ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

✶✳ ❋♦r ❡❛❝❤ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ µ ❞♦

✭❛✮ ❋✐♥❞ t❤❡ ♣r♦❝❡ss♦r ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ ❢❛st❡st t♦ ❢❛❝t♦r t❤❡ ♣✐✈♦t ♠❛tr✐①✱ ❛♥❞ t♦ ✉♣❞❛t❡
t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ♣❛♥❡❧s✳

✭❜✮ P❡r❢♦r♠ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ❛♥❞ t❤❡♥ ❡st✐♠❛t❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡
❝♦r❡✲♠❛tr✐①✳

✷✳ ❘❡t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡ ❜❡st ✭❡st✐♠❛t❡❞✮ ♦✈❡r❛❧❧ r✉♥♥✐♥❣ t✐♠❡✳

✹✳✽ ▼P■ ❡①♣❡r✐♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛✐♠ ❛t ✈❛❧✐❞❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ ❛❧❣♦r✐t❤♠s✳ ❲❡ ❝♦♥✲
❞✉❝t ❛ ✈❛r✐❡t② ♦❢ ▼P■ ❡①♣❡r✐♠❡♥ts t♦ ❝♦♠♣❛r❡ ♦✉r ♥❡✇ s❝❤❡♠❡s ✇✐t❤ s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠s ❢r♦♠
t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ✜rst r❡str✐❝t ♦✉r st✉❞② t♦ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❊✈❡♥ ✐♥ t❤✐s s✐♠♣❧❡r
❢r❛♠❡✇♦r❦✱ ✉s✐♥❣ ❛ s♦♣❤✐st✐❝❛t❡❞ ♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t t✉r♥s ♦✉t t♦ ❜❡ ✈❡r② ✐♠♣♦rt❛♥t✳ ❋♦r ❤❡t✲
❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ✇❡ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✭✐♥ ♣r♦❝❡ss♦r s♣❡❡❞✱
❧✐♥❦ ❜❛♥❞✇✐❞t❤✱ ❛♥❞ ♠❡♠♦r② ❝❛♣❛❝✐t②✮ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s✳

❲❡ st❛rt ✇✐t❤ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✹✳✽✳✶✮✱ ❛♥❞ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✭❙❡❝✲
t✐♦♥ ✹✳✽✳✷✮✳ ❚❤❡♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❥✉st✐❢② t❤❡✐r ♣✉r♣♦s❡✱ ❛♥❞ ❞✐s❝✉ss t❤❡ r❡s✉❧ts✱
✜rst ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✹✳✽✳✸✮✱ t❤❡♥ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✭❙❡❝t✐♦♥ ✹✳✽✳✹✮✳

❚❤❡ ❝♦❞❡ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❝❛♥ ❜❡ ❞♦✇♥❧♦❛❞❡❞ ❢r♦♠✿

❤tt♣✿✴✴❣r❛❛❧✳❡♥s✲❧②♦♥✳❢r✴⑦❥❢♣✐♥❡❛✉✴❉♦✇♥❧♦❛❞s✴♠❛tr✐①❴♣r♦❞✉❝t✳t❣③✳

✹✳✽✳✶ P❧❛t❢♦r♠s

❋♦r ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❡①♣❡r✐♠❡♥ts ✇❡ ✉s❡❞ ❛ ❝❧✉st❡r ♦❢ ✻✹ ❳❡♦♥ ✸✳✷●❍③ ❞✉❛❧✲♣r♦❝❡ss♦r ♥♦❞❡s✱
❧♦❝❛t❡❞ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚❡♥♥❡ss❡❡ ✐♥ ❑♥♦①✈✐❧❧❡✳ ❊❛❝❤ ❝❧✉st❡r ♥♦❞❡ r✉♥s t❤❡ ▲✐♥✉① ♦♣❡r❛t✐♥❣
s②st❡♠ ❛♥❞ ❤❛s ✹ ●❇ ♦❢ ♠❡♠♦r②✱ ❜✉t ✇❡ ♦♥❧② ✉s❡ ✺✶✷ ▼❇ ♦❢ ♠❡♠♦r② t♦ ❢✉rt❤❡r str❡ss t❤❡ ✐♠♣❛❝t
♦❢ ❧✐♠✐t❡❞ ♠❡♠♦r✐❡s✳ ❚❤❡ ♥♦❞❡s ❛r❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❛ s✇✐t❝❤❡❞ ✶✵✵ ▼❜♣s ❋❛st ❊t❤❡r♥❡t ♥❡t✇♦r❦✳
■♥ ♦r❞❡r t♦ ❜✉✐❧❞ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ✇❡ ❛r❜✐tr❛r✐❧② ❝❤♦♦s❡ ♦♥❡ ♣r♦❝❡ss♦r ❛s t❤❡ ♠❛st❡r✱
❛♥❞ t❤❡ ♦t❤❡r ♦♥❡s ❛s ✇♦r❦❡rs✳ ❋✐♥❛❧❧② ✇❡ ✉s❡❞ ▼P■❴❲❚✐♠❡ ❛s t✐♠❡r ✐♥ ❛❧❧ ❡①♣❡r✐♠❡♥ts✳

❋♦r ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣❡r✐♠❡♥ts ✇❡ ✉s❡❞ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡r ❝♦♠♣♦s❡❞ ♦❢ t✇❡♥t②✲s❡✈❡♥
♣r♦❝❡ss♦rs ❧♦❝❛t❡❞ ❛t t❤❡ ➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡ ♦❢ ▲②♦♥✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢ ❢♦✉r ❞✐✛❡r❡♥t
❤♦♠♦❣❡♥❡♦✉s s❡ts ♦❢ ♠❛❝❤✐♥❡s✳ ❚❤❡ ❞✐✛❡r❡♥t s❡ts ❛r❡✿
• ✽ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ✺✵✶✸✲●▼✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ✷✳✹ ●❍③❀
• ✺ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ✻✵✶✸P■✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ❳❡♦♥ ✷✳✹ ●❍③❀
• ✼ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ✺✵✶✸❙■✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ❳❡♦♥ ✷✳✻ ●❍③❀
• ✼ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ■❉❊✷✺✵❲✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ✷✳✽ ●❍③✳

❆❧❧ ♥♦❞❡s ❤❛✈❡ ✶ ●❇ ♦❢ ♠❡♠♦r② ❛♥❞ ❛r❡ r✉♥♥✐♥❣ t❤❡ ▲✐♥✉① ♦♣❡r❛t✐♥❣ s②st❡♠✳ ❚❤❡ ♥♦❞❡s ❛r❡
❝♦♥♥❡❝t❡❞ ✇✐t❤ ❛ s✇✐t❝❤❡❞ ✶✵ ▼❜♣s ❋❛st ❊t❤❡r♥❡t ♥❡t✇♦r❦✳

▲✐❦❡ ✐♥ ❈❤❛♣t❡r ✸✱ t❤✐s ♣❧❛t❢♦r♠ ♠❛② ♥♦t ❜❡ ❛s ❤❡t❡r♦❣❡♥❡♦✉s ❛s ✇❡ ✇♦✉❧❞ ❧✐❦❡✱ s♦ ✇❡ s♦♠❡✲
t✐♠❡s ❛rt✐✜❝✐❛❧❧② ♠♦❞✐❢② ✐ts ❤❡t❡r♦❣❡♥❡✐t②✳ ■♥ ♦r❞❡r t♦ ❛rt✐✜❝✐❛❧❧② s❧♦✇ ❞♦✇♥ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥
❧✐♥❦✱ ✇❡ s❡♥❞ t❤❡ s❛♠❡ ♠❡ss❛❣❡ s❡✈❡r❛❧ t✐♠❡s t♦ ♦♥❡ ✇♦r❦❡r✳ ❚❤❡ s❛♠❡ ✐❞❡❛ ✇♦r❦s ❢♦r ♣r♦❝❡ss♦r
s♣❡❡❞s✿ ✇❡ ❛s❦ ❛ ✇♦r❦❡r t♦ ❝♦♠♣✉t❡ ❛ ❣✐✈❡♥ ♠❛tr✐①✲♣r♦❞✉❝t s❡✈❡r❛❧ t✐♠❡s ✐♥ ♦r❞❡r t♦ s❧♦✇ ❞♦✇♥
✐ts ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❜✐❧✐t②✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❛❧❧ ▼P■ ❡①♣❡r✐♠❡♥ts ✐♠♣❧❡♠❡♥t t❤❡ ♦♥❡✲♣♦rt
♠♦❞❡❧✳

te
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■♥ ❛❧❧ ❡①♣❡r✐♠❡♥ts✱ ❡①❝❡♣t t❤❡ ❧❛st ❜❛t❝❤✱ ✇❡ ✉s❡❞ ♥✐♥❡ ♣r♦❝❡ss♦rs✿ ♦♥❡ ♠❛st❡r ❛♥❞ ❡✐❣❤t
✇♦r❦❡rs✳ ❲❡ r❡str✐❝t❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦❡rs t♦ ❡✐❣❤t ❛❢t❡r ❛♥ ✐♥✐t✐❛❧ ❡①♣❡r✐♠❡♥t ✉s✐♥❣ t❤❡
✇❤♦❧❡ ♣❧❛t❢♦r♠✳ ❚❤✐s ❡①♣❡r✐♠❡♥t s❤♦✇❡❞ t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ ♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs ❛♥❞ ♦❢ ♠❡♠♦r②
❧✐♠✐t❛t✐♦♥s✱ ✐❢ t❤❡ ♠❛st❡r s❡r✈❡s ✜✈❡ ♣r♦❝❡ss♦rs ♦r ♠♦r❡✱ ♦♥ ❛✈❡r❛❣❡ ♦♥❡ ♣r♦❝❡ss♦r ✐s ✐❞❧❡ ❛t ❛♥②
t✐♠❡✳ ■♥ ❛❧❧ ❡①♣❡r✐♠❡♥ts ✇❡ ❝♦♠♣❛r❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♥❡❡❞❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ ♦✉r
♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ t♦ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s✳ ❲❡ ❛❧s♦ ♣♦✐♥t ♦✉t t❤❡ ♥✉♠❜❡r
♦❢ ♣r♦❝❡ss♦rs ✉s❡❞ ❜② ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ✇❤❡♥ ❝♦♠♣❛r✐♥❣ ❡①❡❝✉t✐♦♥ t✐♠❡s✳

✹✳✽✳✷ ❆❧❣♦r✐t❤♠s

❚❤❡ ❛❧❣♦r✐t❤♠s ✇❡ ❞❡✈❡❧♦♣❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✺ ❛♥❞ ✹✳✻ ❞❡✜♥❡ ❜♦t❤ ❛ ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❛
r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✳ ❉✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✇❛♥t t♦ t❡st ❜♦t❤✳

❲❡ ❝❤♦♦s❡ ❢♦✉r ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ❝❧♦s❡st ✇♦r❦ ❛❞❞r❡ss✐♥❣ ♦✉r
♣r♦❜❧❡♠ ✐s ❚♦❧❡❞♦✬s ♦✉t✲♦❢✲❝♦r❡ ❛❧❣♦r✐t❤♠ ❬✶✹✵❪✳ ❍❡♥❝❡✱ t❤✐s ✇♦r❦ ✇✐❧❧ s❡r✈❡ ❛s t❤❡ ❜❛s❡❧✐♥❡
r❡❢❡r❡♥❝❡✱ ❛♥❞ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥✳ ■♥ ♦r❞❡r t♦
t❡st t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❧❛✉♥❝❤ ❤②❜r✐❞ ❛❧❣♦r✐t❤♠s✱ ✐✳❡✳✱ ❛❧❣♦r✐t❤♠s
✇❤✐❝❤ ✉s❡ ♦✉r ♠❡♠♦r② ❧❛②♦✉t ❛♥❞ ❛r❡ ❜❛s❡❞ ♦♥ ❝❧❛ss✐❝❛❧ ♣r✐♥❝✐♣❧❡s s✉❝❤ ❛s r♦✉♥❞✲r♦❜✐♥✱ ♠✐♥✲
♠✐♥ ❬✶✵✹❪✱ ♦r ❛ ❞②♥❛♠✐❝ ❞❡♠❛♥❞✲❞r✐✈❡♥ ❛♣♣r♦❛❝❤✳ ❚❤❡② ✇✐❧❧ ✉s❡ ♦✉r ♠❡♠♦r② ❧❛②♦✉t t♦ ❞✐✈✐❞❡
♠❛tr✐❝❡s ✐♥t♦ ❝❤✉♥❦s ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ ✐♥ ✇❤✐❝❤ ♦r❞❡r ❝❤✉♥❦s ❤❛✈❡ t♦ ❜❡ s❡♥t t♦ ♣❛rt✐❝✐♣❛t✐♥❣
✇♦r❦❡rs✱ ❜✉t t❤❡s❡ ♣❛rt✐❝✐♣❛t✐♥❣ ✇♦r❦❡rs ❛♥❞ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ♠❛st❡r s❡r✈❡s t❤❡♠ ✇✐❧❧
❞✐✛❡r✳
❚♦ s✉♠♠❛r✐③❡✱ ❤❡r❡ ❛r❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛❧❧ ❛❧❣♦r✐t❤♠s ❧❛✉♥❝❤❡❞ ❞✉r✐♥❣ t❤❡ ▼P■ ❡①♣❡r✐♠❡♥ts✳
❋✐rst✱ ♦✉r ❛❧❣♦r✐t❤♠s✿

❍♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ✭❍♦♠✮ ✐s ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠✳ ■t ♠❛❦❡s r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥
❛♥❞ s❡♥❞s ❜❧♦❝❦s t♦ t❤❡ s❡❧❡❝t❡❞ ✇♦r❦❡rs ✐♥ ❛ r♦✉♥❞✲r♦❜✐♥ ❢❛s❤✐♦♥✳ ❲❤❡♥ r✉♥ ♦♥ ❛ ❤❡t❡r♦✲
❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ✐t tr✐❡s t♦ ❜✉✐❧❞ ❛ ✈❡r② s✐♠♣❧❡ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳ ❆s t❤❡ ❛❧❣♦r✐t❤♠✬s
♦♥❧② ❝♦♥str❛✐♥t ✐s t♦ s❡♥❞ s❛♠❡ s✐③❡ ❜❧♦❝❦s t♦ ❛❧❧ ♣❛rt✐❝✐♣❛t✐♥❣ ✇♦r❦❡rs✱ ❢♦r ❛ ❣✐✈❡♥ ♠❡♠♦r②
s✐③❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✈✐rt✉❛❧ ♣❧❛t❢♦r♠ ❝♦♠♣♦s❡❞ ♦❢ t❤♦s❡ ✇♦r❦❡rs ❤❛✈✐♥❣ ❛t
❧❡❛st t❤❛t ❛♠♦✉♥t ♦❢ ♠❡♠♦r②✱ ❛♥❞ ✇❡ ❡st✐♠❛t❡ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ♦✉r ❤♦♠♦❣❡✲
♥❡♦✉s ❛❧❣♦r✐t❤♠✱ ❢♦r t❤❡ t❛r❣❡t❡❞ ♠❛tr✐①✲♣r♦❞✉❝t✱ ♦♥ t❤❛t ✈✐rt✉❛❧ ♣❧❛t❢♦r♠ ✭t❤❡ ❛♣♣❛r❡♥t
♣r♦❝❡ss♦r s♣❡❡❞ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♣r♦❝❡ss♦r s♣❡❡❞s✱ t❤❡ ❛♣♣❛r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥
❜❛♥❞✇✐❞t❤ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤s✮✳ ❲❡ ❞♦ t❤✐s ♣r♦❝❡ss ❢♦r ❛❧❧
t❤❡ ❞✐✛❡r❡♥t ♠❡♠♦r② s✐③❡s ♣r❡s❡♥t ✐♥ t❤❡ ❛❝t✉❛❧ ♣❧❛t❢♦r♠✱ ❛♥❞ ✇❡ ♣✐❝❦ t❤❡ ✈✐rt✉❛❧ ♣❧❛t❢♦r♠
t❤❛t ♠✐♥✐♠✐③❡s t❤❡ t♦t❛❧ ❡st✐♠❛t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡✳

❍♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠✱ ■♠♣r♦✈❡❞ ✭❍♦♠■✮ ✐s ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ r✉♥♥✐♥❣ ♦♥ ❛
♠♦r❡ ❝❛r❡❢✉❧❧② ❝❤♦s❡♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳ ❋♦r ❡❛❝❤ ♠❡♠♦r② s✐③❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞✱
❛♥❞ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ ♣r❡s❡♥t ✐♥ ❛♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s
✈✐rt✉❛❧ ♣❧❛t❢♦r♠ ❝♦♠♣♦s❡❞ ♦❢ t❤♦s❡ ✇♦r❦❡rs ❤❛✈✐♥❣ ❛t ❧❡❛st t❤❛t ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡♥✱ ✇❡
❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠✱ ❢♦r t❤❡ t❛r❣❡t❡❞ ♠❛tr✐①✲
♣r♦❞✉❝t✱ ♦♥ t❤❛t ✈✐rt✉❛❧ ♣❧❛t❢♦r♠ ✭t❤❡ ❛♣♣❛r❡♥t ♣r♦❝❡ss♦r s♣❡❡❞ ✐s t❤❡ ❝✉rr❡♥t ♣r♦❝❡ss♦r
s♣❡❡❞✱ t❤❡ ❛♣♣❛r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤ ✐s t❤❡ ❝✉rr❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤✮✳
❲❡ ❞♦ t❤✐s ♣r♦❝❡ss ❢♦r ❛❧❧ t❤❡ ❡①✐st✐♥❣ ✈❛❧✉❡s✱ ❛♥❞ ✇❡ ♣✐❝❦ t❤❡ ✈✐rt✉❛❧ ♣❧❛t❢♦r♠ t❤❛t
♠✐♥✐♠✐③❡s t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡✳

❍❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ✭❍❡t✮ ✐s ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✻✳

❚❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ✉s❡ ♦✉r ♠❡♠♦r② ❧❛②♦✉t✱ ❛♥❞ ❝❛♥ ♦✈❡r❧❛♣♣ ♦♥❡ ✉♣❞❛t❡ ♦❢ C ❛♥❞ t❤❡ r❡❝❡♣t✐♦♥
♦❢ t❤❡ ♥❡①t ❝♦❧✉♠♥ ♦❢ A ❛♥❞ t❤❡ ♥❡①t r♦✇ ♦❢ B✿
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❖✈❡r❧❛♣♣❡❞ ❘♦✉♥❞✲❘♦❜✐♥✱ ❖♣t✐♠✐③❡❞ ▼❡♠♦r② ▲❛②♦✉t ✭❖❘❘❖▼▲✮ s❡♥❞s t❛s❦s t♦ ❛❧❧
❛✈❛✐❧❛❜❧❡ ✇♦r❦❡rs ✐♥ ❛ r♦✉♥❞✲r♦❜✐♥ ❢❛s❤✐♦♥✳ ■t ❞♦❡s ♥♦t ♠❛❦❡ ❛♥② r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✳

❖✈❡r❧❛♣♣❡❞ ▼✐♥✲▼✐♥✱ ❖♣t✐♠✐③❡❞ ▼❡♠♦r② ▲❛②♦✉t ✭❖▼▼❖▼▲✮ ✐s ❛ st❛t✐❝ s❝❤❡❞✉❧✐♥❣
❤❡✉r✐st✐❝✱ ✇❤✐❝❤ s❡♥❞s t❤❡ ♥❡①t ❜❧♦❝❦ t♦ t❤❡ ✜rst ✇♦r❦❡r t❤❛t ✇✐❧❧ ✜♥✐s❤ ✐t✳ ❆s ✐t ✐s ❧♦♦❦✐♥❣
❢♦r ♣♦t❡♥t✐❛❧ ✇♦r❦❡rs ✐♥ ❛ ❣✐✈❡♥ ♦r❞❡r✱ t❤✐s ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s s♦♠❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ t♦♦✳
❚❤❡♦r❡t✐❝❛❧❧②✱ ❛s ♦✉r ❤♦♠♦❣❡♥❡♦✉s r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ✜rst ✇♦r❦❡r ✐s ❢r❡❡
t♦ ❝♦♠♣✉t❡ ✇❤❡♥ ✇❡ ✜♥✐s❤ t♦ s❡♥❞ ❜❧♦❝❦s t♦ t❤❡ ♦t❤❡rs✱ ❖▼▼❖▼▲ ❛♥❞ ❍♦♠ s❤♦✉❧❞
❤❛✈❡ ❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳

❖✈❡r❧❛♣♣❡❞ ❉❡♠❛♥❞✲❉r✐✈❡♥✱ ❖♣t✐♠✐③❡❞ ▼❡♠♦r② ▲❛②♦✉t ✭❖❉❉❖▼▲✮ ✐s ❛ ❞❡♠❛♥❞✲
❞r✐✈❡♥ ❛❧❣♦r✐t❤♠✳ ■♥ ♦✉r ♠❡♠♦r② ❧❛②♦✉t✱ t✇♦ ❜✉✛❡rs ♦❢ s✐③❡ µi ❛r❡ r❡s❡r✈❡❞ ❢♦r ♠❛tr✐①
A✱ ❛♥❞ t✇♦ ❢♦r ♠❛tr✐① B✳ ■♥ ♦r❞❡r t♦ ✉s❡ t❤❡ t✇♦ ❛✈❛✐❧❛❜❧❡ ❡①tr❛ ❜✉✛❡rs ✭t❤❡ s❡❝♦♥❞ ❢♦r A
❛♥❞ t❤❡ s❡❝♦♥❞ ❢♦r B✮✱ ♦♥❡ s❡♥❞s t❤❡ ♥❡①t ❜❧♦❝❦ t♦ t❤❡ ✜rst ✇♦r❦❡r ✇❤✐❝❤ ❝❛♥ r❡❝❡✐✈❡ ✐t✳
❚❤✐s ✇♦✉❧❞ ❜❡ ❛ ❞②♥❛♠✐❝ ✈❡rs✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ ✐❢ ✐t t♦♦❦ ✇♦r❦❡r s❡❧❡❝t✐♦♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ ❚♦❧❡❞♦✬s✿

❇❧♦❝❦ ▼❛tr✐① ▼✉❧t✐♣❧② ✭❇▼▼✮ ✐s ❚♦❧❡❞♦✬s ❛❧❣♦r✐t❤♠ ❬✶✹✵❪✳ ■t s♣❧✐ts ❡❛❝❤ ✇♦r❦❡r ♠❡♠♦r②
❡q✉❛❧❧② ✐♥t♦ t❤r❡❡ ♣❛rts✱ ❛♥❞ ❛❧❧♦❝❛t❡s ♦♥❡ s❧♦t ❢♦r ❛ sq✉❛r❡ ❜❧♦❝❦ ♦❢ A✱ ❛♥♦t❤❡r ❢♦r ❛ sq✉❛r❡
❜❧♦❝❦ ♦❢ B✱ ❛♥❞ t❤❡ ❧❛st ♦♥❡ ❢♦r ❛ sq✉❛r❡ ❜❧♦❝❦ ♦❢ C✱ ✇✐t❤ t❤❡ sq✉❛r❡ ❜❧♦❝❦ ❤❛✈✐♥❣ t❤❡ s❛♠❡
s✐③❡✳ ■t s❡♥❞s ❜❧♦❝❦s t♦ t❤❡ ✇♦r❦❡rs ✐♥ ❛ ❞❡♠❛♥❞✲❞r✐✈❡♥ ❢❛s❤✐♦♥✱ ✇❤❡♥ ❛ ✇♦r❦❡r ✐s ❢r❡❡ ❢♦r
❝♦♠♣✉t❛t✐♦♥✳ ❋✐rst ❛ ✇♦r❦❡r r❡❝❡✐✈❡s ❛ ❜❧♦❝❦ ♦❢ C✱ t❤❡♥ ✐t r❡❝❡✐✈❡s ❝♦rr❡s♣♦♥❞✐♥❣ ❜❧♦❝❦s ♦❢
A ❛♥❞ B ✐♥ ♦r❞❡r t♦ ✉♣❞❛t❡ C✱ ✉♥t✐❧ C ✐s ❢✉❧❧② ❝♦♠♣✉t❡❞✳

❚❤❡ ❧❛st t✇♦ r❡♠❛✐♥✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s✳ ❲❡ ♦♥❧② t❡st t❤❡♠ ♦♥
❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❜❛❞ ♣❡r❢♦r♠❛♥❝❡✿

❉❡♠❛♥❞✲❉r✐✈❡♥✱ ❖♣t✐♠✐③❡❞ ▼❡♠♦r② ▲❛②♦✉t ✭❉❉❖▼▲✮ ✐s ❛♥♦t❤❡r ❞❡♠❛♥❞✲❞r✐✈❡♥ ❛❧❣♦✲
r✐t❤♠✱ ❝❧♦s❡ t♦ ❖❉❉❖▼▲✳ ■t s❡♥❞s t❤❡ ♥❡①t ❜❧♦❝❦ t♦ t❤❡ ✜rst ✇♦r❦❡r ✇❤✐❝❤ ✐s ❢r❡❡ ❢♦r
❝♦♠♣✉t❛t✐♦♥✳ ❆s ✇♦r❦❡rs ✇✐❧❧ ♥❡✈❡r ❤❛✈❡ t♦ r❡❝❡✐✈❡ ❛♥❞ ❝♦♠♣✉t❡ ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡
❛❧❣♦r✐t❤♠ ❤❛s ♥♦ ❡①tr❛ ❜✉✛❡r✱ s♦ t❤❡ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ t♦ st♦r❡ A✱ B✱ ❛♥❞ C ✐s s❧✐❣❤t❧②
❣r❡❛t❡r✳ ❚❤✐s ♠❛② ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ µi✬s ❛♥❞ s♦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❖✈❡r❧❛♣♣❡❞ ❇❧♦❝❦ ▼❛tr✐① ▼✉❧t✐♣❧② ✭❖❇▼▼✮ ✐s ♦✉r ❛tt❡♠♣t t♦ ✐♠♣r♦✈❡ t❤❡ ❚♦❧❡❞♦✬s ❛❧✲
❣♦r✐t❤♠✳ ❲❡ tr② t♦ ♦✈❡r❧❛♣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ✇♦r❦❡rs✳ ❚♦
t❤❛t ♣✉r♣♦s❡✱ ✇❡ s♣❧✐t ❡❛❝❤ ✇♦r❦❡r ♠❡♠♦r② ✐♥t♦ ✜✈❡ ♣❛rts✱ t♦ r❡❝❡✐✈❡ ♦♥❡ ❜❧♦❝❦ ♦❢ A ❛♥❞
♦♥❡ ❜❧♦❝❦ ♦❢ B ✇❤✐❧❡ t❤❡ ♣r❡✈✐♦✉s❧② r❡❝❡✐✈❡❞ ❜❧♦❝❦s ❛r❡ ✉s❡❞ t♦ ✉♣❞❛t❡ C✳

◆♦t❡ t❤❛t ❛❧❧ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ ♦✉r ♦♣t✐♠✐③❡❞ ♠❡♠♦r② ❧❛②♦✉t ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ♠❛tr✐❝❡s ❛s
❝♦♠♣♦s❡❞ ♦❢ sq✉❛r❡ ❜❧♦❝❦s ♦❢ s✐③❡ q × q = 80× 80✱ ✇❤✐❧❡ ❇▼▼ ❧♦❛❞s t❤r❡❡ ♣❛♥❡❧s✱ ❡❛❝❤ ♦❢ s✐③❡
♦♥❡ t❤✐r❞ ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ♠❡♠♦r②✱ ❢♦r A✱ B ❛♥❞ C✳

❖❉❉❖▼▲ ✇✐❧❧ ❜❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②③❡✱ ❜❡❝❛✉s❡ ✐t ✉s❡s ♦✉r ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥✱
❜✉t ❤❛s t❤❡ s❛♠❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ t❤❛♥ ❚♦❧❡❞♦✬s✳ ■t ✐s t❤❡♥ t❤❡ ♣❡r❢❡❝t ❛❧❣♦r✐t❤♠ t♦ s❡❡ t❤❡
✐♠♣❛❝t ♦❢ ♦✉r r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ✭❜② ❝♦♠♣❛r✐♥❣ ✐t ✇✐t❤ ❍❡t✮ ❛♥❞ ♦✉r ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ✭❜②
❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❇▼▼✮✳

❲❤❡♥ ❧❛✉♥❝❤✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ♣❧❛t❢♦r♠✱ t❤❡ ✈❡r② ✜rst st❡♣ ✇❡ ❞♦ ✐s t♦ ❞❡t❡r♠✐♥❡
t❤❡ ♣❧❛t❢♦r♠✬s ♣❛r❛♠❡t❡rs✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❧❛✉♥❝❤ ❛ ❜❡♥❝❤♠❛r❦ ♦♥ ✐t✱ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡
♠❡♠♦r② s✐③❡✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞✳ ❚❤❡ ❞✐✛❡r❡♥t s♣❡❡❞s ❛r❡
❞❡t❡r♠✐♥❡❞ ❜② s❡♥❞✐♥❣ ❛♥❞ ❝♦♠♣✉t✐♥❣ ❛ sq✉❛r❡ ❜❧♦❝❦ ♦❢ s✐③❡ q× q t❡♥ t✐♠❡s ♦♥ ❡❛❝❤ ✇♦r❦❡r✱ ❛♥❞
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❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ t✐♠❡s ♦❜t❛✐♥❡❞✳ ❚❤✐s st❡♣ t❛❦❡s ❜❡t✇❡❡♥ t✇❡♥t② ❛♥❞ ❡✐❣❤t② s❡❝♦♥❞s✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ✇♦r❦❡rs✱ ❛♥❞ ✐s ♠❛❞❡ ❜❡❢♦r❡ ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ❡✈❡♥ ❖❘❘❖▼▲✱
❖❉❉❖▼▲ ❛♥❞ ❇▼▼✱ ✇❤✐❝❤ ♦♥❧② ♥❡❡❞ t❤❡ ♠❡♠♦r② s✐③❡✳ ❚❤✐s st❡♣ r❡♣r❡s❡♥ts ❛t ♠♦st t✇♦
♣❡r❝❡♥t ♦❢ t❤❡ t♦t❛❧ t✐♠❡ ♦❢ ❡①❡❝✉t✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ t❤❡ t✐♠❡s ❣✐✈❡♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ❛❧❣♦✲
r✐t❤♠s✱ ✐✳❡✳✱ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❤t ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ❢♦r ❍❡t✱ t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ❢♦r ❍♦♠ ❛♥❞ ❍♦♠■✱ ❡t❝✳

✹✳✽✳✸ ❊①♣❡r✐♠❡♥ts ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✈❛❧✐❞❛t❡ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t✲
❢♦r♠s✳ ❲❡ ❝♦♥s✐❞❡r ❛❧❧ ❛❧❣♦r✐t❤♠s ❡①❝❡♣t t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♦♥❡✱ ❛♥❞ ❍♦♠■✳ ❲❡ ❤❛✈❡ ❜✉✐❧t
s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦t♦❝♦❧s ✐♥ ♦r❞❡r t♦ ❛ss❡ss t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s✳

   r  x  s  x  t:

100x800x100

    r  x   s   x  t:

 200x1600x200

    r  x  s  x  t:

 100x800x800
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❋✐❣✉r❡ ✹✳✶✶✿ P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ♦♥ ❞✐✛❡r❡♥t ♠❛tr✐❝❡s✳

❊①♣❡r✐♠❡♥ts ✇✐t❤ ❞✐✛❡r❡♥t ♠❛tr✐① s✐③❡s

■♥ t❤❡ ✜rst s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ t❡st t❤❡ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ♦♥ ♠❛tr✐❝❡s ♦❢ ❞✐✛❡r❡♥t s✐③❡s ❛♥❞
s❤❛♣❡s✳ ❚❤❡ ♠❛tr✐❝❡s ✇❡ ❛r❡ ♠✉❧t✐♣❧②✐♥❣ ❛r❡ ♦❢ ❛❝t✉❛❧ s✐③❡

✶✳ 8000× 8000 ❢♦r A ❛♥❞ 8000× 64000 ❢♦r B❀

✷✳ 16000× 16000 ❢♦r A ❛♥❞ 16000× 128000 ❢♦r B❀

✸✳ 8000× 64000 ❢♦r A ❛♥❞ 64000× 64000 ❢♦r B✳

❋✐❣✉r❡ ✹✳✶✶ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ t❤✐s ✜rst s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✳ ❲❡ ✜rst r❡♠❛r❦ t❤❛t t❤❡
s❤❛♣❡ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤r❡❡ ❡①♣❡r✐♠❡♥ts ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ♠❛tr✐① s✐③❡s✳ ❲❡ ❛❧s♦ ✉♥❞❡r❧✐♥❡
t❤❡ s✉♣❡r✐♦r✐t② ♦❢ ♠♦st ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ✉s❡ ♦✉r ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ❛❣❛✐♥st ❇▼▼✿❍♦♠✱
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❋✐❣✉r❡ ✹✳✶✷✿ ■♠♣❛❝t ♦❢ ❜❧♦❝❦ s✐③❡ q ♦♥ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✳

❖❘❘❖▼▲✱ ❖❉❉❖▼▲✱ ❛♥❞ ❉❉❖▼▲ ❛r❡ t❤❡ ❜❡st ❛❧❣♦r✐t❤♠s ❛♥❞ ❤❛✈❡ s✐♠✐❧❛r ♣❡r❢♦r♠❛♥❝❡✳
❖♥❧② ❖▼▼❖▼▲ ♥❡❡❞s ♠♦r❡ t✐♠❡ t♦ ❝♦♠♣❧❡t❡ ✐ts ❡①❡❝✉t✐♦♥✳ ❚❤✐s ❞❡❧❛② ❝♦♠❡s ❢r♦♠ ✐ts r❡✲
s♦✉r❝❡ s❡❧❡❝t✐♦♥✿ ✐t ♦♥❧② ✉s❡s t❤r❡❡ ✇♦r❦❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ ❍♦♠ ✉s❡s ❢♦✉r ✇♦r❦❡rs✱ ❛♥❞ ✐s ❛s
❝♦♠♣❡t✐t✐✈❡ ❛s t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛❧❧ ✉s❡ t❤❡ ❡✐❣❤t ❛✈❛✐❧❛❜❧❡ ✇♦r❦❡rs✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ❝❛♥
❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ t✐♠❡s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s
❛r❡ ❝♦♠♣✉t❡❞ ❜❡❢♦r❡ t❤❡ s❝❤❡❞✉❧✐♥❣ ❜② s❡♥❞✐♥❣ ❛ t❛s❦ t♦ ❡❛❝❤ s❧❛✈❡✳ ❚❤❡♥ ❖▼▼❖▼▲ ✇✐❧❧ ✉s❡
t❤♦s❡ ✈❛❧✉❡s✱ ✇❤✐❝❤ ♠❛② ♥♦t ❜❡ ❛s ❛❝❝✉r❛t❡ ❛s ♥❡❡❞❡❞✱ ✇❤❡r❡❛s ❍♦♠ ✇✐❧❧ ✉s❡ t❤❡ ✇♦rst t✐♠❡ ❢♦r
❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳

■♠♣❛❝t ♦❢ t❤❡ ❜❧♦❝❦ s✐③❡ q

■♥ t❤❡ s❡❝♦♥❞ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❝❤♦✐❝❡ ♦❢ q ✇❛s ✇✐s❡✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱
✇❡ ❧❛✉♥❝❤ t❤❡ ❛❧❣♦r✐t❤♠s ♦♥ ♠❛tr✐❝❡s ♦❢ s✐③❡ 8000× 8000 ❛♥❞ 8000× 64000✱ ❝❤❛♥❣✐♥❣ ❢r♦♠ ♦♥❡
❡①♣❡r✐♠❡♥t t♦ ❛♥♦t❤❡r t❤❡ s✐③❡ ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② sq✉❛r❡ ❜❧♦❝❦s✳ ❚❤❡♥ q ✇✐❧❧ ❜❡ r❡s♣❡❝t✐✈❡❧②
❡q✉❛❧ t♦ 40 ❛♥❞ 80✳ ❆s t❤❡ ❣❧♦❜❛❧ ♠❛tr✐① s✐③❡ ✐s t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❡①♣❡❝t ❜♦t❤
r❡s✉❧ts t♦ ❜❡ t❤❡ s❛♠❡✳

❚❤❡ r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✷✳ ❇▼▼ ❛♥❞ ❖❇▼▼ ❤❛✈❡ s❛♠❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ✐♥
❜♦t❤ ❡①♣❡r✐♠❡♥ts ❛s t❤❡s❡ ❛❧❣♦r✐t❤♠s ❞♦ ♥♦t s♣❧✐t ♠❛tr✐❝❡s ✐♥t♦ ❡❧❡♠❡♥t❛r② sq✉❛r❡ ❜❧♦❝❦s ♦❢ s✐③❡
q × q ❜✉t✱ ✐♥st❡❛❞✱ ❝❛❧❧ t❤❡ ▲❡✈❡❧ ✸ ❇▲❆❙ r♦✉t✐♥❡s ❞✐r❡❝t❧② ♦♥ t❤❡ ✇❤♦❧❡

√

m
3 ×

√

m
3 ♠❛tr✐❝❡s✳

■♥ t❤❡ t✇♦ ❝❛s❡s ✇❡ s❡❡ t❤❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ❛r❡ s✐♠✐❧❛r✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤✐s
❡①♣❡r✐♠❡♥t s❤♦✇s t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ q ❤❛s ❧✐tt❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ❛❧❣♦r✐t❤♠s✬ ♣❡r❢♦r♠❛♥❝❡✳

■♠♣❛❝t ♦❢ t❤❡ ♠❡♠♦r② s✐③❡ ♦❢ ✇♦r❦❡rs

■♥ t❤❡ t❤✐r❞ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✇♦r❦❡r ♠❡♠♦r② s✐③❡ ♦♥t♦ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ r❡❛s♦♥❛❜❧❡ ❡①❡❝✉t✐♦♥ t✐♠❡s✱ ✇❡ ✉s❡ ♠❛tr✐❝❡s ♦❢
s✐③❡ 16000 × 16000 ❛♥❞ 16000 × 64000✱ ❛♥❞ t❤❡ ♠❡♠♦r② s✐③❡ ✇✐❧❧ ❜❡ ❡✐t❤❡r ✶✸✷▼❇ ♦r ✺✶✷▼❇✳
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❋✐❣✉r❡ ✹✳✶✸✿ ■♠♣❛❝t ♦❢ ♠❡♠♦r② s✐③❡ ♦♥ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✳

❲❡ ❝❤♦♦s❡ t❤❡s❡ ✈❛❧✉❡s t♦ r❡❞✉❝❡ s✐❞❡ ❡✛❡❝ts ❞✉❡ t♦ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s ✐♥t♦ ❜❧♦❝❦s ♦❢
s✐③❡ µq × µq✳

❋✐❣✉r❡ ✹✳✶✸ ♣r❡s❡♥ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❝r❡❛s❡s ✇✐t❤
t❤❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ✉♥❞❡r❧✐♥❡ t❤❛t ♦✉r r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ✐s
❡✣❝✐❡♥t✳ ❍♦♠ ✇✐❧❧ ✉s❡ r❡s♣❡❝t✐✈❡❧② t✇♦ ❛♥❞ ❢♦✉r ✇♦r❦❡rs ✇❤❡♥ t❤❡ ❛✈❛✐❧❛❜❧❡ ♠❡♠♦r② ✐♥❝r❡❛s❡s✱
❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ✇✐❧❧ ✉s❡ ❛❧❧ ❡✐❣❤t ❛✈❛✐❧❛❜❧❡ ✇♦r❦❡rs ♦♥ ❡❛❝❤ t❡st✳ ❖▼✲
▼❖▼▲ ❛❧s♦ ♠❛❦❡s s♦♠❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✱ ❜✉t ♣❡r❢♦r♠s ✇♦rs❡✳

❙t❛❜✐❧✐t② ♦❢ ❡①❡❝✉t✐♦♥ t✐♠❡s

■♥ t❤❡ ❢♦✉rt❤ ❛♥❞ ❧❛st s❡t ♦❢ t❤♦s❡ ❡①♣❡r✐♠❡♥ts ✇❡ ❝❤❡❝❦ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✳ ❚♦
t❤❛t ♣✉r♣♦s❡ ✇❡ ❧❛✉♥❝❤ t❤❡ s❛♠❡ ❡①❡❝✉t✐♦♥ ✜✈❡ t✐♠❡s✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛①✐♠✉♠ ❣❛♣
❜❡t✇❡❡♥ t✇♦ r✉♥s✳

❋✐❣✉r❡ ✹✳✶✹ s❤♦✇s t❤❛t t❤❡ ♠❛①✐♠✉♠ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ r✉♥s ♦❢ t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥t ✐s
❛r♦✉♥❞ 6%✳ ❚❤✉s ✐❢ t✇♦ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ♥♦ ♠♦r❡ t❤❛♥ 6% ♦❢ ❞✐✛❡r❡♥❝❡ ✐♥ ❡①❡❝✉t✐♦♥ t✐♠❡s✱ t❤❡②
s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s s✐♠✐❧❛r✳

❈♦♥❝❧✉s✐♦♥

❚❤❡s❡ ❡①♣❡r✐♠❡♥ts str❡ss t❤❡ s✉♣❡r✐♦r✐t② ♦❢ ♦✉r ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳
❋✉rt❤❡r♠♦r❡✱ ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ✐s ❛s ❝♦♠♣❡t✐t✐✈❡ ❛s t❤❡ ♦t❤❡rs ❜✉t ✉s❡s ❢❡✇❡r r❡s♦✉r❝❡s✳

❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ ❝♦♥s✐❞❡r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❆s ❖❇▼▼ ❛❧✇❛②s ❤❛s s✐❣♥✐✜✲
❝❛♥t❧② ✇♦rs❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ ❇▼▼✱ ✇❡ ✇✐❧❧ ♥♦ ❧♦♥❣❡r ❝♦♥s✐❞❡r t❤✐s ❛❧❣♦r✐t❤♠✳ ❆s ❛❧❣♦r✐t❤♠s
❉❉❖▼▲ ❛♥❞ ❖❉❉❖▼▲ ❛r❡ ✈❡r② ❝❧♦s❡ ❛♥❞ ❤❛✈❡ ❝♦♠♣❛r❛❜❧❡ ❡①❡❝✉t✐♦♥ t✐♠❡s✱ t❤❡ ❧❛tt❡r ❤❛✈✲
✐♥❣ s❧✐❣❤t❧② ✭❜✉t ♥♦t s✐❣♥✐✜❝❛♥t❧②✮ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❜♦t❤✱ ❛♥❞
✇❡ ❞r♦♣ t❤❡ ❢♦r♠❡r ❢r♦♠ ♦✉r st✉❞②✳
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❋✐❣✉r❡ ✹✳✶✹✿ ❱❛r✐❛t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥ t✐♠❡s✳

✹✳✽✳✹ ❊①♣❡r✐♠❡♥ts ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❛❧❣♦r✐t❤♠s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❆❧❧ t❤❡ ❛❧❣♦r✐t❤♠s ✉s✐♥❣
♦✉r ♦♣t✐♠✐③❡❞ ♠❡♠♦r② ❧❛②♦✉t ❛r❡ st✐❧❧ ❝♦♥s✐❞❡r✐♥❣ ♠❛tr✐❝❡s ❛s ❝♦♠♣♦s❡❞ ♦❢ sq✉❛r❡ ❜❧♦❝❦s ♦❢ s✐③❡
q × q = 80× 80✳

■♥ t❤❡ ✜rst t❤r❡❡ s❡ts ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ♦♥❧② ❤❛✈❡ ♦♥❡ ♣❛r❛♠❡t❡r ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✱ ❡✐t❤❡r t❤❡
❛♠♦✉♥t ♦❢ ♠❡♠♦r②✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞✱ ♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞✳ ❲❡ t❡st t❤❡ ❛❧❣♦r✐t❤♠s
♦♥ s✉❝❤ ♣❧❛t❢♦r♠s ✇✐t❤ ✜✈❡ ♠❛tr✐❝❡s ♦❢ ✐♥❝r❡❛s✐♥❣ s✐③❡✳ ❆s ✇❡ ❞♦ ♥♦t ✇❛♥t t♦ ❝❤❛♥❣❡ s❡✈❡r❛❧
♣❛r❛♠❡t❡rs ❛t ❛ t✐♠❡✱ ✇❡ ♦♥❧② ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ ♣❛r❛♠❡t❡r s ✭r❛t❤❡r t❤❛♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❛❧✇❛②s
❝♦♥s✐❞❡r sq✉❛r❡ ♠❛tr✐❝❡s✮✳ ❚❤❡ ♠❛tr✐① A ✐s ♦❢ s✐③❡ 8000× 8000 ✇❤❡r❡❛s B ✐s ♦❢ ✐♥❝r❡❛s✐♥❣ s✐③❡s
8000 × 64000✱ 8000 × 80000✱ 8000 × 96000✱ 8000 × 112000✱ ❛♥❞ 8000 × 128000✳ ❋♦r ❛❧❧ ♦t❤❡r
❡①♣❡r✐♠❡♥ts✱ A ✐s ♦❢ s✐③❡ 8000× 8000 ❛♥❞ B ✐s ♦❢ s✐③❡ 8000× 80000✳

❚❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ✇♦r❦❡rs ❤❛✈❡ ❞✐✛❡r❡♥t ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ ❛❧✲
❣♦r✐t❤♠✱ ❡✈❡♥ ❇▼▼✱ ❛ss✐❣♥s t❤❡♠ ❝❤✉♥❦s ♦❢ ❞✐✛❡r❡♥t s✐③❡s✳ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ❣❧♦❜❛❧
♣❛rt✐t✐♦♥✐♥❣ ♦❢ ♠❛tr✐① C✱ ✇❡ ❞❡❝✐❞❡ t♦ ♦♥❧② ❛ss✐❣♥ ✇♦r❦❡rs ❢✉❧❧ ♠❛tr✐① ❝♦❧✉♠♥ ❜❧♦❝❦s✳

❆s ✇❡ ✇❛♥t t♦ ❛ss❡ss ✇❤❡t❤❡r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛♥② st✉❞✐❡❞ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞s ♦♥ t❤❡
♠❛tr✐① s✐③❡✱ ✇❡ ❧♦♦❦ ❛t t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s r❛t❤❡r t❤❛t ❛t t❤❡✐r ❛❜s♦❧✉t❡ ❡①❡❝✉t✐♦♥
t✐♠❡s ✭❛❜s♦❧✉t❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ❛r❡ ❧✐st❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✮✳ ❚❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ❛ ❣✐✈❡♥ ❛❧❣♦r✐t❤♠
♦♥ ❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛❦❡s♣❛♥ ❛❝❤✐❡✈❡❞ ♦♥ t❤❛t ✐♥st❛♥❝❡ ❜② t❤❡ ❛❧❣♦r✐t❤♠✱
❞✐✈✐❞❡❞ ❜② t❤❡ ♠✐♥✐♠✉♠ ♠❛❦❡s♣❛♥ ❛❝❤✐❡✈❡❞ ♦♥ t❤❛t ✐♥st❛♥❝❡✳ ❯s✐♥❣ r❡❧❛t✐✈❡ ❝♦sts ❛❧s♦ ❡♥❛❜❧❡s
✉s t♦ ❜✉✐❧❞ st❛t✐st✐❝s ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s✳

❇❡s✐❞❡ ♠❛❦❡s♣❛♥ ♦r r❡❧❛t✐✈❡ ❝♦st✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛ s❡❝♦♥❞ ♣❛r❛♠❡t❡r✿ t❤❡ ♥✉♠❜❡r ♦❢
♣r♦❝❡ss♦rs ✉s❡❞✳ ❚♦ ❛ss❡ss t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛ ❣✐✈❡♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡
♣❧❛t❢♦r♠✱ ✐✳❡✳✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❡♥r♦❧❧❡❞ ♣r♦❝❡ss♦rs✳
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❋✐❣✉r❡ ✹✳✶✺✿ ❍❡t❡r♦❣❡♥❡♦✉s ♠❡♠♦r②✳
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Increasing matrix size

✭❛✮ ❈♦st ♦❢ ❛❧❣♦r✐t❤♠s✳
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40%

60%
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Increasing matrix size

✭❜✮ P❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥✳

❍❡t❡r♦❣❡♥❡♦✉s ♠❡♠♦r② s✐③❡s

■♥ t❤❡ ✜rst s❡t ♦❢ ❡①♣❡r✐♠❡♥ts ✇❡ ❛ss❡ss t❤❡ ❝♦st ♦❢ ♦✉r ❛❧❣♦r✐t❤♠s ✇✐t❤ r❡s♣❡❝t t♦ ♠❡♠♦r②
❤❡t❡r♦❣❡♥❡✐t②✳ ❲❡ ❧❛✉♥❝❤ t❤❡ ❛❧❣♦r✐t❤♠s ♦♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ✐♥ t❡r♠s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥
❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s✱ ❜✉t ✇❤❡r❡ ✇♦r❦❡rs ❤❛✈❡ ❞✐✛❡r❡♥t ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s✳ ❲❡ s✉♣♣♦s❡
t❤❛t t✇♦ ✇♦r❦❡rs ♦♥❧② ❤❛✈❡ ✷✺✻ ▼❇ ♦❢ ♠❡♠♦r②✱ ❢♦✉r ♦❢ t❤❡♠ ✺✶✷ ▼❇✱ ❛♥❞ t❤❡ ❧❛st t✇♦ ♦♥❡s
✶✵✷✹ ▼❇✳

❋✐❣✉r❡ ✹✳✶✻✭❛✮ ♣r❡s❡♥ts t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✱ ✇❤♦s❡ ❣❡♥❡r❛❧ s❤❛♣❡ ✐s ✈❡r②
s✐♠✐❧❛r ❢♦r ❛❧❧ ✜✈❡ ♠❛tr✐① s✐③❡s✳ ❖❉❉❖▼▲ ❛♥❞ ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ❍❡t ❤❛✈❡ t❤❡
❜❡st ♠❛❦❡s♣❛♥s✳ ❆t t❤❡ ♦t❤❡r ❡♥❞ ♦❢ t❤❡ s♣❡❝tr✉♠✱ ❖▼▼❖▼▲ ✐s t✇✐❝❡ ✇♦rs❡✳ ■♥ ❜❡t✇❡❡♥✱
❍♦♠✱ ❍♦♠■✱ ❖❘❘❖▼▲✱ ❛♥❞ ❇▼▼ ❛r❡ r♦✉❣❤❧② t✇❡♥t② ♣❡r❝❡♥t s❧♦✇❡r✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛ ♦❢
t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s✱ ✇❡ r❡♣♦rt t❤❛t ❍❡t ♥❡❡❞s ❛❜♦✉t ✷✵✵✵ s❡❝♦♥❞s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝t ♦❢
t❤❡ s♠❛❧❧❡st ♠❛tr✐❝❡s✱ ❛♥❞ ❛❜♦✉t ✸✺✵✵ s❡❝♦♥❞s ❢♦r t❤❡ ❧❛r❣❡st✳

❚❤❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❝♦st ♦❢ ❇▼▼ ❝❛♥ ❡❛s✐❧② ❜❡ ❥✉st✐✜❡❞✳ ❚❤❡ ♠❡♠♦r② ❧❛②♦✉t ✉s❡❞ ✐♥
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❇▼▼ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s✳ ❚❤❡r❡❢♦r❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐① ❝❤✉♥❦s ✉s❡❞ ❜②
❇▼▼ ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤❡ ♠❛tr✐❝❡s ❛r❡ r❛t❤❡r s♠❛❧❧ ✭t♦ ❜❡ ❛❜❧❡ t♦ ❡✈❛❧✉❛t❡ ❛ s✐❣♥✐✜❝❛♥t ♥✉♠❜❡r
♦❢ ❛❧❣♦r✐t❤♠s ♦♥ ❛ s✐❣♥✐✜❝❛♥t ♥✉♠❜❡r ♦❢ ♣❧❛t❢♦r♠s✮✳ ❍❡♥❝❡ ✇❡ ♦❜s❡r✈❡ s♦♠❡ ♥♦♥ ♥❡❣❧✐❣✐❜❧❡ s✐❞❡
❡✛❡❝ts ✭♠❛tr✐① s✐③❡ ❞✐✈✐❞❡❞ ❜② ❝❤✉♥❦ s✐③❡ ♥♦t ❜❡✐♥❣ ❛ ♠✉❧t✐♣❧❡ ♦❢ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs ✉s❡❞✮✳
❚❤❡r❡❢♦r❡✱ ❢♦r ❛ ❣✐✈❡♥ ♣❧❛t❢♦r♠✱ s♦♠❡ ♠❡♠♦r② s✐③❡s ❛r❡ ♠♦r❡ ❢❛✈♦r❛❜❧❡ ❢♦r ❇▼▼ t❤❛♥ ❢♦r t❤❡
❛❧❣♦r✐t❤♠s ✉s✐♥❣ ♦✉r ♠❡♠♦r② ❧❛②♦✉t✳ ❲❡ ✇✐❧❧ s❡❡ t❤r♦✉❣❤♦✉t ♦✉r ❡①♣❡r✐♠❡♥ts ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s
♣❧❛t❢♦r♠s t❤❛t ❡✈❡♥ ✐❢ s♦♠❡t✐♠❡s t❤❡s❡ s✐❞❡ ❡✛❡❝ts ❤❡❧♣ ❇▼▼ ❛❝❤✐❡✈❡ r❡❛s♦♥❛❜❧❡ ❝♦st✱ t❤❡② ❞♦
♥♦t ♣r❡✈❡♥t ✐t t♦ s♦♠❡t✐♠❡s ❛❝❤✐❡✈❡ ✈❡r② ❜❛❞ ❝♦st✳

■❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ✭❋✐❣✉r❡ ✹✳✶✻✭❜✮✮✱ ♦♥❡ ❝❛♥ r❡♠❛r❦ t❤❛t ❖▼✲

▼❖▼▲ ♦♥❧② ✉s❡s t✇♦ ✇♦r❦❡rs✱ ❛♥❞ ✐s t❤✉s ✈❡r② t❤r✐❢t②✱ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ✐ts ❛❜s♦❧✉t❡ ❝♦st✳
❍♦♠ ✐s ♣❡r❢♦r♠✐♥❣ s♦♠❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ❝♦♥tr❛r✐❧② t♦ ❖❉❉❖▼▲ ✇❤✐❝❤ ❛❧✇❛②s ✉s❡s ❛❧❧ t❤❡
♣r♦❝❡ss♦rs✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❍♦♠■ ✐s ♥♦t ❜❡tt❡r t❤❛♥ ❍♦♠✱ ❞❡s♣✐t❡ ✐ts ✐♠♣r♦✈❡❞ ♣❧❛t❢♦r♠
s❡❧❡❝t✐♦♥✳

❍❡t❡r♦❣❡♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s

■♥ t❤❡ s❡❝♦♥❞ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❛ss❡ss t❤❡ ❝♦st ♦❢ ♦✉r ❛❧❣♦r✐t❤♠s ✇❤❡♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s
❤❛✈❡ ❤❡t❡r♦❣❡♥❡♦✉s ❝❛♣❛❜✐❧✐t✐❡s✳ ❚❤❡ t❛r❣❡t ♣❧❛t❢♦r♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ✇♦r❦❡rs ✇✐t❤ ❛ ✶✵▼❜♣s
❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✱ ❢♦✉r ✇♦r❦❡rs ✇✐t❤ ❛ ✺▼❜♣s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✱ ❛♥❞ t❤❡ ❧❛st t✇♦ ♦♥❡s ❤❛✈❡
❛ ✶▼❜♣s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦✳

❋✐❣✉r❡ ✹✳✶✼✭❛✮ s❤♦✇s t❤❡ r❡❧❛t✐✈❡ ❝♦st✳ ❚❤❡ s✉♣❡r✐♦r✐t② ♦❢ ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ♦✈❡r
❇▼▼ ✐s ❝❧❡❛r✳

❍❡t✱ ❍♦♠■✱ ❛♥❞ ❖▼▼❖▼▲ ❤❛✈❡ ❡①❝❡❧❧❡♥t ♠❛❦❡s♣❛♥s✱ ❛♥❞ ♠❛❦❡ ❛ ❣♦♦❞ r❡s♦✉r❝❡ s❡❧❡❝✲
t✐♦♥✱ ❛s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✼✭❜✮✮✳ ❚❤❡ ✜rst ✜❣✉r❡ ❛❧s♦ s❤♦✇s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ❍♦♠■ ❛♥❞ ❍♦♠✿
❍♦♠ ♣❡r❢♦r♠s ❝❧♦s❡ t♦ ❖❉❉❖▼▲✱ ✇❤✐❧❡ ❍♦♠■ ❛❝❤✐❡✈❡s ❛ ❝❧♦s❡ t♦ ❜❡st ♠❛❦❡s♣❛♥✳ ❚❤✐s ✜❣✉r❡
✉♥❞❡r❧✐♥❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝❛r❡❢✉❧❧② ❝❤♦♦s✐♥❣ t❤❡ ♣r♦❝❡ss♦rs ♦♥ ✇❤✐❝❤ ❧❛✉♥❝❤✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✿
❍♦♠ ♦♥❧② ✉s❡s t✇♦ ♣r♦❝❡ss♦rs ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ✇❛② ✐t ❡①tr❛❝ts ❛
❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳

❇▼▼ ❤❛s t❤❡ ✇♦rst ♠❛❦❡s♣❛♥✱ ✇❤✐❝❤ ✐s ✼✵ t♦ ✾✵ ♣❡r❝❡♥t ✇♦rs❡ t❤❛♥ t❤❡ ❜❡st ♦♥❡✱ ❛♥❞
♠❛❦❡s ♥♦ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✱ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠✱ ❛s ✇❡❧❧ ❛s ❍♦♠■
♠❛❦❡ ❡①❝❡❧❧❡♥t r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✳

❈♦♥❝❡r♥✐♥❣ ❡①❡❝✉t✐♦♥ t✐♠❡s✱ ❍❡t ♥❡❡❞s ❛❜♦✉t ✷✺✵✵ s❡❝♦♥❞s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
s♠❛❧❧❡st ♠❛tr✐❝❡s✱ ❛♥❞ ❛❜♦✉t ✺✵✵✵ s❡❝♦♥❞s ❢♦r t❤❡ ❧❛r❣❡st✳

❍❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s

■♥ t❤❡ t❤✐r❞ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❛ss❡ss t❤❡ ❝♦st ♦❢ ♦✉r ❛❧❣♦r✐t❤♠s ✇❤❡♥ ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛✲
❜✐❧✐t✐❡s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✳ ❲♦r❦❡rs ❤❛✈❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s✱
❜✉t ❞✐✛❡r❡♥t ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s✳ ❚❤❡ ♣❧❛t❢♦r♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❢❛st ✇♦r❦❡rs ♦❢ s♣❡❡❞ s✱ ❢♦✉r
✇♦r❦❡rs ♦❢ s♣❡❡❞ s/2 ❛♥❞ t✇♦ ✇♦r❦❡rs ♦❢ s♣❡❡❞ s/4✳

■♥ ❋✐❣✉r❡ ✹✳✶✽✭❛✮✱ ✇❡ s❡❡ t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ t❤✐s s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✳ ❇▼▼

♣❡r❢♦r♠s ✇❡❧❧✱ ❜✉t ✐ts ♠❛❦❡s♣❛♥ ✐s ❧❛r❣❡r t❤❛♥ t❤❛t ♦❢ ❍❡t✳ ❆♠♦♥❣ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s✱ ✇❡
❛❧s♦ s❡❡ t❤❛t ❖❉❉❖▼▲ ❤❛s ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✳

▼♦r❡♦✈❡r✱ ❧♦♦❦✐♥❣ ❛t t❤❡ ♣❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✽✭❜✮✱ ✇❡ s❡❡ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠s
❡♥r♦❧❧ ❢❡✇❡r r❡s♦✉r❝❡s ❞✉r✐♥❣ ❡①❡❝✉t✐♦♥✳ ❖♥❡ ❝❛♥ ❛❧s♦ r❡♠❛r❦ t❤❛t ❍❡t ✉s❡s ♠♦r❡ ❛♥❞ ♠♦r❡
♣r♦❝❡ss♦rs ❛s ♠❛tr✐① s✐③❡ ✐♥❝r❡❛s❡s✳

❉✉r✐♥❣ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ ❍❡t ♥❡❡❞s ❛❜♦✉t ✷✵✵✵ s❡❝♦♥❞s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
s♠❛❧❧❡st ♠❛tr✐❝❡s✱ ❛♥❞ ❛❜♦✉t ✹✵✵✵ s❡❝♦♥❞s ❢♦r t❤❡ ❧❛r❣❡st ♦♥❡✳
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❋✐❣✉r❡ ✹✳✶✻✿ ❍❡t❡r♦❣❡♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✳
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Increasing matrix size

✭❛✮ ❈♦st ♦❢ ❛❧❣♦r✐t❤♠s✳
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Increasing matrix size

✭❜✮ P❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥✳

P❧❛t❢♦r♠s ✇✐t❤ t✇♦ ❤♦♠♦❣❡♥❡♦✉s s✉❜s❡ts

■♥ t❤❡ ❢♦✉rt❤ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ s♣❧✐t t❤❡ ♣❧❛t❢♦r♠ ✐♥t♦ t✇♦ ❤♦♠♦❣❡♥❡♦✉s s❡ts ❝♦♥t❛✐♥✐♥❣
❢♦✉r ✇♦r❦❡rs ❡❛❝❤✳

■♥ t❤❡ ✜rst s❡tt✐♥❣✱ ✇❡ ❤❛✈❡ ❢♦✉r ✇♦r❦❡rs ✇✐t❤ ❢❛st ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s ❜✉t s❧♦✇ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ ❧✐♥❦s✱ ❛♥❞ ❢♦✉r ✇♦r❦❡rs ✇✐t❤ s❧♦✇ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ ❜✉t ❢❛st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✳ ■♥
t❤❡ ✜rst ❡①♣❡r✐♠❡♥t ✭❋✐❣✉r❡ ✹✳✶✾✭❛✮✮✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ s❧♦✇ ❛♥❞ ❢❛st ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞s ✐s
❡q✉❛❧ t♦ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ s❧♦✇ ❛♥❞ ❢❛st ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s✱ ❛♥❞ ✐s s❡t t♦ t✇♦✳ ■♥ t❤❡ s❡❝♦♥❞
❡①♣❡r✐♠❡♥t ✭❋✐❣✉r❡ ✹✳✶✾✭❜✮✮✱ ❜♦t❤ r❛t✐♦s ❛r❡ s❡t t♦ ❢♦✉r✳

❋✐❣✉r❡ ✹✳✶✾✭❛✮ ❛♥❞ ❋✐❣✉r❡ ✹✳✶✾✭❜✮ ❛r❡ s✐♠✐❧❛r✱ ❛s t❤❡ t✇♦ ♣❧❛t❢♦r♠s ❤❛✈❡ t❤❡ s❛♠❡ s❤❛♣❡✳
❖♥ t❤❡ ✜rst ♣❧❛t❢♦r♠✱ ❍❡t ❛♥❞ ❖❉❉❖▼▲ ❤❛✈❡ t❤❡ ❜❡st ♠❛❦❡s♣❛♥✳ ■♥ ❋✐❣✉r❡ ✹✳✶✾✭❜✮✱ ✇❡ s❡❡
t❤❛t ❖❉❉❖▼▲ s❧✐❣❤t❧② ♦✉t♣❡r❢♦r♠s ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ✭❜② r♦✉❣❤❧② ✶✷✪✮✳ ❍♦✇❡✈❡r✱
❧♦♦❦✐♥❣ ❛t t❤❡ ♣❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡ ♠❛❦❡s♣❛♥ ❛❝❤✐❡✈❡❞ ❜② ❍❡t ✐s ✐♥ ❢❛❝t
♦❜t❛✐♥❡❞ ✇✐t❤ t✇♦ ❢❡✇❡r ✇♦r❦❡rs t❤❛♥ ❢♦r ❖❉❉❖▼▲✳
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❋✐❣✉r❡ ✹✳✶✼✿ ❍❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t❛t✐♦♥s✳
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Increasing matrix size

✭❛✮ ❈♦st ♦❢ ❛❧❣♦r✐t❤♠s✳
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Increasing matrix size

✭❜✮ P❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥✳

■♥ t❤❡ s❡❝♦♥❞ s❡tt✐♥❣✱ ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ♣r♦❝❡ss♦rs ❤❛✈❡ s❧♦✇ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❛♥❞ s♠❛❧❧
♠❡♠♦r✐❡s✱ ❛♥❞ t❤❡ ♦t❤❡r ❤❛❧❢ ❤❛s ❜♦t❤ ❢❛st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❛♥❞ ❧❛r❣❡ ♠❡♠♦r✐❡s✳ ■♥ t❤❡
✜rst ❡①♣❡r✐♠❡♥t ✭❋✐❣✉r❡ ✹✳✶✾✭❝✮✮✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ s❧♦✇ ❛♥❞ ❢❛st ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞s ✐s ❡q✉❛❧
t♦ t❤❡ r❛t✐♦♥ ❜❡t✇❡❡♥ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ♠❡♠♦r✐❡s✱ ❛♥❞ ✐s s❡t t♦ t✇♦✳ ■♥ t❤❡ s❡❝♦♥❞ ❡①♣❡r✐♠❡♥t
✭❋✐❣✉r❡ ✹✳✶✾✭❞✮✮✱ ❜♦t❤ r❛t✐♦s ❛r❡ s❡t t♦ ❢♦✉r✳ ❖♥ t❤❡s❡ ♣❧❛t❢♦r♠s✱ ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠s
❡①tr❛❝t ❛♥ ❡①❝❡❧❧❡♥t ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❢♦✉r ♣♦✇❡r❢✉❧ ✇♦r❦❡rs✱ ✐✳❡✳✱ ✇✐t❤
❧❛r❣❡ ♠❡♠♦r✐❡s ❛♥❞ ❢❛st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✱ ❛♥❞ ❛❝❤✐❡✈❡ ❛ ❣♦♦❞ ♠❛❦❡s♣❛♥✳ ❖✉r ❤❡t❡r♦❣❡♥❡♦✉s
❛❧❣♦r✐t❤♠ ❛❝❤✐❡✈❡s t❤❡ ❜❡st ♠❛❦❡s♣❛♥✱ ❜✉t ♥❡❡❞ t✇♦ ♠♦r❡ ✇♦r❦❡rs t❤❛♥ ❍♦♠✳

❚❤❡ s❡❝♦♥❞ ❡①♣❡r✐♠❡♥t ✭❋✐❣✉r❡ ✹✳✶✾✭❞✮✮ ❤❛✈✐♥❣ ♠♦r❡ ❞r❛st✐❝ ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐ts ❝♦♥❝❧✉s✐♦♥s
❛r❡ ♠♦r❡ ♦❜✈✐♦✉s✳ ❆❧❧ ❛❧❣♦r✐t❤♠s t❤❛t ❞♦ ♥♦t ♣❡r❢♦r♠ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥s ❛❝❤✐❡✈❡ ❜❛❞ r❡❧❛✲
t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ❛s t❤❡② ❡♥r♦❧❧ ✐♥❡✣❝✐❡♥t ♣r♦❝❡ss♦rs✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② tr✉❡ ❢♦r ❇▼▼ ❛♥❞
❖❉❉❖▼▲✳
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❋✐❣✉r❡ ✹✳✶✽✿ P❧❛t❢♦r♠s ✇✐t❤ t✇♦ ❤♦♠♦❣❡♥❡♦✉s s✉❜s❡ts✳
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❋✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤❡ ✜❢t❤ s❡t ♦❢ ❡①♣❡r✐♠❡♥ts ✇❡ ❤❛✈❡ ❛ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✱
❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s✱ ❛♥❞ ♠❡♠♦r② ❝❛♣❛❝✐t✐❡s ❝❛♥ t❛❦❡ t✇♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s✱ ✇❤✐❝❤ ❧❡❛❞s t♦
❡✐❣❤t ♣♦ss✐❜✐❧✐t✐❡s✱ ♦♥❡ ♣❡r ✇♦r❦❡r✳ ❲❡ ❜✉✐❧❞ t❤❛t ✇❛② t✇♦ ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠s ❜② ✜①✐♥❣ t❤❡
r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ❝❤❛r❛❝t❡r✐st✐❝s t♦ ✷ ✐♥ t❤❡ ✜rst s❡tt✐♥❣ ❛♥❞
✹ ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡ ✭✜rst t✇♦ ❝♦❧✉♠♥s ✐♥ ❋✐❣✉r❡s ✹✳✷✵✭❛✮ ❛♥❞ ✹✳✷✵✭❜✮✮✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t
♦✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ✇♦r❦s ♦♥ ❛♥② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ✇❡ ❛❧s♦ r❛♥❞♦♠❧② ❝r❡❛t❡ t❡♥
❞✐✛❡r❡♥t ♣❧❛t❢♦r♠s ✭❧❛st t❡♥ ❝♦❧✉♠♥s ✐♥ t❤❡ s❛♠❡ ✜❣✉r❡s✮✳ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ♠✐♥✐♠✉♠ ❛♥❞
♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✱ ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❝✐t✐❡s ❛♥❞ ♠❡♠♦r② s✐③❡ ✐s ✉♣ t♦ ❢♦✉r✳
▼❛tr✐① A ✐s ♦❢ s✐③❡ 8000× 8000 ❛♥❞ B ♦❢ s✐③❡ 8000× 80000✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡s ✹✳✷✵✭❛✮ ❛♥❞ ✹✳✷✵✭❜✮✳ ❲❡ s❡❡ t❤❛t
❍❡t ❛❝❤✐❡✈❡s t❤❡ ❜❡st ♠❛❦❡s♣❛♥ ❢♦r ❛❧❧ ❜✉t t✇♦ ♦❢ t❤❡ ✶✷ ♣❧❛t❢♦r♠s✱ ❛♥❞ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s
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❋✐❣✉r❡ ✹✳✶✾✿ ❋✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳
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✐s ♥❡✈❡r ♠♦r❡ t❤❛♥ ✾✪ ❛♥❞ ✷✪ ❛✇❛② ❢r♦♠ t❤❡ ❜❡st st✉❞✐❡❞ ❛❧❣♦r✐t❤♠✳ ❆❧❧ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s
❛r❡✱ ❛t ❧❡❛st ♦♥❝❡✱ ♠♦r❡ t❤❛♥ ✹✶✪ ❛✇❛② ❢r♦♠ t❤❡ ❜❡st s♦❧✉t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ❖❘❘❖▼▲ ❝❛♥
❜❡ ✉♣ t♦ ✽✽✪ ✇♦rs❡ t❤❛♥ t❤❡ ❜❡st ❛❝❤✐❡✈❡❞ ♠❛❦❡s♣❛♥✳ ❖♥❧② ❖❉❉❖▼▲ ❛❝❤✐❡✈❡s r❡❛s♦♥❛❜❧❡
♠❛❦❡s♣❛♥ ♦♥ ❛✈❡r❛❣❡ ❜✉t ✐t ❞♦❡s ♥♦t ♣❡r❢♦r♠ ❛♥② r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✳

❚❤❡ ♣❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥ ♦❢ ❍❡t ✐s ❡✣❝✐❡♥t✱ ❛s ✐t s♣❛r❡s r❡s♦✉r❝❡s ✇❤✐❧❡ ❛❝❤✐❡✈✐♥❣ ❛ ❣♦♦❞
♠❛❦❡s♣❛♥✳ ❚❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ♠❛❦❡ r❡s♦✉r❝❡s s❡❧❡❝t✐♦♥ ❛r❡ ♦✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠s
✭❍♦♠ ❛♥❞ ❍♦♠■✮✱ ❛♥❞ t❤❡ ✉♥✉s❛❜❧❡ ❖▼▼❖▼▲✱ ✇❤♦s❡ ♠❛❦❡s♣❛♥ ❝❛♥ ❜❡ ✷✶✺✪ ❛✇❛② ❢r♦♠
t❤❡ ❜❡st s♦❧✉t✐♦♥✳ ❇✉t ❡✈❡♥ ✐❢ ♦✉r ✐♠♣r♦✈❡❞ ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s ❛ ❣♦♦❞ r❡s♦✉r❝❡s
s❡❧❡❝t✐♦♥✱ t❤❡ ♠❛❦❡s♣❛♥ ✐t ❛❝❤✐❡✈❡s ❝❛♥ ❜❡ ✉♣ t♦ ✽✵✪ ❧❛r❣❡r t❤❛♥ t❤❡ ❜❡st ♠❛❦❡s♣❛♥✱ ❛♥❞ ✐s ✸✹✪
❧❛r❣❡r ♦♥ ❛✈❡r❛❣❡✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❍❡t ♥❡❡❞s ❜❡t✇❡❡♥ ✷✼✵✵ s❡❝♦♥❞s ❛♥❞ ✻✵✵✵ s❡❝♦♥❞s✳

❘❡❛❧ ♣❧❛t❢♦r♠

■♥ t❤✐s s❡t ♦❢ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✉s❡ ❛❧♠♦st ❛❧❧ t❤❡ ♣r♦❝❡ss♦rs ♦❢ ♦✉r ♣❧❛t❢♦r♠✳ ❲❡ ❞♦ ♥♦t ♠♦❞✐❢②
t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞s ♥♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s ♦❢ t❤❡ ✇♦r❦❡rs✳ ❲❡ t❛❦❡ ✜✈❡ ♣r♦❝❡ss♦rs
♦❢ ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r s❡ts ♦❢ ♠❛❝❤✐♥❡s✱ ✇❤✐❝❤ ❣✐✈❡s ✉s ❛ r❛t❤❡r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳ ❲❡ ❡✐t❤❡r
✉s❡ t❤✐s ♣❧❛t❢♦r♠ ✏❛s ✐s✑ ✭❆✉❣✉st ✷✵✵✼ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❋✐❣✉r❡ ✹✳✷✶✭❛✮✮ ♦r ✇❡ ❧✐♠✐t t❤❡ ❛♠♦✉♥t
♦❢ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r t♦ ✐ts ✈❛❧✉❡ ❜❡❢♦r❡ t❤❡ ❧❛st ♠❡♠♦r② ✉♣❣r❛❞❡ ✭◆♦✈❡♠❜❡r
✷✵✵✻ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❋✐❣✉r❡ ✹✳✷✶✭❜✮✮✳ ❚❤❡ ❛❝t✉❛❧ ♣❧❛t❢♦r♠ ✇❛s t❤❡♥✿

• ✺ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ✺✵✶✸✲●▼✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ✷✳✹ ●❍③ ✇✐t❤ ✷✺✻ ▼❇ ♦❢ ♠❡♠♦r②❀

• ✺ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ✻✵✶✸P■✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ❳❡♦♥ ✷✳✹ ●❍③ ✇✐t❤ ✶ ●❇ ♦❢ ♠❡♠♦r②❀

• ✺ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ✺✵✶✸❙■✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ❳❡♦♥ ✷✳✻ ●❍③ ✇✐t❤ ✶ ●❇ ♦❢ ♠❡♠♦r②❀

• ✺ ❙✉♣❡r▼✐❝r♦ s❡r✈❡rs ■❉❊✷✺✵❲✱ ✇✐t❤ ♣r♦❝❡ss♦rs P✹ ✷✳✽ ●❍③ ✇✐t❤ ✷✺✻ ▼❇ ♦❢ ♠❡♠♦r②✳

❲❡ ✉s❡ ❛♥ ❡①tr❛ ♣r♦❝❡ss♦r ❛s t❤❡ ♠❛st❡r✳ ❚❤❡ ♠❛tr✐① ❛r❡ ♦❢ s✐③❡ 8000× 8000 ❢♦r A ❛♥❞ 8000×
320000 ❢♦r B✳

❋✐❣✉r❡ ✹✳✷✵✿ ❘❡❛❧ ♣❧❛t❢♦r♠✳
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❚❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✷✵✳ ❚❤❡ r❡s✉❧ts ♦♥ t❤❡ ❛❝t✉❛❧
♣❧❛t❢♦r♠ ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❆❧❧ t❤❡ ❛❧❣♦r✐t❤♠s ❜✉t ❇▼▼
❤❛✈❡ s✐♠✐❧❛r ♠❛❦❡s♣❛♥✳ ❆❧❧ ❛❧❣♦r✐t❤♠s ♠❛❦✐♥❣ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ✉s❡ ❡❧❡✈❡♥ ✇♦r❦❡rs ❛♠♦♥❣ t❤❡
t✇❡♥t② ❛✈❛✐❧❛❜❧❡✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ♦♥ t❤❡ ♦❧❞❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡
♦♥❡s ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞ ♦♥ ♠❡♠♦r② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❖❉❉❖▼▲ ❛♥❞ ♦✉r ❤❡t❡r♦❣❡✲
♥❡♦✉s ❛❧❣♦r✐t❤♠ ❍❡t ❛❝❤✐❡✈❡ t❤❡ ❜❡st ♠❛❦❡s♣❛♥s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❖❘❘❖▼▲✱ ♦✉r ❤♦♠♦❣❡♥❡♦✉s
❛❧❣♦r✐t❤♠s✱ ❇▼▼✱ ❛♥❞ ✜♥❛❧❧② ❖▼▼❖▼▲ ✇❤✐❝❤ ✐s ✻✵✪ ✇♦rs❡ t❤❛♥ ❍❡t✳ ❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡
✐s ❛r♦✉♥❞ ✼✽✵✵ s❡❝♦♥❞s ❢♦r ❍❡t✳ ■❢ ✇❡ ❧♦♦❦ ❛t r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✱ ❍❡t ✉s❡s ♦♥❧② t❤❡ t❡♥ ✇♦r❦❡rs
✇❤✐❝❤ ❤❛✈❡ ✶ ●❇ ♦❢ ♠❡♠♦r②✱ ❛♥❞ ❛❝❤✐❡✈❡s ❛ ♠❛❦❡s♣❛♥ ❝❧♦s❡ t♦ ❖❉❉❖▼▲✬s ✇❤✐❝❤ ✉s❡s t❤❡
✇❤♦❧❡ ♣❧❛t❢♦r♠✳ ❖♥ ❛♥♦t❤❡r s✐❞❡✱ ❍♦♠✱ ❍♦♠■✱ ❛♥❞ ❖▼▼❖▼▲ ✉s❡ s✐① ✇♦r❦❡rs ✇✐t❤ s♠❛❧❧
♠❡♠♦r✐❡s✳ ❆❧❧ ♦t❤❡r ❛❧❣♦r✐t❤♠s ✉s❡ t❤❡ ✇❤♦❧❡ ♣❧❛t❢♦r♠✳

❙✉♠♠❛r②

❲❡ s✉♠♠❛r✐③❡ ❤❡r❡ ❛❧❧ ♦✉r ▼P■ ❡①♣❡r✐♠❡♥ts✳ ❋✐❣✉r❡s ✹✳✷✷✭❛✮ ❛♥❞ ✹✳✷✷✭❜✮ r❡s♣❡❝t✐✈❡❧② ♣r❡s❡♥t
t❤❡ r❡❧❛t✐✈❡ ❝♦st ❛♥❞ t❤❡ ♣❧❛t❢♦r♠✬s ✉t✐❧✐③❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢♦r ❡❛❝❤ ❡①♣❡r✐♠❡♥t ❜② ♦✉r ❤❡t❡r♦❣❡♥❡♦✉s
❛❧❣♦r✐t❤♠ ✭❍❡t✮✱ ❜② ❚♦❧❡❞♦✬s ❛❧❣♦r✐t❤♠ ✭❇▼▼✮✱ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❤❡✉r✐st✐❝ ✉s✐♥❣ ♦✉r ♠❡♠♦r②
❧❛②♦✉t ✭❖❉❉❖▼▲✮✳

❚❤❡ r❡s✉❧ts s❤♦✇ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ ♦✉r ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥✳ ❖✈❡r t❤❡ t❤✐rt②✲t❤r❡❡ ❡①♣❡r✐✲
♠❡♥ts✱ ❖❉❉❖▼▲ ♣❡r❢♦r♠s ✇♦rs❡ t❤❛♥ ❇▼▼ ♦♥❧② ♦♥❝❡✱ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❤❡t❡r♦❣❡♥❡♦✉s
♣❧❛t❢♦r♠✱ ❛♥❞ ✇✐t❤ ❛ s♠❛❧❧ s✐③❡ ♠❛tr✐①✳ ❚❤✐s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✐❞❡ ❡✛❡❝t ♦❢ t❤❡ s♣❧✐t ♦❢ t❤❡
♠❛tr✐①✱ ❛s ❢♦r s♠❛❧❧ s✐③❡ ♠❛tr✐❝❡s ✐t ✐s ❜❡tt❡r t♦ s♣❧✐t ✐t ✐♥t♦ s♠❛❧❧ sq✉❛r❡ s✐③❡ ❜❧♦❝❦s ❛s ❇▼▼
❞♦❡s✳

❋✉rt❤❡r♠♦r❡✱ ✐❢ ✇❡ ❛❞❞ t❤❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ♦❢ ❍❡t✱ ♥♦t ♦♥❧② ✇❡ ❛❝❤✐❡✈❡✱ ♠♦st ♦❢ t❤❡ t✐♠❡✱
t❤❡ ❜❡st ♠❛❦❡s♣❛♥✱ ❜✉t ✇❡ ❛❝❤✐❡✈❡ t❤✐s ♠❛❦❡s♣❛♥ ✇❤✐❧❡ s♣❛r✐♥❣ r❡s♦✉r❝❡s✳

❋✐♥❛❧❧②✱ ❚❛❜❧❡ ✹✳✸ ❞✐s♣❧❛②s t❤❡ ❛✈❡r❛❣❡ ❛♥❞ ✇♦rst r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❜t❛✐♥❡❞ ♦✈❡r ❛❧❧
❡①♣❡r✐♠❡♥ts ❜② t❤❡s❡ t❤r❡❡ ❛❧❣♦r✐t❤♠s✳ ❯s✐♥❣ ♦✉r ♠❡♠♦r② ❧❛②♦✉t ✭❖❉❉❖▼▲✮ r❛t❤❡r t❤❛♥
❚♦❧❡❞♦✬s ✭❇▼▼✮ ❡♥❛❜❧❡s ✉s t♦ ❣❛✐♥ ✶✽✪ ♦❢ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦♥ ❛✈❡r❛❣❡✳ ❲❤❡♥ t❤✐s ✐s ❝♦♠❜✐♥❡❞
✇✐t❤ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥✱ t❤✐s ❡♥❛❜❧❡s ✉s t♦ ❣❛✐♥ ❛❞❞✐t✐♦♥❛❧❧② ✶✶✪✱ t❤❛t ✐s ✷✼✪ ❛❣❛✐♥st ❚♦❧❡❞♦✬s
r✉♥♥✐♥❣ t✐♠❡✳ ❲❡ ❛❝❤✐❡✈❡ t❤✐s s✐❣♥✐✜❝❛♥t ❣❛✐♥ ✇❤✐❧❡ s♣❛r✐♥❣ ✷✷✪ ♦❢ t❤❡ r❡s♦✉r❝❡s✳

❖✉r ❍❡t ❛❧❣♦r✐t❤♠ ✐s ♦♥ ❛✈❡r❛❣❡ ✶✪ ❛✇❛② ❢r♦♠ t❤❡ ❜❡st ❛❝❤✐❡✈❡❞ ♠❛❦❡s♣❛♥✳ ❆t ✇♦rst ❍❡t
✐s ✶✵✪ ❛✇❛② ❢r♦♠ t❤❡ ❜❡st ♠❛❦❡s♣❛♥✱ ❖❉❉❖▼▲ ✻✶✪✱ ❛♥❞ ❇▼▼ ✶✷✽✪✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
s❡❡♥ t❤❛t ✽✵✪ ♦❢ t❤❡ t✐♠❡✱ t❤❡ ❝♦st ♦❢ ❍❡t ✇❛s ✐♥ ❢❛❝t ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ ❛ ❣❧♦❜❛❧ r❡s♦✉r❝❡
s❡❧❡❝t✐♦♥✳

❚❤❡ st❡❛❞②✲st❛t❡ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✻✳✶ ❣✐✈❡s ✉s ❛♥ ✉♣♣❡r✲❜♦✉♥❞ ♦♥ t❤❡ ❜❡st
❛❝❤✐❡✈❛❜❧❡ t❤r♦✉❣❤♣✉t✳ ❚❤✐s ✉♣♣❡r✲❜♦✉♥❞ ✐s ✈❡r② ♦♣t✐♠✐st✐❝ ❛s ✐t ❛ss✉♠❡s ✉♥❜♦✉♥❞❡❞ ♠❡♠♦r✐❡s
❛♥❞ ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❞✉❡ t♦ t❤❡ ❡❧❡♠❡♥ts ♦❢ ♠❛tr✐① C✳ ❚❤✐s
✉♣♣❡r ❜♦✉♥❞ ✐s ♥❡✈❡rt❤❡❧❡ss ♦♥ ❛✈❡r❛❣❡ ♦♥❧② ✷✳✷✾ t✐♠❡s ❣r❡❛t❡r t❤❛♥ t❤❡ t❤r♦✉❣❤♣✉t ❛❝❤✐❡✈❡❞
❜② ❍❡t ✭❛♥❞ ❛t ✇♦rst ✐s ✸✳✹✷ t✐♠❡s ❣r❡❛t❡r✮✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤✐s ✉♣♣❡r✲❜♦✉♥❞ t❡❧❧s ✉s
t❤❛t ♦✉r ❍❡t ❛❧❣♦r✐t❤♠ ♥♦t ♦♥❧② ❤❛s ❣♦♦❞ r❡❧❛t✐✈❡ ❝♦st ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s✱
❜✉t ❛❧s♦ ❤❛s ✈❡r② ❣♦♦❞ ❛❜s♦❧✉t❡ ♣❡r❢♦r♠❛♥❝❡✳

❆❧t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡ t❤✉s ❜❡❡♥ ❛❜❧❡ t♦ ❞❡s✐❣♥ ❛♥ ❡✣❝✐❡♥t✱ t❤r✐❢t②✱ ❛♥❞ r❡❧✐❛❜❧❡ ❛❧❣♦r✐t❤♠✳
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✽✻ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

❆✈❡r❛❣❡ ❝♦st ❲♦rst ❝♦st
❍❡t ✶✳✵✶ ✶✳✶✵
❇▼▼ ✶✳✸✾ ✷✳✷✽

❖❉❉❖▼▲ ✶✳✶✸ ✶✳✻✶

❚❛❜❧❡ ✹✳✸✿ ❆✈❡r❛❣❡ ❛♥❞ ✇♦rst r❡❧❛t✐✈❡ ❝♦st✳

✹✳✾ ❘❡❧❛t❡❞ ✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ r❡❧❛t❡❞ ♣❛♣❡rs✱ ✇❤✐❝❤ ✇❡ ❝❧❛ss✐❢② ❛❧♦♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
✜✈❡ ♠❛✐♥ ❧✐♥❡s✿

▲♦❛❞ ❜❛❧❛♥❝✐♥❣ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✕ ▲♦❛❞ ❜❛❧❛♥❝✐♥❣ str❛t❡❣✐❡s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s
♣❧❛t❢♦r♠s ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞✳ ❉✐str✐❜✉t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✭t♦❣❡t❤❡r ✇✐t❤ t❤❡
❛ss♦❝✐❛t❡❞ ❞❛t❛✮ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡✐t❤❡r ❞②♥❛♠✐❝❛❧❧② ♦r st❛t✐❝❛❧❧②✱ ♦r ❛ ♠✐①t✉r❡ ♦❢ ❜♦t❤✳
❙♦♠❡ s✐♠♣❧❡ s❝❤❡❞✉❧❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❜✉t t❤❡② ✉s❡ ♥❛✐✈❡ ♠❛♣♣✐♥❣ str❛t❡❣✐❡s s✉❝❤ ❛s ♠❛st❡r✲
✇♦r❦❡r t❡❝❤♥✐q✉❡s ♦r ♣❛r❛❞✐❣♠s ❜❛s❡❞ ✉♣♦♥ t❤❡ ✐❞❡❛ ✏✉s❡ t❤❡ ♣❛st t♦ ♣r❡❞✐❝t t❤❡ ❢✉t✉r❡✑✱
✐✳❡✳✱ ✉s❡ t❤❡ ❝✉rr❡♥t❧② ♦❜s❡r✈❡❞ s♣❡❡❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡❛❝❤ ♠❛❝❤✐♥❡ t♦ ❞❡❝✐❞❡ ❢♦r t❤❡ ♥❡①t
❞✐str✐❜✉t✐♦♥ ♦❢ ✇♦r❦ ❬✺✷✱ ✺✸✱ ✷✻❪✳ ❉②♥❛♠✐❝ str❛t❡❣✐❡s s✉❝❤ ❛s s❡❧❢✲❣✉✐❞❡❞ s❝❤❡❞✉❧✐♥❣ ❬✶✶✻❪
❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ t♦♦✳ ❚❤❡r❡ ✐s ❛ ❝❤❛❧❧❡♥❣❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ❞❛t❛ ❞✐str✐✲
❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ♣r♦❝❡ss s♣❛✇♥✐♥❣ ❛♥❞ ♣♦ss✐❜❧❡ ♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ❘❡❞✉♥❞❛♥t
❝♦♠♣✉t❛t✐♦♥s ♠✐❣❤t ❛❧s♦ ❜❡ ♥❡❝❡ss❛r② t♦ ✉s❡ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡r ❛t ✐ts ❜❡st ❝❛♣❛❜✐❧✐t✐❡s✳
❍♦✇❡✈❡r✱ ❞②♥❛♠✐❝ str❛t❡❣✐❡s ❛r❡ ♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ✇♦r❦ ✭❜✉t ♠❡♥t✐♦♥❡❞ ❤❡r❡ ❢♦r t❤❡
s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✮✳ ❇❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❛ ❧✐❜r❛r② ❞❡s✐❣♥❡r✬s ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥
st❛t✐❝ ❛❧❧♦❝❛t✐♦♥ s❝❤❡♠❡s t❤❛t ❛r❡ ❧❡ss ❣❡♥❡r❛❧ ❛♥❞ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❞❡s✐❣♥ t❤❛♥ ❞②♥❛♠✐❝
❛♣♣r♦❛❝❤❡s✱ ❜✉t ✇❤✐❝❤ ❛r❡ ❜❡tt❡r s✉✐t❡❞ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✜①❡❞ ❛❧❣♦r✐t❤♠s s✉❝❤
❛s ❧✐♥❡❛r ❛❧❣❡❜r❛ ❦❡r♥❡❧s ❢r♦♠ t❤❡ ❙❝❛▲❆P❆❈❑ ❧✐❜r❛r② ❬✸✸❪✳

❖✉t✲♦❢✲❝♦r❡ ❧✐♥❡❛r ❛❧❣❡❜r❛ r♦✉t✐♥❡s ✕ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❞❡s✐❣♥ ♦❢ ♣❛r❛❧❧❡❧ ❛❧❣♦✲
r✐t❤♠s ❢♦r ❧✐♠✐t❡❞ ♠❡♠♦r② ♣r♦❝❡ss♦rs ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ♦✉t✲♦❢✲❝♦r❡ r♦✉t✐♥❡s
❢♦r ❝❧❛ss✐❝❛❧ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s✳ ❖♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ❍♦♥❣ ❛♥❞ ❑✉♥❣ ❬✽✵❪ ✐♥✈❡st✐❣❛t❡ t❤❡
■✴❖ ❝♦♠♣❧❡①✐t② ♦❢ s❡✈❡r❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❦❡r♥❡❧s ✐♥ t❤❡✐r ♣✐♦♥❡❡r✐♥❣ ♣❛♣❡r✳ ❚♦❧❡❞♦ ❬✶✹✵❪
♣r♦♣♦s❡s ❛ ♥✐❝❡ s✉r✈❡② ♦♥ t❤❡ ❞❡s✐❣♥ ♦❢ ♦✉t✲♦❢✲❝♦r❡ ❛❧❣♦r✐t❤♠s ❢♦r ❧✐♥❡❛r ❛❧❣❡❜r❛✱ ✐♥❝❧✉❞✐♥❣
❞❡♥s❡ ❛♥❞ s♣❛rs❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❲❡ r❡❢❡r t♦ ❬✶✹✵❪ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❧✐st ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳
❚❤❡ ❞❡s✐❣♥ ♣r✐♥❝✐♣❧❡s ❢♦❧❧♦✇❡❞ ❜② ♠♦st ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ❜②
❉♦♥❣❛rr❛ ❡t ❛❧✳ ❬✻✶❪✳

▼❛tr✐① ♣r♦❞✉❝t ♦♥ r❡❝♦♥✜❣✉r❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡s✕ ❆ s✐♠✐❧❛r t❤r❡❛❞ ♦❢ ✇♦r❦✱ ❛❧t❤♦✉❣❤ ✐♥ ❛
❞✐✛❡r❡♥t ❝♦♥t❡①t✱ ❞❡❛❧s ✇✐t❤ r❡❝♦♥✜❣✉r❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡s✱ ❡✐t❤❡r ♣✐♣❡❧✐♥❡❞ ❜✉s s②st❡♠s ❬✶✵✶❪✱
♦r ❋P●❆s ❬✶✹✾❪✳ ■♥ t❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤✱ tr❛❞❡♦✛s ♠✉st ❜❡ ❢♦✉♥❞ t♦ ♦♣t✐♠✐③❡ t❤❡ s✐③❡ ♦❢ t❤❡
♦♥✲❝❤✐♣ ♠❡♠♦r② ❛♥❞ t❤❡ ❛✈❛✐❧❛❜❧❡ ♠❡♠♦r② ❜❛♥❞✇✐❞t❤✱ ❧❡❛❞✐♥❣ t♦ ♣❛rt✐t✐♦♥❡❞ ❛❧❣♦r✐t❤♠s
t❤❛t r❡✲✉s❡ ❞❛t❛ ✐♥t❡♥s✐✈❡❧②✳

▲✐♥❡❛r ❛❧❣❡❜r❛ ❛❧❣♦r✐t❤♠s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡rs ✕ ❙❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ ❞❡❛❧t ✇✐t❤
t❤❡ st❛t✐❝ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♠❛tr✐①✲♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳
❖♥❡ s✐♠♣❧❡ ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ❜② ❑❛❧✐♥♦✈ ❛♥❞ ▲❛st♦✈❡ts❦② ❬✽✻❪✳ ❚❤❡✐r ✐❞❡❛ ✐s t♦ ❛❝❤✐❡✈❡
❛ ♣❡r❢❡❝t ❧♦❛❞✲❜❛❧❛♥❝❡ ❛s ❢♦❧❧♦✇s✿ ✜rst t❤❡② t❛❦❡ ❛ ✜①❡❞ ❧❛②♦✉t ♦❢ ♣r♦❝❡ss♦rs ❛rr❛♥❣❡❞ ❛s
❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r♦❝❡ss♦r ❝♦❧✉♠♥s❀ t❤❡♥ t❤❡ ❧♦❛❞ ✐s ❡✈❡♥❧② ❜❛❧❛♥❝❡❞ ✇✐t❤✐♥ ❡❛❝❤ ♣r♦❝❡ss♦r

te
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✹✳✶✵✳ ❈❖◆❈▲❯❙■❖◆ ✽✼

❝♦❧✉♠♥ ✐♥❞❡♣❡♥❞❡♥t❧②❀ ♥❡①t t❤❡ ❧♦❛❞ ✐s ❜❛❧❛♥❝❡❞ ❜❡t✇❡❡♥ ❝♦❧✉♠♥s❀ t❤✐s ✐s t❤❡ ✏❤❡t❡r♦❣❡✲
♥❡♦✉s ❜❧♦❝❦ ❝②❝❧✐❝ ❞✐str✐❜✉t✐♦♥✑ ♦❢ ❬✽✻❪✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s ♣r♦♣♦s❡❞ ❜② ❈r❛♥❞❛❧❧ ❛♥❞
◗✉✐♥♥ ❬✺✽❪✱ ✇❤♦ ♣r♦♣♦s❡ ❛ r❡❝✉rs✐✈❡ ♣❛rt✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ❜② ❑❛❞❞♦✉r❛✱ ❘❛♥❦❛✱ ❛♥❞
❲❛♥❣ ❬✽✺❪✱ ✇❤♦ r❡✜♥❡ t❤❡ ❧❛tt❡r ❛❧❣♦r✐t❤♠ ❛♥❞ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ✈❛r✐❛t✐♦♥s✳ ❚❤❡② r❡♣♦rt
s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❢♦r
♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ ✷❉✲❣r✐❞s ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs ❛r❡
r❡♣♦rt❡❞ ✐♥ ❬✶✷❪✱ ✇❤✐❧❡ ❡①t❡♥s✐♦♥s t♦ ❣❡♥❡r❛❧ ✷❉ ♣❛rt✐t✐♦♥✐♥❣ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✸❪✳ ❙❡❡
❛❧s♦ ▲❛st♦✈❡ts❦② ❛♥❞ ❘❡❞❞② ❬✾✸❪ ❢♦r ❛♥♦t❤❡r ♣❛rt✐t✐♦♥✐♥❣ ❛♣♣r♦❛❝❤✳

❘❡❝❡♥t ♣❛♣❡rs ❛✐♠ ❛t ♠❛❦✐♥❣ ❡❛s✐❡r t❤❡ ♣r♦❝❡ss ♦❢ t✉♥✐♥❣ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❦❡r♥❡❧s ♦♥ ❤❡t❡r♦✲
❣❡♥❡♦✉s s②st❡♠s✳ ❙❡❧❢✲♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣✐❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❈✉❡♥❝❛ ❡t ❛❧✳ ❬✺✾❪ ❛♥❞
❜② ❈❤❡♥ ❡t ❛❧✳ ❬✹✽❪✳ ❆❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡✱ ❈❤❛❦r❛✈❛rt✐ ❡t ❛❧✳ ❬✹✺❪ ❞❡s❝r✐❜❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ❈❛♥♥♦♥✬s ❛❧❣♦r✐t❤♠ ✉s✐♥❣ s❡❧❢✲♦r❣❛♥✐③✐♥❣ ❛❣❡♥ts ♦♥ ❛ ♣❡❡r✲t♦✲♣❡❡r ♥❡t✇♦r❦✳

▼✐①❡❞ ❛♣♣r♦❛❝❤ ❢♦r ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✕ ❙♦♠❡ ❛✉t❤♦rs ❤❛✈❡ s❤♦✇♥ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡r✐✈❡ ❛♥ ❡✣❝✐❡♥t ♣♦❧②✲❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❧❛r❣❡
❞❡♥s❡ sq✉❛r❡ ♠❛tr✐❝❡s✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ r✐❣❤t ❛❧❣♦r✐t❤♠ ❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❛❧❣♦r✐t❤♠s
♦❢ t❤❡ ♣♦❧②✲❛❧❣♦r✐t❤♠s ✐s ❡①♣r❡ss❡❞ ❛s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ◆❛sr✐ ❛♥❞
❚r②str❛♠ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ♣❛r❛❧❧❡❧ ♣♦❧②✲❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✉s❡s ❜♦t❤ ❛❞✈❛♥t❛❣❡s ♦❢
st❛♥❞❛r❞ ❛♥❞ ❢❛st ❛❧❣♦r✐t❤♠s ❢♦r ♠✉❧t✐♣❧②✐♥❣ t✇♦ ❞❡♥s❡ sq✉❛r❡ ♠❛tr✐❝❡s ♦♥ ❝♦♥✈❡♥t✐♦♥❛❧
❤♦♠♦❣❡♥❡♦✉s ❝❧✉st❡rs ♦❢ P❈s ❬✶✵✼❪✱ ✇❤✐❧❡ ❏❡❞❞✐ ❛♥❞ ◆❛sr✐ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♠✐①❡❞ ❛♣♣r♦❛❝❤
❢♦r ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ ❜♦t❤ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❤✐❡r❛r❝❤✐❝❛❧ ❝❧✉st❡rs ♦❢
❙▼Ps ❬✽✹❪✳

✹✳✶✵ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ ❖♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛ ♥❡✇✱ t✐❣❤t❡r✱ ❜♦✉♥❞ ♦♥ t❤❡ ♠✐♥✐♠❛❧ ✈♦❧✉♠❡
♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♥❡❡❞❡❞ t♦ ♠✉❧t✐♣❧② t✇♦ ♠❛tr✐❝❡s✳ ❋r♦♠ t❤✐s ❧♦✇❡r ❜♦✉♥❞✱ ✇❡ ❤❛✈❡
❞❡✜♥❡❞ ❛♥ ❡✣❝✐❡♥t ♠❡♠♦r② ❧❛②♦✉t✱ ✐✳❡✳✱ ❛♥ ❛❧❣♦r✐t❤♠ t♦ s❤❛r❡ ❛♠♦♥❣ t❤❡ t❤r❡❡ ♠❛tr✐❝❡s
t❤❡ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ ✇♦r❦❡rs✳

✷✳ ❖♥ t❤❡ ♣r❛❝t✐❝❛❧ s✐❞❡✱ st❛rt✐♥❣ ❢r♦♠ ♦✉r ♠❡♠♦r② ❧❛②♦✉t✱ ✇❡ ❤❛✈❡ ❞❡s✐❣♥❡❞ ❛♥ ❛❧❣♦r✐t❤♠
❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ✇❤♦s❡ ♣❡r❢♦r♠❛♥❝❡ ✐s q✉✐t❡ ❝❧♦s❡ t♦ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡
❧♦✇❡r ❜♦✉♥❞✳ ❲❡ ❤❛✈❡ ❡①t❡♥❞❡❞ t❤✐s ❛❧❣♦r✐t❤♠ t♦ ❞❡❛❧ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ❛♥❞
❞✐s❝✉ss❡❞ ❤♦✇ t♦ ❛❞❛♣t t❤❡ ❛♣♣r♦❛❝❤ ❢♦r ▲❯ ❢❛❝t♦r✐③❛t✐♦♥✳

✸✳ ❚❤r♦✉❣❤ ▼P■ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❜♦t❤ ♦✉r ❛❧❣♦r✐t❤♠s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❛♥❞
❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s ❤❛✈❡ ❢❛r ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ s♦❧✉t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡♠♦r② ❧❛②✲
♦✉t ♣r♦♣♦s❡❞ ✐♥ ❬✶✹✵❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s st❛t✐❝ ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ❤❛s s✐♠✐❧❛r ♣❡r❢♦r✲
♠❛♥❝❡ t❤❛♥ ❞②♥❛♠✐❝ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡♠♦r② ❧❛②♦✉t✱ ❜✉t ✉s❡s ❢❡✇❡r ♣r♦❝❡ss♦rs✳
■t ✐s t❤❡r❡❢♦r❡ ❛ ✈❡r② ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r ❞❡♣❧♦②✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ r❡❣✉❧❛r✱ ❤♦♠♦❣❡♥❡♦✉s
♣❧❛t❢♦r♠s✳ ❖✉r ❤❡t❡r♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ❛❧s♦ ♣r♦✈❡s ✐ts❡❧❢ ❛ ✈❡r② ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r ❞❡✲
♣❧♦②✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ♣r♦✈✐❞✐♥❣ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ ❛♥②
♦t❤❡r s♦❧✉t✐♦♥✱ ❡✈❡♥ t❤❡ ❞②♥❛♠✐❝ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡♠♦r② ❧❛②♦✉t✳ ❋✉rt❤❡r♠♦r❡✱
✐t ✉s❡s ❢❡✇❡r ♣r♦❝❡ss♦rs✱ ❛♥❞ ❤❛s ❛ ❢❛r ❜❡tt❡r ✇♦rst ❝❛s❡✳

❆s ❢✉t✉r❡ ✇♦r❦✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛ss❡ss ✇❤❡t❤❡r ♦✉r ♠❡♠♦r② ❧❛②♦✉t ❝♦✉❧❞ ♣r♦✈❡
✉s❡❢✉❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦✉t✲♦❢✲❝♦r❡ ❛❧❣♦r✐t❤♠s ❡①❡❝✉t❡❞ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳
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✽✽ ❈❍❆P❚❊❘ ✹✳ ▼❆❚❘■❳ P❘❖❉❯❈❚

■❢ ✇❡ ❝❤❛♥❣❡ t❤❡ ♠♦❞❡❧✳✳✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ s✉♣♣♦s❡❞ t❤❛t t❤❡ ♠❛st❡r ❤❛❞ ♥♦ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t②✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ♦❢
t❤✐s ❛ss✉♠♣t✐♦♥ ✇❛s t❤❛t ✐❢ t❤❡ ♠❛st❡r ❤❛❞ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t②✱ ✇❡ ❝♦✉❧❞ s✐♠✉❧❛t❡ ✐t ❜② ❛♥
❛❞❞✐t✐♦♥❛❧ ✇♦r❦❡r ♦❢ s❛♠❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t② ❛♥❞ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ❡q✉❛❧ t♦ ✵✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❛❧✇❛②s tr✉❡✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛ str♦♥❣ ❤✐❞❞❡♥
❤②♣♦t❤❡s✐s✳ ▼❛❦✐♥❣ t❤✐s r❡❞✉❝t✐♦♥ s✉♣♣♦s❡s t❤❛t t❤❡ ♠❛st❡r ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥② ♦t❤❡r ✇♦r❦❡r✱
✇❤✐❝❤ ✐t ✐s ♥♦t✱ ❜❡❝❛✉s❡ ♦❢ ✐ts s♣❡❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✐t ✐s
t❤❡ ♠❛❝❤✐♥❡ t❤❛t ❤♦❧❞s ❛❧❧ t❤❡ ❞❛t❛ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳

❍❡r❡✱ ♦✉r ❣♦❛❧ ✐s t♦ ♣❡r❢♦r♠ t❤❡ ♦♣❡r❛t✐♦♥ C = C + A × B✳ ■❢ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♠❛st❡r
❤❛s ♥♦ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❜✐❧✐t② ✭❢♦r ❡①❛♠♣❧❡ ✐❢ t❤❡ ♠❛st❡r ✐s ❥✉st ❛ ❞❛t❛ s❡r✈❡r✮✱ t❤❡♥ ❛❧❧ ✉♣❞❛t❡s
♦❢ t❤❡ ♠❛tr✐① C ❤❛✈❡ t♦ ❜❡ ♠❛❞❡ ♦♥ ❛ ✇♦r❦❡r✳ ❲❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♠❛st❡r ❤❛s t♦ s❡♥❞ t❤❡
✇❤♦❧❡ ♠❛tr✐① C✳ ❇✉t ✐❢✱ ✐♥st❡❛❞ ♦❢ s❡♥❞✐♥❣ t❤❡ ♦❧❞ ✈❛❧✉❡s ♦❢ C✱ t❤❡ ♠❛st❡r ♦♥❧② ❛s❦ t❤❡ s❧❛✈❡s
t❤❡ r❡s✉❧ts ♦❢ A×B✱ ❛♥❞ ♣❡r❢♦r♠s ✐ts❡❧❢ t❤❡ ✉♣❞❛t❡ ♦❢ C✱ t❤❡♥✱ ❞❡♣❡♥❞✐♥❣ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
t♦ ❝♦♠♣✉t❛t✐♦♥ r❛t✐♦✱ t❤❡ r❡s✉❧ts ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢❛st❡r✳ ❖❢ ❝♦✉rs❡✱ ✐❢ ✇❡ ❞♦ ♥♦t ✇❛♥t ❛♥②
✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉♣❞❛t❡s ♦❢ C ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❬✾✶✱ ✾✷❪✱ t❤❡ ♠❛st❡r ❤❛s t♦ ❞❡❧❛②
t❤❡ ♥❡①t ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ ❡❧❡♠❡♥ts ♦❢ A ❛♥❞ B ✇❤✐❧❡ ✉♣❞❛t✐♥❣✳

❚❤❡ ❦❡② ❛r❣✉♠❡♥t ♦❢ ♦✉r ♠❛①✐♠✉♠ r❡✲✉s❡ ❛❧❣♦r✐t❤♠ ✐s t❤❛t C ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ A
♦r B✱ ❜❡❝❛✉s❡ ✐t ❝♦sts t✇✐❝❡ ❛s ♠❛♥② ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❛♥❞ t❤✐s ❛r❣✉♠❡♥t ✈❛♥✐s❤❡s ✉♥❞❡r s✉❝❤
❛ ♠♦❞❡❧✳ ■❢ ✇❡ ❝❤❛♥❣❡ ♦✉r ❝♦♥t❡①t✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✇❤♦❧❡ ♥❡✇ ♣r♦❜❧❡♠ t❤❛t ❤❛s t♦ ❜❡ st✉❞✐❡❞✳
❍♦✇ t❤❡ ♠❛tr✐❝❡s ❤❛✈❡ t♦ ❜❡ s♣❧✐t❄ ❲❤❛t ♠❛tr✐① ❜❧♦❝❦s s❤♦✉❧❞ ❜❡ r❡✉s❡❞❄ ❚❤♦s❡ ♦❢ A✱ B✱ ♦r C❄

❚❤✐s s♠❛❧❧ ♣❛r❡♥t❤❡s✐s ❤❛s ♥♦t ❜❡✐♥❣ st✉❞✐❡❞ ❞✉r✐♥❣ t❤✐s t❤❡s✐s✱ ❜✉t ❝♦✉❧❞ ❜❡ ❛ ❞✐r❡❝t✐♦♥ ♦❢
❢✉t✉r❡ ✇♦r❦✳

❘❡♠❛r❦✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❏❡❛♥✲❨✈❡s ▲✬❊①❝❡❧❧❡♥t ❢♦r ❤✐s r❡♠❛r❦ ❛❜♦✉t t❤✐s s♣❡❝✐❛❧ ❝❛s❡✳
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❈❤❛♣t❡r ✺

❙t❡❛❞②✲❙t❛t❡ s❝❤❡❞✉❧✐♥❣

❲❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✸ t❤❛t s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ✇❡r❡ ❞✐✣❝✉❧t ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡rs✳
■♥ ❈❤❛♣t❡r ✹✱ ❤♦✇❡✈❡r✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥✱
✇❤✐❧❡ ♥♦t ❢♦❝✉s✐♥❣ ♦♥ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✉♥❞❡r❧✐♥❡ ❛♥♦t❤❡r ♠❡t❤♦❞ t♦ ❜②♣❛ss t❤❡ ❞✐✣❝✉❧t② ♦❢ ♠✐♥✐♠✐③✐♥❣
♠❛❦❡s♣❛♥✿ t❤❡ st❡❛❞②✲st❛t❡ ❛♣♣r♦❛❝❤✳

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ❛r❡ ♥♦✇ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ❝♦❧❧❡❝t✐♦♥s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧ t❛s❦s
♦♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✳

■❢ t❤❡ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ ✐✳❡✳✱ ✐❢ ❛❧❧ ✇♦r❦❡rs ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ❈P❯s ❛♥❞
s❛♠❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤s t♦✴❢r♦♠ t❤❡ ♠❛st❡r✱ t❤❡♥ ❡❧❡♠❡♥t❛r② ❣r❡❡❞② str❛t❡❣✐❡s✱ s✉❝❤
❛s ♣✉r❡❧② ❞❡♠❛♥❞✲❞r✐✈❡♥ ❛♣♣r♦❛❝❤❡s✱ ✇✐❧❧ ❛❝❤✐❡✈❡ ❛♥ ♦♣t✐♠❛❧ t❤r♦✉❣❤♣✉t✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢
t❤❡ ♣❧❛t❢♦r♠ ❣❛t❤❡rs ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✱ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♠❛st❡r ✈✐❛ ❞✐✛❡r❡♥t✲s♣❡❡❞ ❧✐♥❦s✱
t❤❡♥ t❤❡ ♣r❡✈✐♦✉s str❛t❡❣✐❡s ❛r❡ ❧✐❦❡❧② t♦ ❢❛✐❧ ❞r❛♠❛t✐❝❛❧❧②✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐t ✐s ❝r✉❝✐❛❧ t♦ s❡❧❡❝t
✇❤✐❝❤ r❡s♦✉r❝❡s t♦ ❡♥r♦❧❧ ❜❡❢♦r❡ ✐♥✐t✐❛t✐♥❣ t❤❡ ✇♦r❦ ❞✐str✐❜✉t✐♦♥ ❬✾✱ ✶✶✹❪✳

■♥ ❛ ✜rst ♣❛rt✱ ✇❡ st✐❧❧ t❛r❣❡t ❢✉❧❧② ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ❜✉t ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠✉❝❤ ♠♦r❡
❝♦♠♣❧❡① ✭❛♥❞ ♠♦r❡ r❡❛❧✐st✐❝✮ ❢r❛♠❡✇♦r❦ t❤❛♥ s❝❤❡❞✉❧✐♥❣ ❛ s✐♥❣❧❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❲❡ ❡♥✈✐s✐♦♥ ❛
s✐t✉❛t✐♦♥ ✇❤❡r❡ ✉s❡rs✱ ♦r ❝❧✐❡♥ts✱ s✉❜♠✐t s❡✈❡r❛❧ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s t♦ ❛ ❤❡t❡r♦❣❡♥❡♦✉s
♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ✉s✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ❝❧✐❡♥t✲s❡r✈❡r ♠♦❞❡❧✳ ❆♣♣❧✐❝❛t✐♦♥s ❛r❡ s✉❜♠✐tt❡❞ ♦♥✲
❧✐♥❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❜❡❢♦r❡❤❛♥❞ ✇❤❡♥ ❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧ ❜❡ s✉❜♠✐tt❡❞ ❛♥❞
✇❤❛t t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝s ✇✐❧❧ ❜❡✳ ❲❤❡♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❡①❡❝✉t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✱ t❤❡②
❝♦♠♣❡t❡ ❢♦r ❤❛r❞✇❛r❡ ✭♥❡t✇♦r❦ ❛♥❞ ❈P❯✮ r❡s♦✉r❝❡s✳ ❲❤❛t ✐s t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❜❥❡❝t✐✈❡ ✐♥ s✉❝❤ ❛
❢r❛♠❡✇♦r❦❄ ❆ ❣r❡❡❞② ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❡①❡❝✉t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s s❡q✉❡♥t✐❛❧❧② ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r
❛rr✐✈❛❧✱ t❤❡r❡❜② ♦♣t✐♠✐③✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♦♥t♦ t❤❡ t❛r❣❡t ♣❧❛t❢♦r♠✳ ❙✉❝❤ ❛
s✐♠♣❧❡ ❛♣♣r♦❛❝❤ ✐s ♥♦t ❧✐❦❡❧② t♦ ❜❡ s❛t✐s❢❛❝t♦r② ❢♦r t❤❡ ❝❧✐❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❣r❡❡❞② ❛♣♣r♦❛❝❤
♠❛② ❞❡❧❛② t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r ❛ ✈❡r② ❧♦♥❣ t✐♠❡✱ ✇❤✐❧❡ ✐t ♠✐❣❤t ❤❛✈❡
t❛❦❡♥ ♦♥❧② ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡s♦✉r❝❡s ❛♥❞ ❢❡✇ t✐♠❡✲st❡♣s t♦ ❡①❡❝✉t❡ ✐t ❝♦♥❝✉rr❡♥t❧② ✇✐t❤
t❤❡ ✜rst ♦♥❡✳ ▼♦r❡ str✐❦✐♥❣❧②✱ ❜♦t❤ ❛♣♣❧✐❝❛t✐♦♥s ♠✐❣❤t ❤❛✈❡ ✉s❡❞ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠
r❡s♦✉r❝❡s ✭❜❡✐♥❣ ❛ss✐❣♥❡❞ t♦ ❞✐✛❡r❡♥t ✇♦r❦❡rs✮ ❛♥❞ ✇♦✉❧❞ ❤❛✈❡ r✉♥ ❝♦♥❝✉rr❡♥t❧② ❛t t❤❡ s❛♠❡
s♣❡❡❞ ❛s ✐❢ ✐♥ ❛♥ ❡①❝❧✉s✐✈❡ ♠♦❞❡ ♦♥ t❤❡ ♣❧❛t❢♦r♠✳ ❙❤❛r✐♥❣ r❡s♦✉r❝❡s t♦ ❡①❡❝✉t❡ s❡✈❡r❛❧ ❛♣♣❧✐✲
❝❛t✐♦♥s ❝♦♥❝✉rr❡♥t❧② ❤❛s t✇♦ ❦❡② ❛❞✈❛♥t❛❣❡s✿ ✭✐✮ ❢r♦♠ t❤❡ ❝❧✐❡♥ts✬ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❛✈❡r❛❣❡
✢♦✇ t✐♠❡ ✭t❤❡ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ ❛rr✐✈❛❧ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ✐ts ❧❛st t❛s❦✮ ✐s
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❡①♣❡❝t❡❞ t♦ ❜❡ ♠✉❝❤ s♠❛❧❧❡r❀ ✭✐✐✮ ❢r♦♠ t❤❡ r❡s♦✉r❝❡ ✉s❛❣❡ ♣❡rs♣❡❝t✐✈❡✱ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧
❤❛✈❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ❛ss✐❣♥❡❞ ❞✐✛❡r❡♥t r❡s♦✉r❝❡s ❜② t❤❡ s❝❤❡❞✉❧❡r✳
❖✈❡r❛❧❧✱ t❤❡ ❣❧♦❜❛❧ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ✇✐❧❧ ✐♥❝r❡❛s❡✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ♠❡❛s✉r❡ t♦ q✉❛♥t✐❢②
t❤❡ ❜❡♥❡✜ts ♦❢ ❝♦♥❝✉rr❡♥t s❝❤❡❞✉❧✐♥❣ ♦♥ s❤❛r❡❞ r❡s♦✉r❝❡s ✐s t❤❡ ♠❛①✐♠✉♠ str❡t❝❤ ✭❙❡❝t✐♦♥ ✷✳✼✮✳
❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t❤❡♥ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤ ♦❢ ❛♥② ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡r❡❜② ❡♥❢♦r❝✐♥❣ ❛
❢❛✐r tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s✳

■♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❣♦ ❜❛❝❦ t♦ ❛ s✐♥❣❧❡ ❢✉❧❧② ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥✱ ❜✉t ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠✉❝❤
♠♦r❡ ❝♦♠♣❧❡① ✭❛♥❞ ♠♦r❡ r❡❛❧✐st✐❝✮ ❢r❛♠❡✇♦r❦ t❤❛♥ s❝❤❡❞✉❧✐♥❣ ♦♥ ❛ ♣❧❛t❢♦r♠ ✇❤❡r❡ ❡❛❝❤ ♣r♦✲
❝❡ss♦r ❤❛s ❛ ✉♥✐q✉❡ s♣❡❡❞✳ ❲❡ s✉♣♣♦s❡ ❤❡r❡ t❤❛t ❛❧❧ ♣r♦❝❡ss♦rs ❤❛✈❡ s❡✈❡r❛❧ s♣❡❡❞s ✭♦r ♠♦❞❡s✮
♦❢ ❝♦♠♣✉t❛t✐♦♥✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❛①✐♠✐③❡ t❤❡ t❤r♦✉❣❤♣✉t ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣
t❤❡ ❡♥❡r❣② ❝♦♥s✉♠❡❞✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤r♦✉❣❤♣✉t ❝❛♥ ❜❡ ♠❛①✐♠✐③❡❞ ❜② ✉s✐♥❣ ♠♦r❡ ❡♥❡r❣② t♦
s♣❡❡❞ ✉♣ ♣r♦❝❡ss♦rs✱ ✇❤✐❧❡ ❡♥❡r❣② ❝❛♥ ❜❡ ♠✐♥✐♠✐③❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ s♣❡❡❞ ♦❢ ♣r♦❝❡ss♦rs ❛♥❞
s♦ t❤❡ t♦t❛❧ t❤r♦✉❣❤♣✉t✳ ❙♦ t❤❡ ❣♦❛❧s ♦❢ ❧♦✇ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❤✐❣❤ s❝❤❡❞✉❧❡ q✉❛❧✐t② ❛r❡
❝♦♥tr❛❞✐❝t♦r②✳ ❚❤✉s✱ ♣♦✇❡r✲❛✇❛r❡ s❝❤❡❞✉❧✐♥❣ ✐s ❛ ❜✐❝r✐t❡r✐❛ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ♦✉r ❣♦❛❧
❜❡❝♦♠❡s ✜♥❞✐♥❣ ♥♦♥✲❞♦♠✐♥❛t❡❞ s❝❤❡❞✉❧❡s✱ ✐✳❡✳✱ t❤♦s❡ s✉❝❤ t❤❛t ♥♦ s❝❤❡❞✉❧❡ ❝❛♥ ❜♦t❤ ❤❛✈❡ ❤✐❣❤❡r
t❤r♦✉❣❤♣✉t ❛♥❞ ✉s❡ ❧❡ss ❡♥❡r❣②✳ ❆ ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ t♦ ❜✐❝r✐t❡r✐❛ ♣r♦❜❧❡♠s ✐s t♦ ✜① ♦♥❡ ♦❢ t❤❡
♣❛r❛♠❡t❡rs✳ ❚❤✐s ❣✐✈❡s t✇♦ ✐♥t❡r❡st✐♥❣ s♣❡❝✐❛❧ ❝❛s❡s✳ ■❢ ✇❡ ✜① ❡♥❡r❣②✱ ✇❡ ❣❡t t❤❡ ❧❛♣t♦♣ ♣r♦❜✲
❧❡♠✱ ✇❤✐❝❤ ❛s❦s ✏❲❤❛t ✐s t❤❡ ❜❡st s❝❤❡❞✉❧❡ ❛❝❤✐❡✈❛❜❧❡ ✉s✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❡♥❡r❣② ❜✉❞❣❡t✱ ❜❡❢♦r❡
t❤❡ ❜❛tt❡r② ❜❡❝♦♠❡s ❝r✐t✐❝❛❧❧② ❧♦✇❄✑✳ ❋✐①✐♥❣ s❝❤❡❞✉❧❡ q✉❛❧✐t② ❣✐✈❡s t❤❡ s❡r✈❡r ♣r♦❜❧❡♠✱ ✇❤✐❝❤
❛s❦s ✏❲❤❛t ✐s t❤❡ ❧❡❛st ❡♥❡r❣② r❡q✉✐r❡❞ t♦ ❛❝❤✐❡✈❡ ❛ ❞❡s✐r❡❞ ❧❡✈❡❧ ♦❢ ♣❡r❢♦r♠❛♥❝❡❄✑✳ ❲❡ st✉❞②
t❤❡s❡ t✇♦ ♣r♦❜❧❡♠s ✜rst ❛t ♣r♦❝❡ss♦r✬s ❧❡✈❡❧✱ t❤❡♥ ❛t t❤❡ ♣❧❛t❢♦r♠✬s ❧❡✈❡❧✳ ❚❤❡ ✜rst t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇❛s ❛♥ ♦♣t✐♠❛❧ ❣r❡❡❞② ❛❧❣♦r✐t❤♠s ❢♦r ❜♦t❤ ♣r♦❜❧❡♠s ✇❤❡♥ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣✲
t✐♦♥ ♠♦❞❡❧ ✐s s✐♠♣❧❡✳ ■❢ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠s ❜❡❝♦♠❡ ◆P✲❤❛r❞✳

❚❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❙❡❝t✐♦♥ ✺✳✷ ❞❡s❝r✐❜❡s t❤❡ ♣❧❛t❢♦r♠ ❛♥❞
❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧s✳ ❙❡❝t✐♦♥ ✺✳✸ ✐s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣✱ ❛♥❞ ❡①♣❧❛✐♥ ❤♦✇
t♦ s❝❤❡❞✉❧❡ ❛ s✐♥❣❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ r❡tr✐❡✈❡ ❛ ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

❙❡❝t✐♦♥ ✺✳✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ♣r❡s❡♥t
t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦✤✐♥❡ ❝❛s❡ ✭❙❡❝t✐♦♥ ✺✳✹✳✷✮ ❛♥❞ ❤❡✉r✐st✐❝s ❢♦r t❤❡ ♦♥❧✐♥❡ ❝❛s❡ ✭❙❡❝✲
t✐♦♥ ✺✳✹✳✸✮✳ ■♥ ❙❡❝t✐♦♥ ✺✳✹✳✹ ✇❡ r❡♣♦rt ❛♥ ❡①t❡♥s✐✈❡ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s ❛♥❞ ▼P■ ❡①♣❡r✐♠❡♥ts✱
❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❛❣❛✐♥st s❡✈❡r❛❧ ❝❧❛ss✐❝❛❧ ❤❡✉r✐st✐❝s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳
❙❡❝t✐♦♥ ✺✳✹✳✺ ✐s ❞❡✈♦t❡❞ t♦ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ r❡❧❛t❡❞ ✇♦r❦✳

❚❤❡♥ ❙❡❝t✐♦♥ ✺✳✺ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❲❡ ♣r❡s❡♥t
❞✐✛❡r❡♥t ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✶✳ ❲❡ st✉❞② ♦✉r ♣r♦❜❧❡♠ ❛t t❤❡ ♣r♦❝❡ss♦r
❧❡✈❡❧ ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✷ ❜❡❢♦r❡ ❡①t❡♥❞✐♥❣ ✐t t♦ t❤❡ s②st❡♠ ❧❡✈❡❧ ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✸✳ ❲❡ ✐♥tr♦❞✉❝❡
r❡❛❧✐st✐❝ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✹✳ ❆t ❧❛st✱ ❙❡❝t✐♦♥ ✺✳✺✳✺ ✐s ❞❡✈♦t❡❞ t♦ ❛♥
♦✈❡r✈✐❡✇ ♦❢ r❡❧❛t❡❞ ✇♦r❦✳

❋✐♥❛❧❧②✱ ✇❡ st❛t❡ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✐♥ ❙❡❝t✐♦♥ ✺✳✻✳

✺✳✷ ❋r❛♠❡✇♦r❦

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ t❛r❣❡t ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ✉♥❞❡r t❤❡ ❜♦✉♥❞❡❞ ♠✉❧t✐✲♣♦rt
♠♦❞❡❧✳ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ P♠❛st❡r ❛♥❞ Pu ❤❛s ❛ ❜❛♥❞✇✐❞t❤ bu✱ ❛♥❞ t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ❛♠♦✉♥t ♦❢
❞❛t❛ t❤❛t t❤❡ ♠❛st❡r ❝❛♥ s❡♥❞ ♣❡r t✐♠❡✲✉♥✐t ✐s ❞❡♥♦t❡❞ ❜② ❇❲✳ ❲❡ ❛ss✉♠❡ ❛ ❧✐♥❡❛r ❝♦st ♠♦❞❡❧✱
❤❡♥❝❡ ✐t t❛❦❡s X/bu t✐♠❡✲✉♥✐ts t♦ s❡♥❞ ✭r❡s♣✳ r❡❝❡✐✈❡✮ ❛ ♠❡ss❛❣❡ ♦❢ s✐③❡ X t♦ ✭r❡s♣✳ ❢r♦♠✮ Pu✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ♦❢ ✇♦r❦❡r Pu ✐s su✱ ♠❡❛♥✐♥❣ t❤❛t ✐t t❛❦❡s X/su t✐♠❡✲✉♥✐ts t♦ ❡①❡❝✉t❡
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X ✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s✳ ❲❡ s✉♣♣♦s❡ ✇❡ ❛r❡ ✉♥❞❡r t❤❡ ❇▼P✲❋❈✲❙❙ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧
✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✽✮✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛❝❤✐❡✈❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❛♥② ♦t❤❡r
♠♦❞❡❧✱ ❛♥❞ ✐s ♥♦t t♦♦ ❢❛r ❢r♦♠ r❡❛❧✐t② ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧✲s✐③❡ t❛s❦s✳

❆♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s Ak✱ 1 ≤ k ≤ n✳ ❚❤❡ ♠❛st❡r P♠❛st❡r ❤♦❧❞s t❤❡ ✐♥♣✉t ❞❛t❛
♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak ✉♣♦♥ ✐ts r❡❧❡❛s❡ t✐♠❡ r(k)✳ ❆♣♣❧✐❝❛t✐♦♥ Ak ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ s❡t ♦❢ Π(k)

✐♥❞❡♣❡♥❞❡♥t✱ s❛♠❡✲s✐③❡ t❛s❦s✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡❧② ❡①❡❝✉t❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ❛❧❧ ✐ts ❝♦♥st✐t✉t✐✈❡
t❛s❦s ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ✭✐♥ ❛♥② ♦r❞❡r✮✳

❲❡ ❧❡t w(k) ❜❡ t❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥s ✭❡①♣r❡ss❡❞ ✐♥ ✢♦♣s✮ r❡q✉✐r❡❞ t♦ ♣r♦❝❡ss ❛ t❛s❦
♦❢ Ak✳ ❚❤❡ s♣❡❡❞ ♦❢ ❛ ✇♦r❦❡r Pu ♠❛② ✇❡❧❧ ❜❡ ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ t❤❡
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❝❡ss♦r ❛♥❞ ✉♣♦♥ t❤❡ t②♣❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥s ♥❡❡❞❡❞ ❜② ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥✳
❚♦ t❛❦❡ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡ r❡✜♥❡ t❤❡ ♣❧❛t❢♦r♠ ♠♦❞❡❧ ❛♥❞ ❞❡♥♦t❡ ❜② s

(k)
u t❤❡ s♣❡❡❞ ♦❢ ✇♦r❦❡r

Pu ✇❤❡♥ ♣r♦❝❡ss✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ Ak✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ s✉♣♣♦s❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ✉♥r❡❧❛t❡❞
♠❛❝❤✐♥❡s ✭❝❢✳ ❙❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❚❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ♣r♦❝❡ss ♦♥❡ t❛s❦ ♦❢ Ak ♦♥ ♣r♦❝❡ss♦r Pu ✐s

t❤✉s w(k)/s
(k)
u ✳ ❊❛❝❤ t❛s❦ ♦❢ Ak ❤❛s ❛ s✐③❡ δ(k) ✭❡①♣r❡ss❡❞ ✐♥ ❜②t❡s✮✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t t❛❦❡s ❛

t✐♠❡ δ(k)/bu t♦ s❡♥❞ ❛ t❛s❦ ♦❢ Ak t♦ ♣r♦❝❡ss♦r Pu ✭✇❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ♦t❤❡r ♦♥❣♦✐♥❣ tr❛♥s❢❡rs✮✳
❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❛♥② r❡t✉r♥ ♠❡ss❛❣❡✿ ❡✐t❤❡r ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡s✉❧ts ♦❢ t❤❡
t❛s❦s ❛r❡ st♦r❡❞ ♦♥ t❤❡ ✇♦r❦❡rs✱ ♦r ✇❡ ♠❡r❣❡ t❤❡ r❡t✉r♥ ♠❡ss❛❣❡ ♦❢ t❤❡ ❝✉rr❡♥t t❛s❦ ✇✐t❤ t❤❡
✐♥♣✉t ♠❡ss❛❣❡ ♦❢ t❤❡ ♥❡①t ♦♥❡ ✭❛♥❞ ✉♣❞❛t❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ❛❝❝♦r❞✐♥❣❧②✮✳

✺✳✸ ❙❝❤❡❞✉❧✐♥❣ ❛ s✐♥❣❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥

❆ss✉♠❡ ❢♦r ❛ ✇❤✐❧❡ t❤❛t ❛ ✉♥✐q✉❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ❡①❡❝✉t❡❞ ♦♥ t❤❡ ♣❧❛t❢♦r♠✳ ❖♥❡
❝❛♥ r❡♠❛r❦ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s s✐♠✐❧❛r t♦ s❝❤❡❞✉❧✐♥❣ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s✱
❛s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✸✱ ❛♥❞ ♣r♦✈❡❞ ♣♦❧②♥♦♠✐❛❧✳ ❍❡r❡ ✇❡ ✉s❡ t❤❡ st❡❛❞②✲st❛t❡ ❛♣♣r♦❛❝❤ t♦
s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳

■❢ Π(k)✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ❝♦♠♣♦s✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✱ ✐s ❧❛r❣❡ ✭♦t❤❡r✇✐s❡✱ ✇❤②
✇♦✉❧❞ ✇❡ ❞❡♣❧♦② Ak ♦♥ ❛ ♣❛r❛❧❧❡❧ ♣❧❛t❢♦r♠❄✮✱ ✇❡ ❝❛♥ r❡❧❛① t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧
❡①❡❝✉t✐♦♥ t✐♠❡✳ ■♥st❡❛❞✱ ✇❡ ❛✐♠ ❛t ♠❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ✭❢r❛❝t✐♦♥❛❧✮
♥✉♠❜❡r ♦❢ t❛s❦s ❡①❡❝✉t❡❞ ♣❡r t✐♠❡✲✉♥✐t✳ ❲❡ ❞❡s✐❣♥ ❛ ❝②❝❧✐❝ s❝❤❡❞✉❧❡✱ t❤❛t r❡♣r♦❞✉❝❡s t❤❡
s❛♠❡ s❝❤❡❞✉❧❡ ❡✈❡r② ♣❡r✐♦❞✱ ❡①❝❡♣t ♣♦ss✐❜❧② ❢♦r t❤❡ ✈❡r② ✜rst ♣❡r✐♦❞s ✭✐♥✐t✐❛❧✐③❛t✐♦♥✮ ❛♥❞ t❤❡
❧❛st ♦♥❡s ✭❝❧❡❛♥✲✉♣✮✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✶✹✱ ✾❪ ❤♦✇ t♦ ❞❡r✐✈❡ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ❢♦r t❤r♦✉❣❤♣✉t
♠❛①✐♠✐③❛t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ t❤r♦✉❣❤♣✉t ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r
♣r♦❣r❛♠ ♦✈❡r r❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ ✇❤✐❝❤ ✐s ❛ ♣r♦❜❧❡♠ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❝♦♠♣❧❡①✐t②✳

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡♥♦t❡ ❜② ρ
(k)
u t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ✇♦r❦❡r Pu ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak✱

✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak t❤❛t Pu ❡①❡❝✉t❡s ♣❡r t✐♠❡✲✉♥✐t✳ ❲❡ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❧✐♥❡❛r ♣r♦❣r❛♠ ✭s❡❡ ❊q✉❛t✐♦♥ ✭✺✳✶✮✮✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ✉s t♦ ❝♦♠♣✉t❡ ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧
s❝❤❡❞✉❧❡✳ ❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t❤r♦✉❣❤♣✉t ✐s ❜♦✉♥❞❡❞ ❜② t❤r❡❡ t②♣❡s ♦❢ ❝♦♥str❛✐♥ts✿

• ❚❤❡ ✜rst s❡t ♦❢ ❝♦♥str❛✐♥ts st❛t❡s t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❝✐t② ♦❢ Pu ✐s ♥♦t ❡①❝❡❡❞❡❞✳

• ❚❤❡ s❡❝♦♥❞ s❡t ♦❢ ❝♦♥str❛✐♥ts st❛t❡s t❤❛t t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❧✐♥❦ ❢r♦♠ P♠❛st❡r t♦ Pu ✐s
♥♦t ❡①❝❡❡❞❡❞✳

• ❚❤❡ ❧❛st ❝♦♥str❛✐♥t st❛t❡s t❤❛t t❤❡ t♦t❛❧ ♦✉t❣♦✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r ✐s ♥♦t ❡①❝❡❡❞❡❞✳
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▼❛①✐♠✐③❡ ρ(k) =
∑p

u=1 ρ
(k)
u s✉❜❥❡❝t t♦

∀1 ≤ u ≤ p, ρ
(k)
u

w(k)

s
(k)
u

≤ 1

∀1 ≤ u ≤ p, ρ
(k)
u

δ(k)

bu
≤ 1

p
∑

u=1

ρ(k)
u

δ(k)

❇❲
≤ 1

✭✺✳✶✮

❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s s✐♠♣❧❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ s✐♥❣❧❡ ❛♣♣❧✐❝❛t✐♦♥✳
■♥ t❤✐s ❝❛s❡✱ ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ ❝❛♥ ❡✈❡♥ ❜❡ ❞❡r✐✈❡❞✳ ❋✐rst✱ t❤❡ ✜rst t✇♦ s❡ts ♦❢ ❝♦♥str❛✐♥ts
❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦✿

∀1 ≤ u ≤ p ρ(k)
u ≤ min

{

s
(k)
u

w(k)
,

bu

δ(k)

}

.

❚❤❡♥✱ t❤❡ ❧❛st ❝♦♥str❛✐♥t ❝❛♥ ❜❡ r❡✇r✐tt❡♥✿

p
∑

u=1

ρ(k)
u ≤ ❇❲

δ(k)
.

❙♦ t❤❛t t❤❡ t♦t❛❧ ♦♣t✐♠❛❧ t❤r♦✉❣❤♣✉t ✐s

ρ(k) = min

{

❇❲

δ(k)
,

p
∑

u=1

min

{

s
(k)
u

w(k)
,

bu

δ(k)

}}

.

■t ❝❛♥ ❜❡ s❤♦✇♥ ❬✶✹✱ ✾❪ t❤❛t ❛♥② ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡ ✉♥❞❡r ♦♥❡ ♦❢ t❤❡ ♠✉❧t✐♣♦rt ♠♦❞❡❧s ❤❛s t♦
❡♥❢♦r❝❡ t❤❡ ♣r❡✈✐♦✉s ❝♦♥str❛✐♥ts✳ ❍❡♥❝❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ρ(k) ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❛❝❤✐❡✈❛❜❧❡
t❤r♦✉❣❤♣✉t✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ❛❝t✉❛❧ s❝❤❡❞✉❧❡✱ ❜❛s❡❞ ♦♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠✱ ❛♥❞ ✇❤✐❝❤ ❛♣♣r♦❛❝❤❡s t❤❡ ♦♣t✐♠❛❧ t❤r♦✉❣❤♣✉t✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐s
♣❛rt✐❝✉❧❛r❧② ❡❛s②✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ❜✉✐❧❞s ❛♥ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡
❢♦r t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧ ✭❜♦✉♥❞❡❞ ♠✉❧t✐♣♦rt ❝♦♠♠✉♥✐❝❛t✐♦♥s ✇✐t❤ ❛t♦♠✐❝ ❝♦♠♣✉t❛t✐♦♥s✮✳ ❆s
t❤✐s ✐s t❤❡ ♠♦st ❝♦♥str❛✐♥❡❞ ♠✉❧t✐♣♦rt ♠♦❞❡❧✱ t❤✐s s❝❤❡❞✉❧❡ ✐s ❢❡❛s✐❜❧❡ ✐♥ ❛♥② ♠✉❧t✐♣♦rt ♠♦❞❡❧✿

• ❲❤✐❧❡ t❤❡r❡ ❛r❡ t❛s❦s t♦ ❜❡ ♣r♦❝❡ss❡❞ ♦♥ t❤❡ ♠❛st❡r✱ s❡♥❞ t❛s❦s t♦ ♣r♦❝❡ss♦r Pu ✇✐t❤ r❛t❡
ρ
(k)
u ✳

• ❆s s♦♦♥ ❛s ♣r♦❝❡ss♦r Pu r❡❝❡✐✈❡s ❛ t❛s❦ ✐t ♣r♦❝❡ss❡s ✐t ❛t t❤❡ r❛t❡ ρ
(k)
u ✳

❉✉❡ t♦ t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠✱ t❤✐s s❝❤❡❞✉❧❡ ✐s ❛❧✇❛②s ❢❡❛s✐❜❧❡ ❛♥❞ ✐t ✐s ❛s②♠♣✲
t♦t✐❝❛❧❧② ♦♣t✐♠❛❧✱ ♥♦t ♦♥❧② ❛♠♦♥❣ ♣❡r✐♦❞✐❝ s❝❤❡❞✉❧❡s✱ ❜✉t ♠♦r❡ ❣❡♥❡r❛❧❧② ❛♠♦♥❣ ❛♥② ♣♦ss✐❜❧❡
s❝❤❡❞✉❧❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐ts ❡①❡❝✉t✐♦♥ t✐♠❡ ❞✐✛❡rs ❢r♦♠ t❤❡ ♠✐♥✐♠✉♠ ❡①❡❝✉t✐♦♥ t✐♠❡ ❜② ❛
❝♦♥st❛♥t ❢❛❝t♦r✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s Π(k) t♦ ♣r♦❝❡ss ❬✾❪✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦
❛❝❝✉r❛t❡❧② ❛♣♣r♦①✐♠❛t❡ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ❜②✿

▼❙(k) =
Π(k)

ρ(k)
.
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❲❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ ▼❙(k) ❛s ❛ ❝♦♠♣❛r✐s♦♥ ❜❛s✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ r❡❛❧ ♠❛❦❡s♣❛♥ ♦❢ ❛♥
❛♣♣❧✐❝❛t✐♦♥ ✇❤❡♥ ✐t ✐s ❛❧♦♥❡ ♦♥ t❤❡ ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠✳ ■❢ ▼❙

(k)
♦♣t ✐s t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ❢♦r

t❤✐s s✐♥❣❧❡ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡♥ ✇❡ ❤❛✈❡

▼❙
(k)
♦♣t −Mk ≤ ▼❙(k) ≤ ▼❙

(k)
♦♣t

✇❤❡r❡ Mk ✐s ❛ ✜①❡❞ ❝♦♥st❛♥t ❬✾❪✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ Π(k)✳

❍♦✇❡✈❡r✱ ❛s ♦✉r ✢✉✐❞ ♠♦❞❡❧ r❡q✉✐r❡s ❛ t♦t❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ r❛t❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥✱ ✐t ✐s q✉✐t❡ ❤❛r❞ t♦ ✐♠♣❧❡♠❡♥t✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ♠❛st❡r ✉s❡s t❤❡ ✶✲❉ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣
❛❧❣♦r✐t❤♠ ✭♣❧❡❛s❡ r❡❢❡r t♦ ❆♣♣❡♥❞✐① ❈ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ✶✲❉ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣✮✿ ✇❤❡♥ ❡❛❝❤
♣❛rt✐❝✐♣❛t✐♥❣ ✇♦r❦❡r Pu ❤❛s ❛❧r❡❛❞② r❡❝❡✐✈❡❞ nu t❛s❦s✱ t❤❡ ♥❡①t ✇♦r❦❡r t♦ r❡❝❡✐✈❡ ❛ t❛s❦ ✐s ❝❤♦s❡♥

❛s t❤❡ ♦♥❡ ♠✐♥✐♠✐③✐♥❣
nu + 1

ρ
(k)
u

✺✳✹ ❙❝❤❡❞✉❧✐♥❣ ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s ✜rst ♣❛rt✱ ✇❡ s✉♣♣♦s❡ t❤❛t s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❡①❡❝✉t❡❞ ❝♦♥❝✉rr❡♥t❧②✳ ❇❡❝❛✉s❡ t❤❡②
❝♦♠♣❡t❡ ❢♦r r❡s♦✉r❝❡s✱ t❤❡✐r t❤r♦✉❣❤♣✉ts ✇✐❧❧ ❜❡ ❧♦✇❡r✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤❡✐r ❡①❡❝✉t✐♦♥s r❛t❡ ✇✐❧❧
❜❡ s❧♦✇❡❞ ❞♦✇♥✳ ■♥❢♦r♠❛❧❧②✱ t❤❡ str❡t❝❤ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐s ✐ts s❧♦✇❞♦✇♥ ❢❛❝t♦r✳

✺✳✹✳✶ ❙tr❡t❝❤

❲❡ ❞❡♥♦t❡ ❜② ρ
∗(k)
u t❤❡ ✈❛❧✉❡ ♦❢ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ Ak ✇❤❡♥ ❡①❡❝✉t❡❞ ❛❧♦♥❡ ♦♥ t❤❡

♣❧❛t❢♦r♠✱ ❛♥❞ ▼❙∗(k) ✐ts ♠❛❦❡s♣❛♥✳
■♥ ♦✉r ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥t❡①t✱ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ Ak ✐s C(k) = r(k) +

▼❙(k)✱ ✇❤❡r❡ r(k) ✐s t❤❡ r❡❧❡❛s❡ ❞❛t❡ ♦❢ Ak✱ ❛♥❞ ▼❙(k) ✐s t❤❡ t✐♠❡ t♦ ❡①❡❝✉t❡ ❛❧❧ Π(k) t❛s❦s ♦❢ Ak✳
❇❡❝❛✉s❡ t❤❡r❡ ♠✐❣❤t ❜❡ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s r✉♥♥✐♥❣ ❝♦♥❝✉rr❡♥t❧② t♦ Ak ❞✉r✐♥❣ ♣❛rt ♦r ✇❤♦❧❡ ♦❢
✐ts ❡①❡❝✉t✐♦♥✱ ✇❡ ❡①♣❡❝t t❤❛t ▼❙(k) ≥ ▼❙∗(k)✳ ❲❡ ❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ρ(k) ❛❝❤✐❡✈❡❞
❜② Ak ❞✉r✐♥❣ ✐ts ✭❝♦♥❝✉rr❡♥t✮ ❡①❡❝✉t✐♦♥ ✉s✐♥❣ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❛s ❜❡❢♦r❡✿

▼❙(k) =
Π(k)

ρ(k)
.

■♥ ♦r❞❡r t♦ ♣r♦❝❡ss ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ❢❛✐r❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡♥s✉r❡ t❤❛t t❤❡✐r ❛❝t✉❛❧ ✭❝♦♥✲
❝✉rr❡♥t✮ ❡①❡❝✉t✐♦♥ ✐s ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❡✐r ❡①❡❝✉t✐♦♥ ✐♥ ❞❡❞✐❝❛t❡❞ ♠♦❞❡✳ ❚❤❡ str❡t❝❤ ♦❢
❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ✐ts s❧♦✇❞♦✇♥ ❢❛❝t♦r

Sk =
▼❙(k)

▼❙∗(k)
=

ρ∗(k)

ρ(k)
.

❖✉r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠❛①✲str❡t❝❤ S✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ str❡t❝❤❡s
♦❢ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s✿

S = max
1≤k≤n

Sk.

▼✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✲str❡t❝❤ S ❡♥s✉r❡s t❤❛t t❤❡ s❧♦✇❞♦✇♥ ❢❛❝t♦r ✐s ❦❡♣t ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡ ❢♦r
❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ t❤❛t ♥♦♥❡ ♦❢ t❤❡♠ ✐s ✉♥❞✉❧② ❢❛✈♦r❡❞ ❜② t❤❡ s❝❤❡❞✉❧❡r✳
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✺✳✹✳✷ ❖✤✐♥❡ s❡tt✐♥❣ ❢♦r t❤❡ ✢✉✐❞ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t♦ s❝❤❡❞✉❧❡ s❡✈❡r❛❧
❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤✱ ✐♥ t❤❡ ♦✤✐♥❡ ❝❛s❡✳ ❲❡ ❛ss✉♠❡
t❤❛t t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ n ❛♣♣❧✐❝❛t✐♦♥s✱ Ak✱ 1 ≤ k ≤ n✱ ❛r❡ ❦♥♦✇♥ ✐♥
❛❞✈❛♥❝❡✳

❙❡t ♦❢ ♣♦ss✐❜❧❡ s❝❤❡❞✉❧❡s

●✐✈❡♥ ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ ❢♦r t❤❡ ♠❛①✲str❡t❝❤✱ ✇❡ ❤❛✈❡ ❛ ♣r♦❝❡❞✉r❡ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡r❡
❡①✐sts ❛ s♦❧✉t✐♦♥ t❤❛t ❝❛♥ ❛❝❤✐❡✈❡ t❤✐s ✈❛❧✉❡✳ ❚❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ✇✐❧❧ t❤❡♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ ❛ ❜✐♥❛r②
s❡❛r❝❤ ♦♥ ♣♦ss✐❜❧❡ ✈❛❧✉❡s✳

❈♦♥s✐❞❡r ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ S l ❢♦r t❤❡ ♠❛①✲str❡t❝❤✳ ■❢ t❤✐s ♦❜❥❡❝t✐✈❡ ✐s ❢❡❛s✐❜❧❡✱ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s
✇✐❧❧ ❤❛✈❡ ❛ ♠❛①✲str❡t❝❤ ♥♦ ❣r❡❛t❡r t❤❛♥ S l✱ ❤❡♥❝❡✿

∀ 1 ≤ k ≤ n,
▼❙(k)

▼❙∗(k)
≤ S l

⇐⇒ ∀ 1 ≤ k ≤ n, C(k) = r(k) +▼❙(k) ≤ r(k) + S l ×▼❙∗(k)

❚❤✉s✱ ❣✐✈❡♥ ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ S l✱ ✇❡ ❤❛✈❡ ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ 1 ≤ k ≤ n ❛ ❞❡❛❞❧✐♥❡✿

d(k) = r(k) + S l ×▼❙∗(k). ✭✺✳✷✮

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♠✉st ❝♦♠♣❧❡t❡ ♥♦ ❧❛t❡r t❤❛♥ t❤✐s ❞❡❛❞❧✐♥❡ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡
t❤❡ ❡①♣❡❝t❡❞ ♠❛①✲str❡t❝❤✳ ■❢ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✱ ♥♦ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✱ ❛♥❞ ❛ ❧❛r❣❡r ♠❛①✲str❡t❝❤
s❤♦✉❧❞ ❜❡ tr✐❡❞ ❜② t❤❡ ❜✐♥❛r② s❡❛r❝❤✳

❖♥❝❡ ❛ ❝❛♥❞✐❞❛t❡ str❡t❝❤ ✈❛❧✉❡ S ❤❛s ❜❡❡♥ ❝❤♦s❡♥✱ ✇❡ ❞✐✈✐❞❡ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ✐♥t♦
t✐♠❡✲✐♥t❡r✈❛❧s ✇❤♦s❡ ❜♦✉♥❞s ❛r❡ ❡♣♦❝❤❛❧ t✐♠❡s✱ t❤❛t ✐s✱ ❛♣♣❧✐❝❛t✐♦♥s✬ r❡❧❡❛s❡ ❞❛t❡s ♦r ❞❡❛❞❧✐♥❡s✳
❊♣♦❝❤❛❧ t✐♠❡s ❛r❡ ❞❡♥♦t❡❞ tj ∈ {r(1), ..., r(n)} ∪ {d(1), . . . , d(n)}✱ s✉❝❤ t❤❛t tj ≤ tj+1✱ 1 ≤ j ≤
2n−1✳ ❖✉r ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ✐♥ r✉♥♥✐♥❣ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak ❞✉r✐♥❣ ✐ts ✇❤♦❧❡ ❡①❡❝✉t✐♦♥ ✇✐♥❞♦✇
[r(k), d(k)]✱ ❜✉t ✇✐t❤ ❛ ❞✐✛❡r❡♥t t❤r♦✉❣❤♣✉t ♦♥ ❡❛❝❤ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1] s✉❝❤ t❤❛t r(k) ≤ tj ❛♥❞
tj+1 ≤ d(k)✳ ❙♦♠❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ♠❛② ❜❡ ❡q✉❛❧✱ ❧❡❛❞✐♥❣ t♦ ❡♠♣t② t✐♠❡✲✐♥t❡r✈❛❧s✱ ❢♦r
❡①❛♠♣❧❡ ✐❢ t❤❡r❡ ❡①✐sts j s✉❝❤ t❤❛t tj = tj+1✳ ❲❡ ❞♦ ♥♦t tr② t♦ r❡♠♦✈❡ t❤❡s❡ ❡♠♣t② t✐♠❡✲✐♥t❡r✈❛❧s
s♦ ❛s t♦ ❦❡❡♣ s✐♠♣❧❡ ✐♥❞✐❝❡s✳

◆♦t❡ t❤❛t ❝♦♥tr❛r✐❧② t♦ t❤❡ st❡❛❞②✲st❛t❡ ♦♣❡r❛t✐♦♥ ✇✐t❤ ♦♥❧② ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥✱ ✐♥ t❤❡ ❞✐✛❡r❡♥t
t✐♠❡✲✐♥t❡r✈❛❧s✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❤r♦✉❣❤♣✉t ♠❛② ❞✐✛❡r ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t❤r♦✉❣❤♣✉t✿
✇❤❡♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❛t❡ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ r❛t❡✱ ❡①tr❛ t❛s❦s ❛r❡ st♦r❡❞ ✐♥
❜✉✛❡rs✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ r❛t❡ ✐s ❧❛r❣❡r✱ t❛s❦s ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡
❜✉✛❡rs ❛♥❞ ♣r♦❝❡ss❡❞✳ ❲❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ♥♦t❛t✐♦♥s t♦ t❛❦❡ ❜♦t❤ r❛t❡s✱ ❛s ✇❡❧❧ ❛s ❜✉✛❡r s✐③❡s✱
✐♥t♦ ❛❝❝♦✉♥t✿

• ρ
(k)
M→u(tj , tj+1) ❞❡♥♦t❡s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❤r♦✉❣❤♣✉t ❢r♦♠ t❤❡ ♠❛st❡r t♦ t❤❡ ✇♦r❦❡r Pu

❞✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1] ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak

s❡♥t t♦ Pu ♣❡r t✐♠❡✲✉♥✐ts✳

• ρ
(k)
u (tj , tj+1) ❞❡♥♦t❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ t❤r♦✉❣❤♣✉t ♦❢ ✇♦r❦❡r Pu ❞✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1]

❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak ❝♦♠♣✉t❡❞ ❜② Pu ♣❡r t✐♠❡✲✉♥✐ts✳

• B
(k)
u (tj) ❞❡♥♦t❡s t❤❡ ✭❢r❛❝t✐♦♥❛❧✮ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak st♦r❡❞ ✐♥ ❛ ❜✉✛❡r ♦♥

Pu ❛t t✐♠❡ tj ✳
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❲❡ ✇r✐t❡ t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥ts t❤❛t ♠✉st ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ✈❛r✐❛❜❧❡s✳ ❖✉r ❛✐♠ ✐s
t♦ ✜♥❞ ❛ s❝❤❡❞✉❧❡ ✇✐t❤ ♠✐♥✐♠✉♠ str❡t❝❤ s❛t✐s❢②✐♥❣ t❤♦s❡ ❝♦♥str❛✐♥ts✳

❆❧❧ t❛s❦s s❡♥t ❜② t❤❡ ♠❛st❡r✳ ❚❤❡ ✜rst s❡t ♦❢ ❝♦♥str❛✐♥ts ❡♥s✉r❡s t❤❛t ❛❧❧ t❤❡ t❛s❦s ♦❢ ❛ ❣✐✈❡♥
❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ ❛❝t✉❛❧❧② s❡♥t ❜② t❤❡ ♠❛st❡r✿

∀ 1 ≤ k ≤ n,
∑

1≤j≤2n−1
tj ≥ r(k)

tj+1 ≤ d(k)

p
∑

u=1

ρ
(k)
M→u(tj , tj+1)× (tj+1 − tj) = Π(k). ✭✺✳✸✮

◆♦♥✲♥❡❣❛t✐✈❡ ❜✉✛❡rs✳ ❊❛❝❤ ❜✉✛❡r s❤♦✉❧❞ ❛❧✇❛②s ❤❛✈❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s✐③❡✿

∀ 1 ≤ k ≤ n,∀1 ≤ u ≤ p,∀1 ≤ j ≤ 2n, B(k)
u (tj) ≥ 0. ✭✺✳✹✮

❇✉✛❡r ✐♥✐t✐❛❧✐③❛t✐♦♥✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ❛❧❧ ❝♦rr❡s♣♦♥❞✐♥❣
❜✉✛❡rs ❛r❡ ❡♠♣t②✿

∀ 1 ≤ k ≤ n,∀1 ≤ u ≤ p, B(k)
u (r(k)) = 0. ✭✺✳✺✮

❊♠♣t②✐♥❣ ❇✉✛❡r✳ ❆❢t❡r t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ♥♦ t❛s❦s ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ s❤♦✉❧❞
r❡♠❛✐♥ ♦♥ ❛♥② ♥♦❞❡✿

∀ 1 ≤ k ≤ n,∀1 ≤ u ≤ p, B(k)
u (d(k)) = 0. ✭✺✳✻✮

❚❛s❦ ❝♦♥s❡r✈❛t✐♦♥✳ ❉✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1]✱ s♦♠❡ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ r❡❝❡✐✈❡❞
❛♥❞ s♦♠❡ ❛r❡ ❝♦♥s✉♠❡❞ ✭❝♦♠♣✉t❡❞✮✱ ✇❤✐❝❤ ✐♠♣❛❝ts t❤❡ s✐③❡ ♦❢ t❤❡ ❜✉✛❡r✿

∀ 1 ≤ k ≤ n,∀1 ≤ j ≤ 2n− 1,∀1 ≤ u ≤ p,

B(k)
u (tj+1) = B(k)

u (tj) +
(

ρ
(k)
M→u(tj , tj+1)− ρ(k)

u (tj , tj+1)
)

×
(

tj+1 − tj
)

. ✭✺✳✼✮

❇♦✉♥❞❡❞ ❝♦♠♣✉t✐♥❣ ❝❛♣❛❝✐t②✳ ❚❤❡ ❝♦♠♣✉t✐♥❣ ❝❛♣❛❝✐t② ♦❢ ❛ ♥♦❞❡ s❤♦✉❧❞ ♥♦t ❜❡ ❡①❝❡❡❞❡❞
♦♥ ❛♥② t✐♠❡✲✐♥t❡r✈❛❧✿

∀1 ≤ j ≤ 2n− 1,∀1 ≤ u ≤ p,
n
∑

k=1

ρ(k)
u (tj , tj+1)

w(k)

s
(k)
u

≤ 1. ✭✺✳✽✮

❇♦✉♥❞❡❞ ❧✐♥❦ ❝❛♣❛❝✐t②✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❡❛❝❤ ❧✐♥❦ s❤♦✉❧❞ ♥♦t ❜❡ ❡①❝❡❡❞❡❞✿

∀1 ≤ j ≤ 2n− 1,∀1 ≤ u ≤ p,
n
∑

k=1

ρ
(k)
M→u(tj , tj+1)

δ(k)

bu
≤ 1. ✭✺✳✾✮

▲✐♠✐t❡❞ s❡♥❞✐♥❣ ❝❛♣❛❝✐t② ♦❢ ♠❛st❡r✳ ❚❤❡ t♦t❛❧ ♦✉t❣♦✐♥❣ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ♠❛st❡r s❤♦✉❧❞
♥♦t ❜❡ ❡①❝❡❡❞❡❞✿

∀1 ≤ j ≤ 2n− 1,

p
∑

u=1

n
∑

k=1

ρ
(k)
M→u(tj , tj+1)

δ(k)

❇❲
≤ 1. ✭✺✳✶✵✮
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◆♦♥✲♥❡❣❛t✐✈❡ t❤r♦✉❣❤♣✉ts✳

∀1 ≤ u ≤ p,∀1 ≤ k ≤ n,∀1 ≤ j ≤ 2n− 1, ρ
(k)
M→u(tj , tj+1) ≥ 0 ❛♥❞ ρ(k)

u (tj , tj+1) ≥ 0.
✭✺✳✶✶✮

❲❡ ♦❜t❛✐♥ ❛ ❝♦♥✈❡① ♣♦❧②❤❡❞r♦♥ ✭K✮ ❞❡✜♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❝♦♥str❛✐♥ts✳ ❚❤❡ ♣r♦❜❧❡♠ t✉r♥s
♥♦✇ ✐♥t♦ ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ❡♠♣t② ❛♥❞✱ ✐❢ ♥♦t✱ ✐♥t♦ ✜♥❞✐♥❣ ❛ ♣♦✐♥t ✐♥ t❤❡
♣♦❧②❤❡❞r♦♥✳

{

ρ
(k)
M→u(tj , tj+1), ρ

(k)
u (tj , tj+1), ∀k, u, j s✉❝❤ t❤❛t 1 ≤ k ≤ n, 1 ≤ u ≤ p, 1 ≤ j ≤ 2n− 1

✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts ✭✺✳✸✮, ✭✺✳✼✮, ✭✺✳✺✮, ✭✺✳✻✮, ✭✺✳✹✮, ✭✺✳✽✮, ✭✺✳✾✮, ✭✺✳✶✵✮ ❛♥❞ ✭✺✳✶✶✮
✭K✮

◆✉♠❜❡r ♦❢ t❛s❦s ♣r♦❝❡ss❡❞

❆t ✜rst s✐❣❤t✱ ✐t ♠❛② s❡❡♠ s✉r♣r✐s✐♥❣ t❤❛t ✐♥ t❤✐s s❡t ♦❢ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥
❡q✉❛t✐♦♥ ❡st❛❜❧✐s❤✐♥❣ t❤❛t ❛❧❧ t❛s❦s ♦❢ ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡ ❡✈❡♥t✉❛❧❧② ♣r♦❝❡ss❡❞✳ ■♥❞❡❡❞✱ s✉❝❤
❛ ❝♦♥str❛✐♥t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♥str❛✐♥ts r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s s❡♥t ❢r♦♠ t❤❡
♠❛st❡r ❛♥❞ t❤❡ s✐③❡ ♦❢ ❜✉✛❡rs✳ ❈♦♥s✐❞❡r t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❛s❦ ❝♦♥s❡r✈❛t✐♦♥ ✭❊q✉❛t✐♦♥ ✭✺✳✼✮✮
♦♥ ❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r Pu✱ ❛♥❞ ❢♦r ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥ Ak❀ t❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥✿

∀1 ≤ j ≤ 2n− 1, B(k)
u (tj+1)−B(k)

u (tj) =
(

ρ
(k)
M→u(tj , tj+1)− ρ(k)

u (tj , tj+1)
)

×
(

tj+1 − tj
)

.

■❢ ✇❡ s✉♠ ❛❧❧ t❤❡s❡ ❝♦♥str❛✐♥ts ❢♦r ❛❧❧ t✐♠❡✲✐♥t❡r✈❛❧ ❜♦✉♥❞s ❜❡t✇❡❡♥ tst❛rt = r(k) ❛♥❞ tst♦♣ = d(k)✱
✇❡ ♦❜t❛✐♥✿

B(k)
u (tst♦♣)−B(k)

u (tst❛rt) =
∑

[tj , tj+1]

tj ≥ r(k)

tj+1 ≤ d(k)

(

ρ
(k)
M→u(tj , tj+1)− ρ(k)

u (tj , tj+1)
)

×
(

tj+1 − tj
)

.

❚❤❛♥❦s t♦ ❝♦♥str❛✐♥ts ✭✺✳✺✮ ❛♥❞ ✭✺✳✻✮✱ ✇❡ ❦♥♦✇ t❤❛t B
(k)
u (tst❛rt) = 0 ❛♥❞ B

(k)
u (tst♦♣) = 0✳ ❙♦ t❤❡

♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ t❛s❦s s❡♥t t♦ ❛ ♣r♦❝❡ss♦r Pu ✐s ❡q✉❛❧ t♦ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ❝♦♠♣✉t❡❞✿

∑

[tj , tj+1]

tj ≥ r(k)

tj+1 ≤ d(k)

ρ
(k)
M→u(tj , tj+1)×

(

tj+1 − tj
)

=
∑

[tj , tj+1]

tj ≥ r(k)

tj+1 ≤ d(k)

ρ(k)
u (tj , tj+1)×

(

tj+1 − tj
)

.

❚❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ ♣r♦❝❡ss♦rs✱ ❛♥❞ ❝♦♥str❛✐♥ts ✭✺✳✸✮ t❡❧❧s ✉s t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s s❡♥t
❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s Π(k)✱ s♦✿

p
∑

u=1

∑

[tj , tj+1]

tj ≥ r(k)

tj+1 ≤ d(k)

ρ(k)
u (tj , tj+1)×

(

tj+1 − tj
)

= Π(k)

❚❤❡r❡❢♦r❡ ✐♥ ❛♥② s♦❧✉t✐♦♥ ✐♥ P♦❧②❤❡❞r♦♥ ✭K✮✱ ❛❧❧ t❛s❦s ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡ ♣r♦❝❡ss❡❞✳
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❇♦✉♥❞✐♥❣ t❤❡ ❜✉✛❡r s✐③❡

❚❤❡ s✐③❡ ♦❢ t❤❡ ❜✉✛❡rs ❝♦✉❧❞ ❛❧s♦ ❜❡ ❜♦✉♥❞❡❞ ❜② ❛❞❞✐♥❣ ❝♦♥str❛✐♥ts✿

∀1 ≤ u ≤ p,∀1 ≤ j ≤ 2n,

n
∑

k=1

B(k)
u (tj)δ

(k) ≤Mu

✇❤❡r❡ Mu ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ♦♥ ♥♦❞❡ Pu✳ ❲❡ ❜♦✉♥❞ t❤❡ ♥❡❡❞❡❞ ♠❡♠♦r② ♦♥❧②
❛t t✐♠❡✲✐♥t❡r✈❛❧ ❜♦✉♥❞s✱ ❜✉t t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❜✉✛❡r s✐③❡ ♦♥
Pu ♥❡✈❡r ❡①❝❡❡❞s Mu✳ ❲❡ ❝❤♦♦s❡ ♥♦t t♦ ✐♥❝❧✉❞❡ t❤✐s ❝♦♥str❛✐♥t ✐♥ ♦✉r ❜❛s✐❝ s❡t ♦❢ ❝♦♥str❛✐♥ts✱
❛s t❤✐s ❜✉✛❡r s✐③❡ ❧✐♠✐t❛t✐♦♥ ♦♥❧② ❛♣♣❧✐❡s t♦ t❤❡ ✢✉✐❞ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t❤❛t
❧✐♠✐t✐♥❣ t❤❡ ❜✉✛❡r s✐③❡ ❢♦r ✐♥❞❡♣❡♥❞❡♥t t❛s❦s s❝❤❡❞✉❧✐♥❣ ❧❡❛❞s t♦ ◆P✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠s ❬✷✵❪✳

❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♥♦♥✲❡♠♣t✐♥❡ss ♦❢ P♦❧②❤❡❞r♦♥ ✭K✮ ❛♥❞ ❛❝❤✐❡✈❛❜❧❡ str❡t❝❤

❋✐♥❞✐♥❣ ❛ ♣♦✐♥t ✐♥ P♦❧②❤❡❞r♦♥ ✭K✮ ❛❧❧♦✇s t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ ❢♦r t❤❡
str❡t❝❤ ✐s ❢❡❛s✐❜❧❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r P♦❧②❤❡❞r♦♥ ✭K✮ ✐s ❡♠♣t②✱ t❤❡ ❜✐♥❛r② s❡❛r❝❤ ✇✐❧❧ ❜❡
❝♦♥t✐♥✉❡❞ ✇✐t❤ ❛ ❧❛r❣❡r ♦r s♠❛❧❧❡r str❡t❝❤ ✈❛❧✉❡✿

• ■❢ t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ♥♦t ❡♠♣t②✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ❛❝❤✐❡✈✐♥❣ str❡t❝❤ S✳ S ❜❡❝♦♠❡s
t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❜✐♥❛r② s❡❛r❝❤ ✐♥t❡r✈❛❧ ❛♥❞ t❤❡ s❡❛r❝❤ ♣r♦❝❡❡❞s✳

• ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ❡♠♣t②✱ t❤❡♥ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ S✳ S ❜❡❝♦♠❡s
t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❜✐♥❛r② s❡❛r❝❤✳

❚❤✐s ❜✐♥❛r② s❡❛r❝❤ ❛♥❞ ✐ts ♣r♦♦❢ ❛r❡ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❋♦r ♥♦✇✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ♣r♦✈✐♥❣
t❤❛t t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ♥♦t ❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ str❡t❝❤ S ✐s ❛❝❤✐❡✈❛❜❧❡✳

◆♦t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s st✉❞② ❛ss✉♠❡s ❛ ✢✉✐❞ ❢r❛♠❡✇♦r❦✱ ✇✐t❤ ✢❡①✐❜❧❡ ❝♦♠♣✉t✐♥❣ ❛♥❞ ❝♦♠✲
♠✉♥✐❝❛t✐♥❣ r❛t❡s✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ t♦t❛❧❧② ✢✉✐❞ ♠♦❞❡❧ ✭❇▼P✲❋❈✲❙❙✮ ❛♥❞
✇❡ ♣r♦✈❡ ❜❡❧♦✇ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✉♥❞❡r t❤✐s ♠♦❞❡❧✳ ❚❤❡ str❡♥❣t❤
♦❢ ♦✉r ♠❡t❤♦❞ ✐s t❤❛t t❤✐s st✉❞② ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r t❤❡ ♦t❤❡r ♠♦❞❡❧s✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❧✐❣❤t❧② ❞✐❢✲
❢❡r❡♥t✱ ❧❡❛❞✐♥❣ t♦ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t② r❡s✉❧ts ❛♥❞ t❤❡ ♣r♦♦❢s ❞❡t❛✐❧❡❞ ❜❡❧♦✇ ❛r❡ s❧✐❣❤t❧② ♠♦r❡
✐♥✈♦❧✈❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s t❡❝❤♥✐q✉❡ ❛❧❧♦✇s t♦ ❛♣♣r♦❛❝❤ ♦♣t✐♠❛❧✐t②✳ ❖♥❡ ❝❛♥ ✜♥❞ ✐♥ ❆♣♣❡♥❞✐① ❈
❤♦✇ t♦ ❝♦♥str✉❝t ❛ s❝❤❡❞✉❧❡ ❛❝❤✐❡✈✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str❡t❝❤ ❜❛s❡❞ ♦♥ r❛t❡s s❛t✐s❢②✐♥❣ t❤❡
t♦t❛❧❧② ✢✉✐❞ ♠♦❞❡❧ ❢♦r ❛❧❧ ♦t❤❡r ♣❧❛t❢♦r♠ ♠♦❞❡❧s✳

❚❤❡♦r❡♠ ✺✳✶✳ ❯♥❞❡r t❤❡ t♦t❛❧❧② ✢✉✐❞ ♠♦❞❡❧✱ P♦❧②❤❡❞r♦♥ ✭K✮ ✐s ♥♦t ❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡
❡①✐sts ❛ s❝❤❡❞✉❧❡ ✇✐t❤ str❡t❝❤ S✳

Pr♦♦❢✳ ⇒ ❆ss✉♠❡ t❤❛t t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ♥♦t ❡♠♣t②✱ ❛♥❞ ❝♦♥s✐❞❡r ❛ ♣♦✐♥t ✐♥ ✭K✮✱ ❣✐✈❡♥ ❜②

t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ρ
(k)
M→u(tj , tj+1) ❛♥❞ ρ

(k)
u (tj , tj+1)✳ ❲❡ ❝♦♥str✉❝t ❛ s❝❤❡❞✉❧❡ ✇❤✐❝❤ ♦❜❡②s ❡①❛❝t❧②

t❤❡s❡ ✈❛❧✉❡s✳ ❉✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1]✱ t❤❡ ♠❛st❡r s❡♥❞s t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak t♦ ♣r♦❝❡ss♦r

Pu ✇✐t❤ r❛t❡ ρ
(k)
M→u(tj , tj+1)✱ ❛♥❞ t❤✐s ♣r♦❝❡ss♦r ❝♦♠♣✉t❡s t❤❡s❡ t❛s❦s ❛t ❛ r❛t❡ ρ

(k)
u (tj , tj+1)✳

❚♦ ♣r♦✈❡ t❤❛t t❤✐s s❝❤❡❞✉❧❡ ✐s ✈❛❧✐❞ ✉♥❞❡r t❤❡ ✢✉✐❞ ♠♦❞❡❧✱ ❛♥❞ t❤❛t ✐t ❤❛s t❤❡ ❡①♣❡❝t❡❞ str❡t❝❤✱
✇❡ ❞❡✜♥❡ ρ

(k)
M→u(t) ❛s t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ r❛t❡✱ ❛♥❞ ρ

(k)
u (t) ❛s t❤❡ ✐♥st❛♥t❛♥❡♦✉s

❝♦♠♣✉t❛t✐♦♥ r❛t❡✳ ❚❤❡♥ t❤❡ ✭❢r❛❝t✐♦♥❛❧✮ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak s❡♥t t♦ Pu ✐♥ ✐♥t❡r✈❛❧ [0, T ] ✐s

∫ T

0
ρ
(k)
M→u(t)dt
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❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ ❛♣♣❧✐❡❞ ♦♥ ✐♥t❡r✈❛❧ [0, T ]✱ ✇❡ ❤❛✈❡

B(k)
u (T ) =

∫ T

0
ρ
(k)
M→u(t)dt−

∫ T

0
ρ(k)

u (t)dt.

❙✐♥❝❡ t❤❡ ❜✉✛❡r s✐③❡ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ tj ❛♥❞ ❡✈♦❧✈❡s ❧✐♥❡❛r❧② ✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧ [tj , tj+1]✱ ✐t ✐s ♥♦t
♣♦ss✐❜❧❡ t❤❛t ❛ ❜✉✛❡r ❤❛s ❛ ♥❡❣❛t✐✈❡ s✐③❡✱ s♦

∫ T

0
ρ(k)

u (t)dt ≤
∫ T

0
ρ
(k)
M→u(t)dt

❍❡♥❝❡ ❞❛t❛ ✐s ❛❧✇❛②s r❡❝❡✐✈❡❞ ❜❡❢♦r❡ ❜❡✐♥❣ ♣r♦❝❡ss❡❞✳
❲✐t❤ t❤❡ ❝♦♥str❛✐♥ts ♦❢ P♦❧②❤❡❞r♦♥ ✭K✮✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ♥♦ ♣r♦❝❡ss♦r ♦r ♥♦ ❧✐♥❦

✐s ♦✈❡r✲✉t✐❧✐③❡❞ ❛♥❞ t❤❡ ♦✉t❣♦✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r ✐s ♥❡✈❡r ❡①❝❡❡❞❡❞✳ ❆❧❧ t❤❡ ❞❡❛❞❧✐♥❡s
❝♦♠♣✉t❡❞ ❢♦r str❡t❝❤ S ❛r❡ s❛t✐s✜❡❞ ❜② ❝♦♥str✉❝t✐♦♥✱ s♦ t❤✐s s❝❤❡❞✉❧❡ ❛❝❤✐❡✈❡s str❡t❝❤ S✳
⇐ ◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t ✐❢ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ S1 ✇✐t❤ str❡t❝❤ S✱ P♦❧②❤❡❞r♦♥ ✭K✮ ✐s ♥♦t

❡♠♣t②✳ ❲❡ ❝♦♥s✐❞❡r s✉❝❤ ❛ s❝❤❡❞✉❧❡✱ ❛♥❞ ✇❡ ❝❛❧❧ ρ
(k)
M→u(t) ✭❛♥❞ ρ

(k)
u (t)✮ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❛♥❞

❝♦♠♣✉t❛t✐♦♥✮ r❛t❡ ✐♥ t❤✐s s❝❤❡❞✉❧❡ ❢♦r t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ♦♥ ♣r♦❝❡ss♦r Pu ❛t t✐♠❡ t✳ ❲❡
❝♦♠♣✉t❡ ❛s ❢♦❧❧♦✇s t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡s ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r❛t❡s ❞✉r✐♥❣ t✐♠❡
✐♥t❡r✈❛❧ [tj , tj+1]✿

ρ
(k)
M→u(tj , tj+1) =

∫ tj+1

tj

ρ
(k)
M→u(t)dt

tj+1 − tj
❛♥❞ ρ(k)

u (tj , tj+1) =

∫ tj+1

tj

ρ(k)
u (t)dt

tj+1 − tj
.

❖❢ ❝♦✉rs❡✱ ✐❢ tj+1 = tj ✱ ✇❡ ❥✉st s❡t ρ
(k)
M→u(tj , tj+1) = ρ

(k)
u (tj , tj+1) = 0✳ ■♥ t❤✐s s❝❤❡❞✉❧❡✱ ❛❧❧ t❛s❦s

♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ s❡♥t ❜② t❤❡ ♠❛st❡r✱ s♦

∫ d(k)

r(k)

ρ
(k)
M→u(t)dt = Π(k).

❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s✱ ❊q✉❛t✐♦♥ ✭✺✳✸✮ ✐s s❛t✐s✜❡❞✳ ❆❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡✱ ✇❡ ❝❛♥ ♣r♦✈❡
t❤❛t t❤❡ t❛s❦ ❝♦♥s❡r✈❛t✐♦♥ ❝♦♥str❛✐♥ts ✭❊q✉❛t✐♦♥ ✭✺✳✼✮✮ ❛r❡ s❛t✐s✜❡❞✳ ❈♦♥str❛✐♥ts ♦♥ ❜✉✛❡rs
✭❊q✉❛t✐♦♥s ✺✳✹✱ ✺✳✺✱ ❛♥❞ ✺✳✻✮ ❛r❡ ♥❡❝❡ss❛r✐❧② s❛t✐s✜❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ❜✉✛❡r ✐♥ s❝❤❡❞✉❧❡ S1

s✐♥❝❡ ✐t ✐s ❢❡❛s✐❜❧❡✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥str❛✐♥ts ♦♥ ❝❛♣❛❝✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✳ �

■♥ ♣r❛❝t✐❝❡✱ t♦ ❦♥♦✇ ✐❢ t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ❡♠♣t② ♦r t♦ ♦❜t❛✐♥ ❛ ♣♦✐♥t ✐♥ ✭K✮✱ ✇❡ ❝❛♥ ✉s❡
❝❧❛ss✐❝❛❧ t♦♦❧s ❢♦r ❧✐♥❡❛r ♣r♦❣r❛♠s✱ ❥✉st ❜② ❛❞❞✐♥❣ ❛ ✜❝t✐t✐♦✉s ❧✐♥❡❛r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦ ♦✉r s❡t
♦❢ ❝♦♥str❛✐♥ts✳ ❙♦♠❡ s♦❧✈❡rs ❛❧❧♦✇ t❤❡ ✉s❡r t♦ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ r❡✜♥❡♠❡♥t st❡♣s ♦♥❝❡ ❛ ♣♦✐♥t
✐s ❢♦✉♥❞ ✐♥ t❤❡ ♣♦❧②❤❡❞r♦♥❀ t❤✐s ❝♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧ t♦ r❡❞✉❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ s❝❤❡❞✉❧❡r✳

❇✐♥❛r② s❡❛r❝❤

❚♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✱ ✇❡ ♣❡r❢♦r♠ ❛ ❜✐♥❛r② s❡❛r❝❤✳ ❲❡ ✜rst ♣r❡s❡♥t ❛ s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t❡❞
s❡❛r❝❤ ✉s✐♥❣ t❤❡ ❡♠♣t✐♥❡ss ♦❢ P♦❧②❤❡❞r♦♥ ✭K✮ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ t❤❡
❝✉rr❡♥t str❡t❝❤✳ ❚❤❡♥ ✇❡ ♣r❡s❡♥t ❛♥ ♦♣t✐♠❛❧ ❜✉t ♠♦r❡ ✐♥✈♦❧✈❡❞ s❡❛r❝❤✳

❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛❝❤✐❡✈❛❜❧❡ str❡t❝❤ ✐s ✶✳ ❚❤❡ ✐♥✐t✐❛❧ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤✐s ❜✐♥❛r② s❡❛r❝❤
✐s ❛❧s♦ q✉✐t❡ ♥❛✐✈❡✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ r❡❧❡❛s❡❞ ❛t
t✐♠❡ ✵ ❛♥❞ t❡r♠✐♥❛t❡ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤✐s ✐s ❝❧❡❛r❧② ❛ ✇♦rst ❝❛s❡ s❝❡♥❛r✐♦✳ ❘❡❝❛❧❧ t❤❛t t❤❡
♦♣t✐♠❛❧ t❤r♦✉❣❤♣✉t ❢♦r ❛ s✐♥❣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ✇❤♦❧❡ ♣❧❛t❢♦r♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s✿
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ρ∗(k) = min

{

❇❲

δ(k)
,

p
∑

u=1

min

{

s
(k)
u

w(k)
,

bu

δ(k)

}}

❚❤❡♥ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s s✐♠♣❧② ✉♥❞❡r❡st✐♠❛t❡❞ ❜② Π(k)/ρ∗(k)✳ ❲❡
❝♦♥s✐❞❡r t❤❛t ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s t❡r♠✐♥❛t❡ ❛t t✐♠❡

∑

k Π(k)/ρ∗(k)✱ s♦ t❤❛t t❤❡ ✇♦rst str❡t❝❤ ✐s

S♠❛① = max
k

Π(k)/ρ∗(k)

∑

j Π(j)/ρ∗(j)
.

❉❡t❡r♠✐♥✐♥❣ t❤❡ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② s❡❛r❝❤✱ t❤❛t ✐s t❤❡ ♠✐♥✐♠✉♠ ❣❛♣ ǫ
❜❡t✇❡❡♥ t✇♦ ♣♦ss✐❜❧❡ str❡t❝❤❡s✱ ✐s q✉✐t❡ ✐♥✈♦❧✈❡❞✱ ❛♥❞ ♥♦t ✈❡r② ✉s❡❢✉❧ ✐♥ ♣r❛❝t✐❝❡✳ ❲❡ ❢♦❝✉s
❤❡r❡ ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤✐s ♣r❡❝✐s✐♦♥ ǫ ✐s ❣✐✈❡♥ ❜② t❤❡ ✉s❡r✳ ❲❡ ✇✐❧❧ ❧❛t❡r s❡❡ ❛ ❧♦✇✲❝♦♠♣❧❡①✐t②
t❡❝❤♥✐q✉❡ ✭❛ ❜✐♥❛r② s❡❛r❝❤ ❛♠♦♥❣ str❡t❝❤✲✐♥t❡r✈❛❧s✮ t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ♠❛①✐♠✉♠ str❡t❝❤✳

❙✉♣♣♦s❡ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ǫ > 0✳ ❚❤❡ ❜✐♥❛r② s❡❛r❝❤ ✐s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✾✳ ❚❤✐s
❛❧❣♦r✐t❤♠ ❛❧❧♦✇s ✉s t♦ ❛♣♣r♦❛❝❤ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✱ ❛s st❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❆❧❣♦r✐t❤♠ ✾✿ ❇✐♥❛r② s❡❛r❝❤

❜❡❣✐♥
S✐♥❢ ← 1
Ss✉♣ ← S♠❛①

✇❤✐❧❡ Ss✉♣ − S✐♥❢ > ǫ ❞♦
S ← (Ss✉♣ + S✐♥❢)/2
✐❢ P♦❧②❤❡❞r♦♥ ✭K✮ ✐s ❡♠♣t② t❤❡♥
S✐♥❢ ← S

❡❧s❡
Ss✉♣ ← S

r❡t✉r♥ Ss✉♣
❡♥❞

❚❤❡♦r❡♠ ✺✳✷✳ ❋♦r ❛♥② ǫ > 0✱ ❆❧❣♦r✐t❤♠ ✾ ❝♦♠♣✉t❡s ❛ str❡t❝❤ S s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡
❛❝❤✐❡✈✐♥❣ S ❛♥❞ S ≤ S♦♣t + ǫ✱ ✇❤❡r❡ S♦♣t ✐s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❆❧❣♦r✐t❤♠ ✾
✐s O

(

log S♠❛①
ǫ

)

✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❛t ❛t ❡❛❝❤ st❡♣✱ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [S✐♥❢,Ss✉♣]
❛♥❞ Ss✉♣ ✐s ❛❝❤✐❡✈❛❜❧❡✳ ❚❤✐s ✐s ♦❜✈✐♦✉s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❆t ❡❛❝❤ st❡♣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢
❝♦♥str❛✐♥ts ❢♦r ❛ str❡t❝❤ S ✐♥ t❤❡ ✐♥t❡r✈❛❧✳ ■❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧②❤❡❞r♦♥ ✐s ❡♠♣t②✱ ❚❤❡♦r❡♠ ✺✳✶
t❡❧❧s ✉s t❤❛t str❡t❝❤ S ✐s ♥♦t ❛❝❤✐❡✈❛❜❧❡✱ s♦ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s ❣r❡❛t❡r t❤❛♥ S✳ ■❢ t❤❡ ♣♦❧②❤❡❞r♦♥
✐s ♥♦t ❡♠♣t②✱ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ❛❝❤✐❡✈✐♥❣ t❤✐s str❡t❝❤✱ t❤✉s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s s♠❛❧❧❡r
t❤❛♥ S✳

❚❤❡ s✐③❡ ♦❢ t❤❡ ✇♦r❦ ✐♥t❡r✈❛❧ ✐s ❞✐✈✐❞❡❞ ❜② ✷ ❛t ❡❛❝❤ st❡♣✱ ❛♥❞ ✇❡ st♦♣ ✇❤❡♥ t❤✐s s✐③❡ ✐s
s♠❛❧❧❡r t❤❛♥ ǫ✳ ❚❤✉s t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ✐s O

(

log Smax

ǫ

)

✳ ❆t t❤❡ ❡♥❞✱ S♦♣t ∈ [S✐♥❢,Ss✉♣] ✇✐t❤
Ss✉♣ − S✐♥❢ ≤ ǫ✱ s♦ t❤❛t Ss✉♣ ≤ S♦♣t + ǫ✱ ❛♥❞ Ss✉♣ ✐s ❛❝❤✐❡✈❛❜❧❡✳ �

❇✐♥❛r② s❡❛r❝❤ ✇✐t❤ str❡t❝❤✲✐♥t❡r✈❛❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛♥♦t❤❡r ♠❡t❤♦❞ ✇❤✐❝❤ ❝♦♠♣✉t❡s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐♥ t❤❡ ♦✤✐♥❡ ❝❛s❡✳
❚❤✐s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ ❜✉✐❧t ❢r♦♠ t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❝♦♥✈❡① ♣♦❧②❤❡❞r♦♥ ✭K✮
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✇✐t❤ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ str❡t❝❤ ❛s ♦❜❥❡❝t✐✈❡✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ♥❡❡❞ t❤❛t ♦t❤❡r ♣❛r❛♠❡t❡rs
✭❡s♣❡❝✐❛❧❧② t❤❡ ❞❡❛❞❧✐♥❡s✮ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ str❡t❝❤✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❞❡❛❞❧✐♥❡s ♦❢ t❤❡
❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡ ❛♥❞ t❤❡ t❛r❣❡t❡❞ str❡t❝❤ S✿

d(k) = r(k) + S ×▼❙∗(k).

d1

d3

t

r3r2r1S

d2

S4

S3

S2

S1 = 1

S5

❋✐❣✉r❡ ✺✳✶✿ ❘❡❧❛t✐♦♥ ❜❡t✇❡❡♥ str❡t❝❤ ❛♥❞ ❞❡❛❞❧✐♥❡s

❋✐❣✉r❡ ✺✳✶ r❡♣r❡s❡♥ts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡❛❞❧✐♥❡s d(k) ♦✈❡r t❤❡ t❛r❣❡t❡❞ str❡t❝❤ S✿ ❡❛❝❤
❞❡❛❞❧✐♥❡ ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✐♥ S✳ ❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✱ t❤❡ t✐♠❡ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ x
❛①✐s✱ ❛♥❞ t❤❡ str❡t❝❤ ♦♥ t❤❡ y ❛①✐s✳ ❙♣❡❝✐❛❧ ✈❛❧✉❡s ♦❢ str❡t❝❤❡s S1,S2, . . . ,Sm ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥
t❤❡ ✜❣✉r❡✳ ❚❤❡s❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ str❡t❝❤ ❛r❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✬
r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ✐s ♠♦❞✐✜❡❞✿

• ❲❤❡♥ S ✐s s✉❝❤ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡✱ s♦♠❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ ❞❡❛❞❧✐♥❡s ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡❀

• ❲❤❡♥ S ✈❛r✐❡s ❜❡t✇❡❡♥ t✇♦ s✉❝❤ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✱ ✐✳❡✳✱ ✇❤❡♥ Sa < S < Sa+1✱ t❤❡♥ t❤❡
♦r❞❡r✐♥❣ ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ t❤❡ ❞❡❛❞❧✐♥❡s ✐s ♣r❡s❡r✈❡❞✳

❚♦ s✐♠♣❧✐❢② ♦✉r ♥♦t❛t✐♦♥s✱ ✇❡ ❛❞❞ t✇♦ ❛rt✐✜❝✐❛❧ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥❛t✉r❛❧
❜♦✉♥❞ ♦❢ t❤❡ str❡t❝❤✿ S1 = 1 ❛♥❞ Sm =∞✳

❖✉r ❣♦❛❧ ✐s t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ❜② s❧✐❝✐♥❣ t❤❡ str❡t❝❤ s♣❛❝❡ ✐♥t♦ ❛ ♥✉♠❜❡r ♦❢ ✐♥t❡r✈❛❧s✳
❲✐t❤✐♥ ❡❛❝❤ ✐♥t❡r✈❛❧ ❞❡✜♥❡❞ ❜② t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✱ t❤❡ ❞❡❛❞❧✐♥❡s ❛r❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡
str❡t❝❤✳ ❲❡ ✜rst s❤♦✇ ❤♦✇ t♦ ✜♥❞ t❤❡ ❜❡st str❡t❝❤ ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ✐♥t❡r✈❛❧ ✉s✐♥❣ ❛ s✐♥❣❧❡ ❧✐♥❡❛r
♣r♦❣r❛♠✱ ❛♥❞ t❤❡♥ ❤♦✇ t♦ ❡①♣❧♦r❡ t❤❡ s❡t ♦❢ ✐♥t❡r✈❛❧s ✇✐t❤ ❛ ❜✐♥❛r② s❡❛r❝❤✱ s♦ ❛s t♦ ✜♥❞ t❤❡ ♦♥❡
❝♦♥t❛✐♥✐♥❣ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✳

❲✐t❤✐♥ ❛ str❡t❝❤✲✐♥t❡r✈❛❧

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇♦r❦ ♦♥ ♦♥❡ str❡t❝❤✲✐♥t❡r✈❛❧✱ ❝❛❧❧❡❞ [Sa,Sb]✳ ❋♦r ❛❧❧ ✈❛❧✉❡s ♦❢ S ✐♥ t❤✐s
✐♥t❡r✈❛❧✱ t❤❡ r❡❧❡❛s❡ ❞❛t❡s r(k) ❛♥❞ ❞❡❛❞❧✐♥❡s d(k) ❛r❡ ✐♥ ❛ ❣✐✈❡♥ ♦r❞❡r✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✈❛❧✉❡
♦❢ S✳ ❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ♥♦t❡ {tj}j=1...2n = {r(k), d(k)}k✱ ✇✐t❤ tj ≤ tj+1✳ ❆s t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ tj
♠❛② ❝❤❛♥❣❡ ✇❤❡♥ S ✈❛r✐❡s✱ ✇❡ ✇r✐t❡ tj = αjS+βj ✳ ❚❤✐s ♥♦t❛t✐♦♥ ✐s ❣❡♥❡r❛❧ ❡♥♦✉❣❤ ❢♦r ❛❧❧ r(k)✬s
❛♥❞ d(k)✬s✿

• ■❢ tj = r(k)✱ t❤❡♥ αj = 0 ❛♥❞ βj = r(k)❀

• ■❢ tj = d(k)✱ t❤❡♥ αj = ▼❙∗(k) ❛♥❞ βj = r(k)✳
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◆♦t❡ t❤❛t ❧✐❦❡ ♣r❡✈✐♦✉s❧②✱ s♦♠❡ tj ♠✐❣❤t ❜❡ ❡q✉❛❧✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ str❡t❝❤ r❡❛❝❤❡s
❛ ❜♦✉♥❞ ♦❢ t❤❡ str❡t❝❤✲✐♥t❡r✈❛❧ ✭S = Sa ♦r S = Sb✮✱ t❤❛t ✐s ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳ ❋♦r t❤❡ s❛❦❡ ♦❢
s✐♠♣❧✐❝✐t②✱ ✇❡ ❞♦ ♥♦t tr② t♦ ❞✐s❝❛r❞ t❤❡ ❡♠♣t② t✐♠❡✲✐♥t❡r✈❛❧s✱ t♦ ❛✈♦✐❞ r❡♥✉♠❜❡r✐♥❣ t❤❡ ❡♣♦❝❤❛❧
t✐♠❡s✳

❲❤❡♥ ✇❡ r❡✇r✐t❡ t❤❡ ❝♦♥str❛✐♥ts ❞❡✜♥✐♥❣ t❤❡ ❝♦♥✈❡① ♣♦❧②❤❡❞r♦♥ ✭K✮ ✇✐t❤ t❤❡s❡ ♥❡✇ ♥♦t❛✲
t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ q✉❛❞r❛t✐❝ ❝♦♥str❛✐♥ts ✐♥st❡❛❞ ♦❢ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❚♦ ❛✈♦✐❞ t❤✐s✱ ✇❡ ✐♥tr♦❞✉❝❡
♥❡✇ ♥♦t❛t✐♦♥s✳ ■♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r❛t❡s✱
✇❡ ✉s❡ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ t❛s❦s s❡♥t ♦r ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ ❛ ❣✐✈❡♥ t✐♠❡✲✐♥t❡r✈❛❧✳ ❋♦r♠❛❧❧② ✇❡
❞❡✜♥❡ A

(k)
M→u(tj , tj+1) t♦ ❜❡ t❤❡ ❢r❛❝t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak s❡♥t ❜② t❤❡ ♠❛st❡r

t♦ ♣r♦❝❡ss♦r Pu ❞✉r✐♥❣ t❤❡ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1]✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡♥♦t❡ ❜② A
(k)
u (tj , tj+1) t❤❡

❢r❛❝t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❝♦♠♣✉t❡❞ ❜② ♣r♦❝❡ss♦r Pu ❞✉r✐♥❣ t❤❡ t✐♠❡✲✐♥t❡r✈❛❧
[tj , tj+1]✳ ❖❢ ❝♦✉rs❡✱ t❤❡s❡ q✉❛♥t✐t✐❡s ❛r❡ ❧✐♥❦❡❞ t♦ ♦✉r ♣r❡✈✐♦✉s ✈❛r✐❛❜❧❡s✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡✿

A
(k)
M→u(tj , tj+1) = ρ

(k)
M→u(tj , tj+1)× (tj+1 − tj)

A(k)
u (tj , tj+1) = ρ(k)

u (tj , tj+1)× (tj+1 − tj)

✇✐t❤ tj+1 − tj = (αj+1 − αj)S + (βj+1 − βj)✳
❆❧❧ ❝♦♥str❛✐♥ts ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✇✐t❤ t❤❡s❡ ♥❡✇ ♥♦t❛t✐♦♥s✿

❚♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s✳ ❲❡ ♠❛❦❡ s✉r❡ t❤❛t ❛❧❧ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ s❡♥t ❜② t❤❡ ♠❛st❡r✿

∀ 1 ≤ k ≤ n,
∑

1≤j≤2n−1
tj ≥ r(k)

tj+1 ≤ d(k)

p
∑

u=1

A
(k)
M→u(tj , tj+1) = Π(k). ✭✺✳✶✷✮

◆♦♥✲♥❡❣❛t✐✈❡ ❜✉✛❡r✳ ❊❛❝❤ ❜✉✛❡r s❤♦✉❧❞ ❛❧✇❛②s ❤❛✈❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ s✐③❡✿

∀ 1 ≤ k ≤ n,∀1 ≤ u ≤ p,∀1 ≤ j ≤ 2n, B(k)
u (tj) ≥ 0. ✭✺✳✶✸✮

❇✉✛❡r ✐♥✐t✐❛❧✐③❛t✐♦♥✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ❛❧❧ ❝♦rr❡s♣♦♥❞✐♥❣
❜✉✛❡rs ❛r❡ ❡♠♣t②✿

∀ 1 ≤ k ≤ n,∀1 ≤ u ≤ p, ❢♦r tj = r(k), B(k)
u (tj) = 0. ✭✺✳✶✹✮

❊♠♣t②✐♥❣ ❇✉✛❡r✳ ❆❢t❡r t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ♥♦ t❛s❦s ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ s❤♦✉❧❞
r❡♠❛✐♥ ♦♥ ❛♥② ♥♦❞❡✿

∀ 1 ≤ k ≤ n,∀1 ≤ u ≤ p, ❢♦r tj = d(k), B(k)
u (tj) = 0. ✭✺✳✶✺✮

❚❛s❦ ❝♦♥s❡r✈❛t✐♦♥✳ ❉✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1]✱ s♦♠❡ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ r❡❝❡✐✈❡❞
❛♥❞ s♦♠❡ ❛r❡ ❝♦♥s✉♠❡❞ ✭❝♦♠♣✉t❡❞✮✱ ✇❤✐❝❤ ✐♠♣❛❝ts t❤❡ s✐③❡ ♦❢ t❤❡ ❜✉✛❡r✿

∀ 1 ≤ k ≤ n,∀1 ≤ j ≤ 2n− 1,∀1 ≤ u ≤ p,

B(k)
u (tj+1) = B(k)

u (tj) + A
(k)
M→u(tj , tj+1)−A(k)

u (tj , tj+1). ✭✺✳✶✻✮
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❇♦✉♥❞❡❞ ❝♦♠♣✉t✐♥❣ ❝❛♣❛❝✐t②✳ ❚❤❡ ❝♦♠♣✉t✐♥❣ ❝❛♣❛❝✐t② ♦❢ ❛ ♥♦❞❡ s❤♦✉❧❞ ♥♦t ❜❡ ❡①❝❡❡❞❡❞ ✐♥
❛♥② t✐♠❡✲✐♥t❡r✈❛❧✿

∀1 ≤ j ≤ 2n− 1,∀1 ≤ u ≤ p,
n
∑

k=1

A(k)
u (tj , tj+1)

w(k)

s
(k)
u

≤ (αj+1 − αj)S + (βj+1 − βj). ✭✺✳✶✼✮

❇♦✉♥❞❡❞ ❧✐♥❦ ❝❛♣❛❝✐t②✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❡❛❝❤ ❧✐♥❦ s❤♦✉❧❞ ♥♦t ❜❡ ❡①❝❡❡❞❡❞✿

∀1 ≤ j ≤ 2n−1,∀1 ≤ u ≤ p,

n
∑

k=1

A
(k)
M→u(tj , tj+1)

δ(k)

bu
≤ (αj+1−αj)S+(βj+1−βj). ✭✺✳✶✽✮

▲✐♠✐t❡❞ s❡♥❞✐♥❣ ❝❛♣❛❝✐t② ♦❢ ♠❛st❡r✳ ❚❤❡ t♦t❛❧ ♦✉t❣♦✐♥❣ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ♠❛st❡r s❤♦✉❧❞
♥♦t ❜❡ ❡①❝❡❡❞❡❞✿

∀1 ≤ j ≤ 2n−1,

p
∑

u=1

n
∑

k=1

A
(k)
M→u(tj , tj+1)δ

(k) ≤ ❇❲×
(

(αj+1−αj)S+(βj+1−βj)
)

. ✭✺✳✶✾✮

❲❡ ✜♥❛❧❧② ❛❞❞ ❛ ❝♦♥str❛✐♥t t♦ ❢♦r❝❡ t❤❡ ♦❜❥❡❝t✐✈❡ str❡t❝❤ t♦ ❜❡ ✐♥ t❤❡ t❛r❣❡t❡❞ str❡t❝❤✲✐♥t❡r✈❛❧✿

Sa ≤ S ≤ Sb. ✭✺✳✷✵✮

❲❡ t❤✉s r❡✇r✐t❡ ❛s ❛❜♦✈❡ ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts ❞❡✜♥✐♥❣ P♦❧②❤❡❞r♦♥ ✭❑✮ ❛♥❞ t❤❡♥ ✇❡ ❛❞❞ t❤❡ ♥❡✇
❝♦♥str❛✐♥t ✭✺✳✷✵✮✳ ❚❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ ❡♥❛❜❧✐♥❣ ✉s t♦ ❝❤❡❝❦ ✇❤❛t ✐s t❤❡ ♠✐♥✐♠❛❧
❛❝❤✐❡✈❛❜❧❡ str❡t❝❤ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [Sa,Sb]✱ ✐❢ ❛♥②✳

❊✈❡♥ ✐❢ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ s✉♠ ♦♥ t❤❡ t✐♠❡✲✐♥t❡r✈❛❧s ✐♥ ❊q✉❛t✐♦♥ ✭✺✳✶✷✮ s❡❡♠ t♦ ❞❡♣❡♥❞ ♦♥
S✱ t❤❡ s❡t ♦❢ ✐♥t❡r✈❛❧s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ s✉♠ ❞♦❡s ♥♦t ✈❛r② ❛s t❤❡ ♦r❞❡r ♦❢ t❤❡ tj ✈❛❧✉❡s ✐s ✜①❡❞ ❢♦r
Sa ≤ S ≤ Sb✳ ❲✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ str❡t❝❤✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠✳

✭▲P✮











▼✐♥✐♠✐③❡ S✱
✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts

✭✺✳✶✷✮, ✭✺✳✶✸✮, ✭✺✳✶✹✮, ✭✺✳✶✺✮, ✭✺✳✶✻✮, ✭✺✳✶✼✮, ✭✺✳✶✽✮, ✭✺✳✶✾✮, ✭✺✳✷✵✮

❙♦❧✈✐♥❣ t❤✐s ❧✐♥❡❛r ♣r♦❣r❛♠ ❛❧❧♦✇s t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ♣♦ss✐❜❧❡ str❡t❝❤ ✐♥ t❤❡ str❡t❝❤✲✐♥t❡r✈❛❧
[Sa,Sb]✳ ■❢ t❤❡ ♠✐♥✐♠✉♠ str❡t❝❤ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s S♦♣t > Sa✱ t❤✐s ♠❡❛♥s t❤❛t
t❤❡r❡ ✐s ♥♦t ❜❡tt❡r ♣♦ss✐❜❧❡ str❡t❝❤ ✐♥ [Sa,Sb]✱ ❛♥❞ t❤✉s t❤❡r❡ ✐s ♥♦ ❜❡tt❡r str❡t❝❤ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡
✈❛❧✉❡s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ S♦♣t = Sa✱ Sa ♠❛② ❜❡ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✱ ♦r t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ♠❛②
❜❡ s♠❛❧❧❡r t❤❛♥ Sa✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❜✐♥❛r② s❡❛r❝❤ ✐s ❝♦♥t✐♥✉❡❞ ✇✐t❤ s♠❛❧❧❡r str❡t❝❤ ✈❛❧✉❡s✳ ❆t
❧❛st✱ ✐❢ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠✱ t❤❡♥ t❤❡r❡ ❡①✐sts ♥♦ ♣♦ss✐❜❧❡ str❡t❝❤ s♠❛❧❧❡r
♦r ❡q✉❛❧ t♦ Sb✱ ❛♥❞ t❤❡ ❜✐♥❛r② s❡❛r❝❤ ✐s ❝♦♥t✐♥✉❡❞ ✇✐t❤ ❧❛r❣❡r str❡t❝❤ ✈❛❧✉❡s✳ ❚❤✐s ❜✐♥❛r② s❡❛r❝❤
❛♥❞ ✐ts ♣r♦♦❢ ❛r❡ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❲❤❡♥ Sa < S♦♣t ≤ Sb✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t S♦♣t ✐s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✳

❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮ ✜♥❞s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧
str❡t❝❤ ✐s ✐♥ ]Sa,Sb]✳
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❤✐❣❤❧② ❞❡♣❡♥❞s ♦♥ ❚❤❡♦r❡♠ ✺✳✶✳ ❋✐rst✱ ❝♦♥s✐❞❡r ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮✳ ❲❡ ❝♦♠♣✉t❡✱ ❢♦r ❛❧❧ u, k, j

ρ
(k)
M→u(tj , tj+1) =

A
(k)
M→u(tj , tj+1)

(αj+1 − αj)S + (βj+1 − βj)

❛♥❞ ρ(k)
u (tj , tj+1) =

A
(k)
u (tj , tj+1)

(αj+1 − αj)S + (βj+1 − βj)
.

❚❤❡s❡ ✈❛r✐❛❜❧❡s ❝♦♥st✐t✉t❡ ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts ♦❢ ❚❤❡♦r❡♠ ✺✳✶ ❢♦r S = S♦♣t✳
❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ❛❝❤✐❡✈✐♥❣ str❡t❝❤ S♦♣t✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ✇✐t❤ str❡t❝❤ S s✉❝❤ t❤❛t Sa < S < Sb✳ ❉✉❡ t♦
❚❤❡♦r❡♠ ✺✳✶✱ t❤❡r❡ ❡①✐st ✈❛❧✉❡s ❢♦r ρ

(k)
M→u(tj , tj+1) ❛♥❞ ρ

(k)
u (tj , tj+1) s❛t✐s❢②✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

s❡t ♦❢ ❝♦♥str❛✐♥ts ❢♦r S✳ ❚❤❡♥ ✇❡ ❝♦♠♣✉t❡

A
(k)
M→u(tj , tj+1) = ρ

(k)
M→u(tj , tj+1)×

(

(αj+1 − αj)S + (βj+1 − βj)
)

❛♥❞ A(k)
u (tj , tj+1) = ρ(k)

u (tj , tj+1)×
(

(αj+1 − αj)S + (βj+1 − βj)
)

,

A
(k)
M→u(tj , tj+1) ❛♥❞ A

(k)
u (tj , tj+1) ❝♦♥st✐t✉t❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮ ✇✐t❤ ♦❜❥❡❝t✐✈❡

✈❛❧✉❡ S✳ ❆s t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ S♦♣t ❢♦✉♥❞ ❜② t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s ♠✐♥✐♠❛❧ ❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡
s♦❧✉t✐♦♥s✱ ✇❡ ❤❛✈❡ S♦♣t ≤ S✳ �

❇✐♥❛r② s❡❛r❝❤ ❛♠♦♥❣ str❡t❝❤ ✐♥t❡r✈❛❧s

❚❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✇❡ ❥✉st ❞❡s❝r✐❜❡❞ ✐s ✉s❡❞ ❛s ❛ ❜✉✐❧❞✐♥❣ ❜r✐❝❦ ❢♦r ♦✉r ❡①❛❝t ❜✐♥❛r② s❡❛r❝❤
❜❡t✇❡❡♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ✐s ❛t ✇♦rst q✉❛❞r❛t✐❝ ✐♥ t❤❡ ♥✉♠❜❡r
♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♦✈❡r❛❧❧ ❜✐♥❛r② s❡❛r❝❤ r✉♥s ✐♥ t✐♠❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ str❡t❝❤ ✐♥t❡r✈❛❧s✿ S1, . . . ,Sm✳
❆❧❣♦r✐t❤♠ ✶✵ ❞❡s❝r✐❜❡s t❤❡ ❜✐♥❛r② s❡❛r❝❤ t♦ r❡❛❝❤ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✳

❚❤❡♦r❡♠ ✺✳✹✳ ❆❧❣♦r✐t❤♠ ✶✵ ✜♥❞s t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✈❛❧✉❡ ✐♥ ❛ ♣♦❧②♥♦♠✐❛❧ ♥✉♠❜❡r ♦❢ st❡♣s✳

Pr♦♦❢✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s ❛ ❜✐♥❛r② s❡❛r❝❤ ❛♠♦♥❣ t❤❡ m str❡t❝❤✲✐♥t❡r✈❛❧s✳ ❚❤✉s✱ t❤❡ ♥✉♠✲
❜❡r ♦❢ st❡♣s ♦❢ t❤✐s s❡❛r❝❤ ✐s O(log m) ❛♥❞ ❡❛❝❤ st❡♣ ❝♦♥s✐sts ✐♥ s♦❧✈✐♥❣ ❛ ❧✐♥❡❛r ♣r♦❣r❛♠ ✇✐t❤
r❛t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

❲❡ ♣r♦✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s ❛❧✇❛②s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [SL,SU ]✳ ❚❤✐s ✐s
♦❜✈✐♦✉s❧② tr✉❡ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❖♥ ❛ str❡t❝❤✲✐♥t❡r✈❛❧ [SM ,SM+1]✱ t❤❡ ♠✐♥✐♠✉♠ ♣♦ss✐❜❧❡ str❡t❝❤
S♦♣t ✐s ❝♦♠♣✉t❡❞✳ ■❢ S♦♣t > SM ✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✺✳✸✱ ✇❡ ❦♥♦✇ t❤❛t S♦♣t ✐s t❤❡ ♦♣t✐♠❛❧
str❡t❝❤✳ ■❢ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥✱ ♥♦ str❡t❝❤ ✈❛❧✉❡s ✐♥ t❤❡ str❡t❝❤✲✐♥t❡r✈❛❧ [SM ,SM+1] ✐s ❢❡❛s✐❜❧❡✱ s♦
t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s ✐♥ [SM+1,SU ]✳ ■❢ S♦♣t = SM ✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s s♠❛❧❧❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ SM ✳ ❚❤✉s✱ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s st✐❧❧ ❝♦♥t❛✐♥❡❞ ✐♥ [SL,SU ] ❛❢t❡r ♦♥❡ ✐t❡r❛t✐♦♥✳ ■❢ ✇❡ ❡①✐t
✇❤✐❧❡ ❧♦♦♣ ✇✐t❤♦✉t ❤❛✈✐♥❣ r❡t✉r♥ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤✱ t❤❡♥ U = L+1 ❛♥❞ t❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✐s
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ str❡t❝❤✲✐♥t❡r✈❛❧ [SL,SU ]✳ ❲❡ ❝♦♠♣✉t❡ t❤✐s ✈❛❧✉❡ ✇✐t❤ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ❛♥❞
r❡t✉r♥ ✐t✳ �
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❆❧❣♦r✐t❤♠ ✶✵✿ ❇✐♥❛r② s❡❛r❝❤ ❛♠♦♥❣ str❡t❝❤✲✐♥t❡r✈❛❧s

❜❡❣✐♥
L← 1 ❛♥❞ U ← ♠❛①
✇❤✐❧❡ U − L > 1 ❞♦

M ←
⌊

L + U

2

⌋

❙♦❧✈❡ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮ ❢♦r ✐♥t❡r✈❛❧ [SM ,SM+1]
✐❢ t❤❡r❡ ✐s ❛ s♦❧✉t✐♦♥ ✇✐t❤ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ S♦♣t t❤❡♥

✐❢ S♦♣t > SM t❤❡♥
r❡t✉r♥ S♦♣t

❡❧s❡
U ←M

❡❧s❡
L←M

❙♦❧✈❡ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✭▲P✮ ❢♦r ✐♥t❡r✈❛❧ [SL,SU ]
r❡t✉r♥ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ S♦♣t ♦❢ t❤❡ s♦❧✉t✐♦♥

❡♥❞

✺✳✹✳✸ ❖♥❧✐♥❡ s❡tt✐♥❣

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♠♦✈❡ t♦ st✉❞② t❤❡ ♦♥❧✐♥❡ s❡tt✐♥❣✱ ❛♥❞ ✇❡ ❞❡✈❡❧♦♣ ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❤❡✉r✐st✐❝
t♦ s❝❤❡❞✉❧❡ s❡✈❡r❛❧ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s ❛rr✐✈✐♥❣ ♦♥❧✐♥❡✱ ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠
str❡t❝❤✳ ❇❡❝❛✉s❡ ✇❡ t❛r❣❡t ❛♥ ♦♥❧✐♥❡ ❢r❛♠❡✇♦r❦✱ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝② ♥❡❡❞s t♦ ❜❡ ♠♦❞✐✜❡❞
✉♣♦♥ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ♦r ✉♣♦♥ t❤❡ ❛rr✐✈❛❧ ♦❢ ❛ ♥❡✇ ♦♥❡✳ ❘❡s♦✉r❝❡s ✇✐❧❧ ❜❡ r❡✲
❛ss✐❣♥❡❞ t♦ t❤❡ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❝❤❡❞✉❧❡r
✐s ♠❛❦✐♥❣ ❜❡st ✉s❡ ♦❢ ✐ts ♣❛rt✐❛❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss ✭✇❡ ❦♥♦✇ ❜❡❢♦r❡❤❛♥❞ ♥❡✐t❤❡r
t❤❡ r❡❧❡❛s❡ ❞❛t❡s✱ ♥♦r t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s✱ ♥♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♥❡①t ❛♣♣❧✐❝❛t✐♦♥ t♦
❛rr✐✈❡ ✐♥t♦ t❤❡ s②st❡♠✮✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♠❛❦❡ ✉s❡ ♦❢ ♦✉r st✉❞② ♦❢ t❤❡ ♦✤✐♥❡ ❝❛s❡✳ ❲❤❡♥ ❛
♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ ✐s r❡❧❡❛s❡❞✱ ✇❡ r❡❝♦♠♣✉t❡ t❤❡ ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲str❡t❝❤ ✉s✐♥❣ t❤❡ ❜✐♥❛r② s❡❛r❝❤
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♦✤✐♥❡ ❝❛s❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥♥♦t ♣r❡t❡♥❞ t♦ ♦♣t✐♠❛❧✐t② ❛♥② ❧♦♥❣❡r ❛s ✇❡ ♥♦✇
❤❛✈❡ ♦♥❧② ❧✐♠✐t❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳

❲❤❡♥ ❛ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ Ak♥❡✇ ❛rr✐✈❡s ❛t t✐♠❡ T♥❡✇ = r(k♥❡✇)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s
A0, . . . , Ak♥❡✇−1✱ r❡❧❡❛s❡❞ ❜❡❢♦r❡ T♥❡✇✳

❲❡ ❝❛❧❧ Π
(k)
r❡♠ t❤❡ ✭❢r❛❝t✐♦♥❛❧✮ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak r❡♠❛✐♥✐♥❣ ❛t t❤❡ ♠❛st❡r ❛t

t✐♠❡ T♥❡✇✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ t♦t❛❧❧②
♣r♦❝❡ss❡❞✱ ❛♥❞ ✇❡ t❤✉s ❤❛✈❡ Π

(k)
r❡♠ 6= 0 ❢♦r ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r t❤❡ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❤❛✈❡

Π
(k♥❡✇)
r❡♠ = Π(k♥❡✇)✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❛s ♣❛r❛♠❡t❡rs t❤❡ st❛t❡ B

(k)
u (tk♥❡✇) ♦❢ t❤❡ ❜✉✛❡rs ❛t t✐♠❡

T♥❡✇✳ ❲❡ ❛❧s♦ ❤❛✈❡ B
(k♥❡✇)
u (tk♥❡✇) = 0

❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲str❡t❝❤ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✾✱ t❤❡ ♦♥❧②
s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ❜❡✐♥❣ t❤❛t ✇❡ t❛❦❡ ♣❛st ❞❡❝✐s✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t✳ ❋♦r ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡ S✱ ✇❡
❤❛✈❡ ❛ ❝♦♥✈❡① ♣♦❧②❤❡❞r♦♥ ❞❡✜♥❡❞ ❜② t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ✐s ♥♦♥ ❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢
str❡t❝❤ S ✐s ❛❝❤✐❡✈❛❜❧❡✳ ❚❤❡ ❝♦♥str❛✐♥ts ❛r❡ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✐♥ ♦r❞❡r t♦ ✜t t❤❡ ♦♥❧✐♥❡ ❝♦♥t❡①t✳
❋✐rst✱ ✇❡ r❡❝♦♠♣✉t❡ t❤❡ ❞❡❛❞❧✐♥❡s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✿ d(k) = r(k) + S ×▼❙∗(k). ◆♦t❡ t❤❛t ♥♦✇✱
❛❧❧ r❡❧❡❛s❡ ❞❛t❡s ❛r❡ s♠❛❧❧❡r t❤❛♥ T♥❡✇✱ ❛♥❞ ❛❧❧ ❞❡❛❞❧✐♥❡s ❛r❡ ❧❛r❣❡r t❤❛♥ T♥❡✇✳

❲❡ s♦rt t❤❡ ❞❡❛❞❧✐♥❡s ❜② ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✱ ❛♥❞ ❞❡♥♦t❡ ❜② tj t❤❡ s❡t ♦❢ ♦r❞❡r❡r ❞❡❛❞❧✐♥❡s✿
{tj} = {d(k)} ∪ {T♥❡✇} s✉❝❤ t❤❛t tj ≤ tj+1✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡

te
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♦♥❡s ✉s❡❞ ❢♦r P♦❧②❤❡❞r♦♥ ✭K✮✱ ❡①❝❡♣t t❤❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦ ♣r♦❝❡ss❡❞✱ ✇❤✐❝❤ ✐s
✉♣❞❛t❡❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ♥✉♠❜❡r ♦❢ t❛s❦s t♦ ❜❡ ♣r♦❝❡ss❡❞✳

❆s ❞❡s❝r✐❜❡❞ ❢♦r t❤❡ ♦✤✐♥❡ s❡tt✐♥❣✱ ❛ ❜✐♥❛r② s❡❛r❝❤ ❛❧❧♦✇s t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤✳
◆♦t❡ t❤❛t t❤✐s ✏♦♣t✐♠❛❧✐t②✑ ❝♦♥❝❡r♥s ♦♥❧② t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [T♥❡✇,+∞]✱ ❛ss✉♠✐♥❣ t❤❛t ♥♦ ♦t❤❡r
❛♣♣❧✐❝❛t✐♦♥ ✇✐❧❧ ❜❡ r❡❧❡❛s❡❞ ❛❢t❡r T♥❡✇✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✇✐❧❧ ♥♦t ❤♦❧❞ tr✉❡ ✐♥ ❣❡♥❡r❛❧✱ ❤❡♥❝❡ ♦✉r
s❝❤❡❞✉❧❡ ✇✐❧❧ ❜❡ s✉❜♦♣t✐♠❛❧ ✭✇❤✐❝❤ ✐s t❤❡ ♣r✐❝❡ t♦ ♣❛② ✇✐t❤♦✉t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❢✉t✉r❡ r❡❧❡❛s❡❞
❛♣♣❧✐❝❛t✐♦♥s✮✳ ❚❤❡ str❡t❝❤ ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ ✇❤♦❧❡ ❛♣♣❧✐❝❛t✐♦♥ s❡t ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❛①✐♠✉♠
♦❢ t❤❡ str❡t❝❤❡s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❜✐♥❛r② s❡❛r❝❤ ❡❛❝❤ t✐♠❡ ❛ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ ✐s r❡❧❡❛s❡❞✳

✺✳✹✳✹ ▼P■ ❡①♣❡r✐♠❡♥ts ❛♥❞ ❙✐♠●r✐❞ s✐♠✉❧❛t✐♦♥s

❲❡ ❤❛✈❡ ❝♦♥❞✉❝t❡❞ s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥ts ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t s❝❤❡❞✉❧✐♥❣ str❛t❡❣✐❡s✱ ❛♥❞
t♦ s❤♦✇ t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ ❤❡✉r✐st✐❝s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❲❡ ✜rst ♣r❡s❡♥t t❤❡ ❤❡✉r✐st✐❝s
❝♦♠♣❛r❡❞✳ ❚❤❡♥ ✇❡ ❞❡t❛✐❧ t❤❡ ♣❧❛t❢♦r♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❋✐♥❛❧❧②✱ ✇❡
❡①♣♦s❡ ❛♥❞ ❝♦♠♠❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳

❆s ♦✉r ✢✉✐❞ ♠♦❞❡❧ r❡q✉✐r❡s ❛ t♦t❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ r❛t❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ✐t
✐s q✉✐t❡ ❤❛r❞ t♦ ✐♠♣❧❡♠❡♥t ✐♥ ♣r❛❝t✐❝❡✳ ❉✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡ ✉s❡❞ t❤❡ ❖♥❡✲P♦rt✱ ❆t♦♠✐❝

❈♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✱ ✇❤✐❝❤ s❡r✐❛❧✐③❡s s❡♥❞✐♥❣ ❢r♦♠ t❤❡ ♠❛st❡r✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t ❛ ✇♦r❦❡r
❤❛s t♦ ❝♦♠♣❧❡t❡❧② r❡❝❡✐✈❡ ❛ t❛s❦ ❜❡❢♦r❡ st❛rt✐♥❣ ✐ts ❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ t❤❛t ✐t ❝❛♥♥♦t ♣❡r❢♦r♠
s❡✈❡r❛❧ ❝♦♠♣✉t❛t✐♦♥s s✐♠✉❧t❛♥❡♦✉s❧②✳

❚❤❡ ❝♦❞❡ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❝❛♥ ❜❡ ❞♦✇♥❧♦❛❞❡❞ ❢r♦♠✿

❤tt♣✿✴✴❣r❛❛❧✳❡♥s✲❧②♦♥✳❢r✴⑦❥❢♣✐♥❡❛✉✴❉♦✇♥❧♦❛❞s✴❝❜s✸♠✴✳

❍❡✉r✐st✐❝s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t str❛t❡❣✐❡s t❤❛t ❛r❡ ❛❜❧❡ t♦ s❝❤❡❞✉❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❛♥
♦♥❧✐♥❡ s❡tt✐♥❣✳ ▼♦st ♦❢ t❤❡s❡ str❛t❡❣✐❡s ❛r❡ s✐♠♣❧❡ ❛♥❞ ✇❛✐t ❢♦r ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❡r♠✐♥❛t❡
❜❡❢♦r❡ s❝❤❡❞✉❧✐♥❣ ❛♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥✳ ❆❧t❤♦✉❣❤ ❢❛r ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡s✱ s✉❝❤
str❛t❡❣✐❡s ❛r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❡①✐st✐♥❣ ●r✐❞ s❝❤❡❞✉❧❡rs✳

❋■❋❖ ✭❋✐rst ■♥ ❋✐rst ❖✉t✮✕ ❆♣♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r r❡❧❡❛s❡ ❞❛t❡s✳

◆P❙P❚ ✭◆♦♥ Pr❡❡♠♣t✐✈❡ ❙❤♦rt❡st Pr♦❝❡ss✐♥❣ ❚✐♠❡✮✕ ❲❤❡♥ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t❡r♠✐♥❛t❡s
✭♦r t❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ✐s r❡❧❡❛s❡❞✮✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡st ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s
s❝❤❡❞✉❧❡❞ ✭t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ▼❙∗✱ s❡❡ ❙❡❝t✐♦♥ ✺✳✸✮✳

❙❘P❚ ✭❙❤♦rt❡st ❘❡♠❛✐♥✐♥❣ Pr♦❝❡ss✐♥❣ ❚✐♠❡✮✕ ❆t ❡❛❝❤ r❡❧❡❛s❡ ❞❛t❡ ♦r t❡r♠✐♥❛t✐♦♥ ❞❛t❡✱
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡st r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s s❝❤❡❞✉❧❡❞✳ ❚❤❡ r❡♠❛✐♥✐♥❣
♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣r♦❝❡ss t❤❡ r❡♠❛✐♥✐♥❣ t❛s❦s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✭❛♥❞
✐s ❛♣♣r♦①✐♠❛t❡❞ ❛s ♣r❡✈✐♦✉s❧②✮✳

❙❲❘P❚ ✭❙❤♦rt❡st ❲❡✐❣❤t❡❞ ❘❡♠❛✐♥✐♥❣ Pr♦❝❡ss✐♥❣ ❚✐♠❡✮✕ ❚❤✐s str❛t❡❣② ✐s ✈❡r② s✐♠✲
✐❧❛r t♦ ❙❘P❚✱ ❜✉t t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ t❤❡ r❡❧❡❛s❡❞ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ✇❡✐❣❤t❡❞
✇✐t❤ ▼❙∗✱ t❤❛t ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ s♠❛❧❧❡st ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦✲
❝❡ss✐♥❣ t✐♠❡ ❛♥❞ t❤❡ t♦t❛❧ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐s s❝❤❡❞✉❧❡❞ ✜rst✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ❣✐✈❡s s♠❛❧❧
❛♣♣❧✐❝❛t✐♦♥s ❛ ♣r✐♦r✐t② ❛❣❛✐♥st ❧❛r❣❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛❧♠♦st ✜♥✐s❤❡❞✱ ✇❤✐❝❤ ✐s ❜❡tt❡r
✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ str❡t❝❤✳
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❚❤❡ ✐♠♣♦rt❛♥❝❡ ❛♥❞ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❤❡✉r✐st✐❝s ❛r❡ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ r❡❧❛t❡❞ ✇♦r❦ s❡❝t✐♦♥
✭❙❡❝t✐♦♥ ✺✳✹✳✺✮✳ ❖♥❝❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐s s❡❧❡❝t❡❞✱ s❡✈❡r❛❧ ♣♦❧✐❝✐❡s ❡①✐st ❢♦r s❝❤❡❞✉❧✐♥❣ ✐ts t❛s❦s
♦♥t♦ t❤❡ ♣❧❛t❢♦r♠✿

❘❘ ✭❘♦✉♥❞✲❘♦❜✐♥✮✕ ❆❧❧ ✇♦r❦❡rs ❛r❡ s❡❧❡❝t❡❞ ✐♥ ❛ ❝②❝❧✐❝ ✇❛②✳

▼❈❚ ✭▼✐♥✐♠✉♠ ❈♦♠♣❧❡t✐♦♥ ❚✐♠❡✮✕ ●✐✈❡♥ t❤❡ t❛s❦✱ ✇❡ s❡❧❡❝t t❤❡ ✇♦r❦❡r t❤❛t ✇✐❧❧ ✜♥✐s❤
t❤✐s t❛s❦ t❤❡ ❡❛r❧✐❡st✱ ❣✐✈❡♥ t❤❡ ❝✉rr❡♥t ❧♦❛❞ ♦❢ t❤❡ ♣❧❛t❢♦r♠✳

❉❉ ✭❉❡♠❛♥❞✲❉r✐✈❡♥✮✕ ❲♦r❦❡rs ❛r❡ t❤❡♠s❡❧✈❡s ❛s❦✐♥❣ ❢♦r ❛ t❛s❦ t♦ ❝♦♠♣✉t❡ ❛s s♦♦♥ ❛s t❤❡②
❜❡❝♦♠❡ ✐❞❧❡✳

❚❤❡ ❢♦✉r ❛♣♣❧✐❝❛t✐♦♥ s❡❧❡❝t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ t❤❡ t❤r❡❡ r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ r✉❧❡s ❧❡❛❞ t♦ t✇❡❧✈❡
❞✐✛❡r❡♥t ❣r❡❡❞② ❛❧❣♦r✐t❤♠s✳ ❲❡ ❛❧s♦ t❡st ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❛❧❣♦r✐t❤♠✿

▼❲▼❆ ✭▼❛st❡r ❲♦r❦❡r ❢♦r ▼✉❧t✐♣❧❡ ❆♣♣❧✐❝❛t✐♦♥s✮✕ ❚❤✐s ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s ♦♥ ❡❛❝❤
t✐♠❡ ✐♥t❡r✈❛❧ ❛ st❡❛❞②✲st❛t❡ str❛t❡❣② t♦ s❝❤❡❞✉❧❡ t❤❡ ❛✈❛✐❧❛❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛s ♣r❡s❡♥t❡❞
✐♥ ❬✶✼❪ ❛♥❞ ❬✶✽❪✳ ❆❧❧ ❛✈❛✐❧❛❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ r✉♥♥✐♥❣ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛♥❞ ❡❛❝❤ ❛♣♣❧✐✲
❝❛t✐♦♥ ✐s ❣✐✈❡♥ ❛ ❞✐✛❡r❡♥t ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❛❝❝♦r❞✐♥❣ t♦ ✐ts ✇❡✐❣❤t✳ ❚❤✐s ✇❡✐❣❤t
❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ✭✐✮ t❤❡ r❡♠❛✐♥✐♥❣ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✭✈❛r✐❛♥t ❝❛❧❧❡❞
▼❲▼❆❴◆❇❚✮✱ ♦r ✭✐✐✮ t❤❡ r❡♠❛✐♥✐♥❣ t✐♠❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✭✈❛r✐❛♥t
❝❛❧❧❡❞ ▼❲▼❆❴▼❙✮✳ ❇♦t❤ ✈❛r✐❛♥ts ❛r❡ st✉❞✐❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s s❝❤❡❞✉❧✐♥❣ str❛t❡❣✐❡s✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ s❡✈❡r❛❧ ❤❡✉r✐st✐❝s ❜❛s❡❞
♦♥ ♦✉r st❛t✐❝ ❛❧❣♦r✐t❤♠✱ ❝❛❧❧❡❞ ❈❇❙✸▼ ✭❢♦r ❈❧❡✈❡r ❇✉rst ❙t❡❛❞②✲❙t❛t❡ ❙tr❡t❝❤ ▼✐♥✐♠✐③❛t✐♦♥✮
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ✉s❡ ♦❢ ▼P■ t♦ ♣❡r❢♦r♠ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❞✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts
❧❡❛❞s ✉s t♦ s❡r✐❛❧✐③❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❛♥❞ t♦ ❛❜❛♥❞♦♥ t❤❡ ♠✉❧t✐♣♦rt ♠♦❞❡❧ ✐♥ ❢❛✈♦r ♦❢ t❤❡
♦♥❡✲♣♦rt ♠♦❞❡❧✳ ❚❤✉s✱ t❤❡ ✢✉✐❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❇❙✸▼ ❛❧❣♦r✐t❤♠ ♥❡❡❞s t♦ ❜❡ ❛❞❛♣t❡❞ t♦ ❝♦♣❡
✇✐t❤ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✳ ❘❛t❤❡r t❤❛♥ ❧✐t❡r❛❧❧② ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ❆♣♣❡♥❞✐① ❈✱
✇❤✐❝❤ ❛r❡ ❜❡st s✉✐t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✱ ✇❡ ✜rst ✐♠♣❧❡♠❡♥t ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲
❜❛❧❛♥❝✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠❛st❡r✬s s❡♥❞✐♥❣ ♦♣❡r❛t✐♦♥s✱ ❛♥❞ t❤❡♥ ✇❡ t❡st t✇♦ ✈❛r✐❛♥ts ❢♦r t❤❡
✇♦r❦❡rs t♦ ❝❤♦♦s❡ t❤❡ ♥❡①t t❛s❦ t♦ ❝♦♠♣✉t❡ ❛♠♦♥❣ t❤♦s❡ t❤❡② ❤❛✈❡ r❡❝❡✐✈❡❞✿ ❋■❋❖ ❛♥❞ ❊❛r❧✐❡st
❉❡❛❞❧✐♥❡ ❋✐rst ✭❊❉❋✮✳ ❚❤❛t ❣✐✈❡s t✇♦ ❤❡✉r✐st✐❝s ❢♦r t❤❡ ♦♥❧✐♥❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭❜❛s❡❞
♦♥ ❙❡❝t✐♦♥ ✺✳✹✳✸✮✿ ❈❇❙✸▼❴❊❉❋❴❖◆▲■◆❊ ❛♥❞ ❈❇❙✸▼❴❋■❋❖❴❖◆▲■◆❊✮✳ ❆s ❛ ❝♦♠♣❛r✐s♦♥
❜❛s✐s✱ ✇❡ ❛❧s♦ ❛❞❞ t✇♦ str❛t❡❣✐❡s✱ ❈❇❙✸▼❴❊❉❋❴❘❖❋❋ ❛♥❞ ❈❇❙✸▼❴❋■❋❖❴❘❖❋❋✱ ✇✐t❤
❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❢✉t✉r❡ s✉❜♠✐ss✐♦♥s✿ t❤❡s❡ str❛t❡❣✐❡s r✉♥ t❤❡ ❈❇❙✸▼ ❛❧❣♦r✐t❤♠ ✉♥❞❡r
❛ r♦✉♥❞❡❞ ♦✤✐♥❡ ♠♦❞❡❧✿ t❤❡ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ✇❤♦❧❡
s❝❤❡❞✉❧❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ✭❜❛s❡❞ ♦♥ ❙❡❝t✐♦♥ ✺✳✹✳✷✮✱ ❜✉t ❛r❡ t❤❡♥ ❛❞❛♣t❡❞ ✭r♦✉♥❞❡❞✮ t♦ t❤❡
♦♥❡✲♣♦rt ♠♦❞❡❧✳

❇♦t❤ t❤❡ ❈❇❙✸▼ ❛♥❞ t❤❡ ▼❲▼❆ str❛t❡❣✐❡s ♠❛❦❡ ✉s❡ ♦❢ ❧✐♥❡❛r ♣r♦❣r❛♠s t♦ ❝♦♠♣✉t❡
t❤❡✐r s❝❤❡❞✉❧❡s✳ ❚❤❡s❡ ❧✐♥❡❛r ♣r♦❣r❛♠s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❣❧♣❦✱ t❤❡ ●♥✉ ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣
❑✐t ❬✼✶❪✳

❊①♣❡r✐♠❡♥t❛❧ s❡tt✐♥❣s

■♥ ♦r❞❡r t♦ t❡st ❛♥❞ ❝♦♠♣❛r❡ ♦✉r ❤❡✉r✐st✐❝s✱ ✇❡ ♣❡r❢♦r♠ ❜♦t❤ s✐♠✉❧❛t✐♦♥s ❛♥❞ r❡❛❧ ❡①♣❡r✐♠❡♥ts✳
❙✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤❡ ❙✐♠●r✐❞ ❬✾✹❪ s✐♠✉❧❛t♦r✱ ✇❤✐❧❡ ❡①♣❡r✐♠❡♥ts ♠❛❦❡ ✉s❡ ♦❢ t❤❡
▼P■❈❍✲✷ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐❜r❛r② ❬✼✹❪✳
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❈♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ❛r❡ r❡❛❧✐③❡❞ ❜② tr❛♥s♠✐tt✐♥❣ r❛♥❞♦♠ ❞❛t❛✱ ♦r ❜②
❝♦♠♣✉t✐♥❣ r❛♥❞♦♠ ♠❛tr✐① ♣r♦❞✉❝ts✱ ❛s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇❀ ♥♦ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐s ✉s❡❞✳ ■♥ ♣❛rt✐❝✉✲
❧❛r✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ❡♠✉❧❛t❡ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✿ ✇❡ ❤❛✈❡ ❢✉❧❧ ❢r❡❡❞♦♠ t♦ s❧♦✇ ❞♦✇♥ s♦♠❡
❝♦♠♠✉♥✐❝❛t✐♦♥s ❜② tr❛♥s♠✐tt✐♥❣ t❤❡ s❛♠❡ ❞❛t❛ s❡✈❡r❛❧ t✐♠❡s✱ ❛♥❞ s❧♦✇ ❞♦✇♥ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s
❜② ♣❡r❢♦r♠✐♥❣ s❡✈❡r❛❧ t✐♠❡s t❤❡ s❛♠❡ t❛s❦✳

❖✉r t❤❡♦r❡t✐❝❛❧ st✉❞② ✐s ❢✉❧❧② ❣❡♥❡r❛❧✱ ❛❧❧♦✇✐♥❣ ❝♦♠♣✉t✐♥❣ t✐♠❡s t♦ ❜❡ ✉♥r❡❧❛t❡❞✿ ❛ ♣r♦✲
❝❡ss♦r ❝❛♥ ♣r♦❝❡ss ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✳ ❍♦✇❡✈❡r✱ ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱
✇❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❛♥❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s t❤❛t ✇❡ ❤❛✈❡ ✉♥✐❢♦r♠ ♣r♦❝❡ss♦rs✱ ❛♥❞
❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ♦❢ t❤❡ s❛♠❡ ❦✐♥❞✿ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ ❛ t❛s❦ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐ts s✐③❡
✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✮ ❛♥❞ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ♣r♦❝❡ss♦r✱ ♥♦t ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❆s ✇❡
t❛r❣❡t ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ✇❡ ❣❡♥❡r❛t❡ s❡✈❡r❛❧ ♣❧❛t❢♦r♠ s❝❡♥❛r✐♦s✳ ❚❤❡
❝♦♠♣✉t✐♥❣ s♣❡❡❞s ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ ✐♥t❡r✈❛❧ [α, 10 ·α]✱ ✇❤❡r❡ α ✐s t❤❡ r❡❢❡r❡♥❝❡ s♣❡❡❞✳
❙✐♠✐❧❛r❧②✱ t❤❡ ❧✐♥❦ ❜❛♥❞✇✐❞t❤s ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ ✐♥t❡r✈❛❧ [β, 10 · β]✱ ✇❤❡r❡ β ✐s t❤❡
r❡❢❡r❡♥❝❡ ❜❛♥❞✇✐❞t❤✳

❚❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ❝♦♥❞✉❝t❡❞ ♦♥ ❛ ❝❧✉st❡r ❝♦♠♣♦s❡❞ ♦❢ ♥✐♥❡ ♣r♦❝❡ss♦rs✳ ❚❤❡ ♠❛st❡r ✐s ❛
❙✉♣❡r▼✐❝r♦ s❡r✈❡r ✻✵✶✸P■✱ ✇✐t❤ ❛ P✹ ❳❡♦♥ ✷✳✹ ●❍③ ♣r♦❝❡ss♦r✱ ❛♥❞ t❤❡ ✇♦r❦❡rs ❛r❡ ❛❧❧ ❙✉♣❡r▼✐❝r♦
s❡r✈❡rs ✺✵✶✸✲●▼✱ ✇✐t❤ P✹ ✷✳✹ ●❍③ ♣r♦❝❡ss♦rs✳ ❆❧❧ ♥♦❞❡s ❤❛✈❡ ✶ ●❇ ♦❢ ♠❡♠♦r② ❛♥❞ ❛r❡ r✉♥♥✐♥❣
▲✐♥✉①✳ ❚❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❛ s✇✐t❝❤❡❞ ✶✵ ▼❜♣s ❋❛st ❊t❤❡r♥❡t ♥❡t✇♦r❦✳

❊✈❡♥ ✐❢ ✇❡ t♦t❛❧❧② ❝♦♥tr♦❧ t❤❡ ♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs ✭❝♦♠♣✉t✐♥❣ s♣❡❡❞s ❛♥❞ ❜❛♥❞✇✐❞t❤s✮✱
✇❤❡♥ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ♥❡❡❞❡❞ ❜② ❛ ❤❡✉r✐st✐❝ t♦ t❛❦❡ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s✱ t❤❡ ♣❛r❛♠❡t❡rs
❛r❡ ♠❡❛s✉r❡❞ ✇✐t❤✐♥ t❤❡ ♣r♦❣r❛♠ ❜② s❡♥❞✐♥❣ ❛ s♠❛❧❧ ♠❡ss❛❣❡✱ ♦r ♣❡r❢♦r♠✐♥❣ ❛ s♠❛❧❧ t❛s❦✳ ❚❤✐s
✐s tr✉❡ ❜♦t❤ ✐♥ t❤❡ ▼P■ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳

❚❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ♣❧❛t❢♦r♠ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ t❛❦❡ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s ✐s
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✭❜✉t ♥♦t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✮✳ ❚❤✐s ♣❤❛s❡ ✉s✉❛❧❧② t❛❦❡s
❛ ❢❡✇ s❡❝♦♥❞s ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✭✉♣ t♦ ♦♥❡ ♠✐♥✉t❡✮ ❢♦r s❝❡♥❛r✐♦s ♦❢ ❛ ❢❡✇ ❤♦✉rs✱ ❛♥❞ t❤✉s
r❡♣r❡s❡♥ts ❧❡ss t❤❛♥ ✶✪ ♦❢ t❤❡ t♦t❛❧ r✉♥♥✐♥❣ t✐♠❡✳

❆♣♣❧✐❝❛t✐♦♥s

❆ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ✐ts r❡❧❡❛s❡ ❞❛t❡✱ ✐ts ♥✉♠❜❡r ♦❢ t❛s❦s✱ ❛♥❞ t❤❡ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ s✐③❡s ♦❢ ♦♥❡ t❛s❦✳ ❋♦r ♦✉r ❡①♣❡r✐♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s✱ ✇❡ r❛♥❞♦♠❧②
❣❡♥❡r❛t❡❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts ✐♥ ♦r❞❡r t♦ ❜❡ r❡❛❧✐st✐❝✿

• t❤❡ r❡❧❡❛s❡ ❞❛t❡s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❢♦❧❧♦✇ ❛ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❛s s✉❣❣❡st❡❞ ✐♥ ❬✻✺❪❀
• t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐s r❛♥❞♦♠❧②
❝❤♦s❡♥ ✇✐t❤ ❛ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ r❡❛❧✐st✐❝ ❜♦✉♥❞s✱ ❛♥❞ t❤❡♥ s♣❧✐t ✐♥t♦ t❛s❦s❀
t❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❛♥❞ t❤❡
s✐♠✉❧❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳

❚❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ❢♦r ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② t❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ❛❧❧♦✇❡❞ ❢♦r ♦♥❡ t❛s❦✳

❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ♦♥ ❛❧❧ ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠s✱ ❡①♣❡r✐♠❡♥t❛❧ ♦r s✐♠✲
✉❧❛t❡❞✳

te
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✶✵✽ ❈❍❆P❚❊❘ ✺✳ ❙❚❊❆❉❨✲❙❚❆❚❊ ❙❈❍❊❉❯▲■◆●

♣❛r❛♠❡t❡r ❡①♣❡r✐♠❡♥ts s✐♠✉❧❛t✐♦♥s

❣❡♥❡r❛❧ ♥✉♠❜❡r ♦❢ ✇♦r❦❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽ ✶✵
♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷ ✷✵

❛rr✐✈❛❧ ❞❛t❡s ♠❡❛♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❧♦❣ s♣❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✳✵ ✹✳✵
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐♥ t❤❡ ❧♦❣ s♣❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✳✷ ✶✳✷

❝♦♠♣✉t❛t✐♦♥s ♠❛①✐♠✉♠ ❛♠♦✉♥t ♦❢ ✇♦r❦ ❛♣♣❧✐❝❛t✐♦♥ ✭●✢♦♣s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻✳✽ ✹✵✾
♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ✇♦r❦ ♣❡r t❛s❦ ✭●✢♦♣s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✳✶ ✸✳✶

❝♦♠♠✉♥✐❝❛t✐♦♥s ♠❛①✐♠✉♠ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣❡r ❛♣♣❧✐❝❛t✐♦♥ ✭▼❇✮ ✳ ✽✵✵ ✻✱✵✵✵
♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣❡r t❛s❦ ✭▼❇✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵ ✹✵

♥✉♠❜❡r ♦❢ t❛s❦s ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ t❛s❦s ♣❡r ❛♣♣❧✐❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵ ✷✵

❚❛❜❧❡ ✺✳✶✿ P❛r❛♠❡t❡rs ❢♦r t❤❡ ▼P■ ❡①♣❡r✐♠❡♥ts ❛♥❞ ❢♦r t❤❡ ❙✐♠●r✐❞ s✐♠✉❧❛t✐♦♥s✳

❆❧❣♦r✐t❤♠ ♠✐♥✐♠✉♠ ❛✈❡r❛❣❡ ✭± st❞❞❡✈✮ ♠❛①✐♠✉♠ ✭❢r❛❝t✐♦♥ ♦❢ ❜❡st r❡s✉❧t✮

❋■❋❖❴❘❘ ✹✳✺✺✵ ✶✻✳✻✽✾ ✭± ✼✳✽✾✼✮ ✻✷✳✻ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
❋■❋❖❴▼❈❚ ✶✳✽✺✼ ✻✳✾✶✷ ✭± ✷✳✹✵✹✮ ✶✼✳✾ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
❋■❋❖❴❉❉ ✹✳✺✺✵ ✶✻✳✻✽✾ ✭± ✼✳✽✾✼✮ ✻✷✳✻ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
◆P❙P❚❴❘❘ ✶✳✸✹✽ ✹✳✷✼✹ ✭± ✶✳✼✼✶✮ ✶✸✳✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
◆P❙P❚❴▼❈❚ ✶✳✵✵✼ ✶✳✾✷✽ ✭± ✵✳✻✶✵✮ ✺✳✾✾ ✭t❤❡ ❜❡st ✐♥ ✶✳✸ ✪✮
◆P❙P❚❴❉❉ ✶✳✸✹✽ ✹✳✷✼✹ ✭± ✶✳✼✼✶✮ ✶✸✳✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
❙❘P❚❴❘❘ ✶✳✸✹✽ ✹✳✶✷✶ ✭± ✶✳✼✸✼✮ ✶✸✳✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
❙❘P❚❴▼❈❚ ✶✳✵✵✼ ✶✳✽✻✶ ✭± ✵✳✻✵✶✮ ✻✳✽✼ ✭t❤❡ ❜❡st ✐♥ ✷✳✷ ✪✮
❙❘P❚❴❉❉ ✶✳✸✹✽ ✹✳✶✷✶ ✭± ✶✳✼✸✼✮ ✶✸✳✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
❙❲❘P❚❴❘❘ ✶✳✸✹✹ ✹✳✶✶✾ ✭± ✶✳✼✸✾✮ ✶✸✳✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
❙❲❘P❚❴▼❈❚ ✶✳✵✵✼ ✶✳✽✺✼ ✭± ✵✳✻✵✶✮ ✻✳✽✼ ✭t❤❡ ❜❡st ✐♥ ✶✳✾ ✪✮
❙❲❘P❚❴❉❉ ✶✳✸✹✹ ✹✳✶✶✾ ✭± ✶✳✼✸✾✮ ✶✸✳✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
▼❲▼❆❴◆❇❚ ✶✳✹✼✼ ✸✳✹✸✸ ✭± ✶✳✵✹✹✮ ✽✳✹✾ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
▼❲▼❆❴▼❙ ✷✳✹✸✺ ✽✳✻✶✾ ✭± ✷✳✹✷✵✮ ✷✵✳✹ ✭t❤❡ ❜❡st ✐♥ ✵✳✵ ✪✮
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❈❇❙✸▼❴❊❉❋❴❖◆▲■◆❊ ✶✳✵✵✸ ✶✳✶✻✸ ✭± ✵✳✶✶✽✮ ✶✳✾✸ ✭t❤❡ ❜❡st ✐♥ ✻✹✳✵ ✪✮

❈❇❙✸▼❴❋■❋❖❴❘❖❋❋ ✶✳✵✷✷ ✶✳✸✼✾ ✭± ✵✳✷✼✻✮ ✸✳✼✹ ✭t❤❡ ❜❡st ✐♥ ✸✳✽ ✪✮
❈❇❙✸▼❴❊❉❋❴❘❖❋❋ ✶✳✵✶✶ ✶✳✷✶✸ ✭± ✵✳✶✷✺✮ ✷✳✵✻ ✭t❤❡ ❜❡st ✐♥ ✷✻✳✷ ✪✮

❚❛❜❧❡ ✺✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts✿ ❘❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ ♦❢ ❛❧❧ ❤❡✉r✐st✐❝s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳

❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡t❛✐❧ t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❲❡ r✉♥ 1000 s✐♠✉❧❛t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡
♣❛r❛♠❡t❡rs ❞❡s❝r✐❜❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ❚❛❜❧❡ ✺✳✷ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ ❛❧❧ ❤❡✉r✐st✐❝s ❢♦r t❤❡ ♠❛①✲
str❡t❝❤ ♠❡tr✐❝✱ ✇❤❡r❡❛s ❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♦♠❡ ❤❡✉r✐st✐❝s ✭t❤❡ ❜❡st ♦♥❡s✮ ♦✈❡r
t❤❡ ❧♦❛❞ ♦❢ t❤❡ s❝❡♥❛r✐♦✳ ❍❡r❡ t❤❡ ❧♦❛❞ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ t❤❡♦r❡t✐❝❛❧ ❛❝❤✐❡✈❛❜❧❡
♠❛①✲str❡t❝❤ ✐♥ t❤❡ ✢✉✐❞ ♠♦❞❡❧✿ ✇❡ ❝♦♥s✐❞❡r t❤❛t ❛ s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ✐s
✻ ✐s t✇✐❝❡ ❛s ❧♦❛❞❡❞ ❛s ❛ s❝❡♥❛r✐♦ ✇✐t❤ ❛♥ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ♦❢ ✸✳ ❆❧❧ r❡s✉❧ts ❛r❡ r❡❧❛t✐✈❡ t♦
t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ♦✤✐♥❡ ❝❛s❡✳ ❆ r❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ ♦❢ ✶✳✺
♠❡❛♥s t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str❛t❡❣✐❡s ❛❝❤✐❡✈❡s ❛ ♠❛①✲str❡t❝❤ ✇❤✐❝❤ ✐s ✶✳✺ t✐♠❡s t❤❡ ♦♣t✐♠❛❧
♦♥❡✱ t❤✉s ✇✐t❤ ❛ ❞❡❣r❛❞❛t✐♦♥ ♦❢ ✺✵✪✳

❚❤❡ ❈❇❙✸▼ ❤❡✉r✐st✐❝s ♣❡r❢♦r♠ ✈❡r② ✇❡❧❧ ❢♦r t❤❡ ♠❛①✲str❡t❝❤✿ ❈❇❙✸▼❴❊❉❋❴❖◆▲■◆❊
❛❝❤✐❡✈❡s t❤❡ ❜❡st ♠❛①✲str❡t❝❤ ❜❡t✇❡❡♥ ❛❧❧ ❤❡✉r✐st✐❝s ✐♥ ✻✹✪ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s ❤❡✉r✐st✐❝
♣❡r❢♦r♠s s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r t❤❛♥ ❛❧❧ ♦t❤❡r ❤❡✉r✐st✐❝s✿ ✐t ❤❛s ❛♥ ❛✈❡r❛❣❡ ♠❛①✲str❡t❝❤ ♦❢ ✶✳✶✻✸
t✐♠❡s t❤❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤✱ t❤❡ ❧♦✇❡st st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✭✵✳✶✶✽✮ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ✇♦rst
❝❛s❡ ✭✶✳✾✸✮ ❛♠♦♥❣ ❛❧❧ ❤❡✉r✐st✐❝s✳

❚❤❡ ❣♦♦❞ r❡s✉❧ts ♦❢ t❤❡ ❈❇❙✸▼ ❤❡✉r✐st✐❝s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡② ♠❛❦❡ ✈❡r②
❣♦♦❞ ✉s❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠✱ ❜② s❝❤❡❞✉❧✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡✱
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❧♦❛❞ ✭♦♣t✐♠❛❧ str❡t❝❤✮

❋✐❣✉r❡ ✺✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ ♦❢ ❜❡st ❤❡✉r✐st✐❝s ✐♥ t❤❡
s✐♠✉❧❛t✐♦♥s ✉♥❞❡r ❞✐✛❡r❡♥t ❧♦❛❞ ❝♦♥❞✐t✐♦♥s✳

❢♦r ❡①❛♠♣❧❡ ✇❤❡♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❞✐✉♠ ❤❛s st✐❧❧ s♦♠❡ ❢r❡❡ ❜❛♥❞✇✐❞t❤ ❛❢t❡r s❝❤❡❞✉❧✐♥❣
t❤❡ ♠♦st ❝r✐t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✳ ❆❧❧ ♦t❤❡r ❤❡✉r✐st✐❝s ✭❡①❝❡♣t ▼❲▼❆✮ ❛r❡ ❧✐♠✐t❡❞ t♦ s❝❤❡❞✉❧✐♥❣
♦♥❧② ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❛t ❛ t✐♠❡✱ ❧❡❛❞✐♥❣ t♦ ❛♥ ♦✈❡r❛❧❧ ❜❛❞ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠✳
❖♥❡ ❝❛♥ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❈❇❙✸▼ ❤❡✉r✐st✐❝s ❛❧s♦ ❤❛✈❡ ✈❡r② s♠❛❧❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✳

❆♥♦t❤❡r ❝♦♠♠❡♥t ✐s t❤❡ r❡❧❛t✐✈❡ ❜❛❞ r❡s✉❧t ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ str❛t❡❣✐❡s ▼❲▼❆❴◆❇❚ ❛♥❞
▼❲▼❆❴▼❙✿ ❛❧t❤♦✉❣❤ t❤❡② s❝❤❡❞✉❧❡ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥❝✉rr❡♥t❧② ♦♥ t❤❡ ♣❧❛t❢♦r♠s✱ t❤❡②
✉s❡ ❛ s♦♠❡✇❤❛t ✇r♦♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r✐♦r✐t✐❡s✱ ❧❡❛❞✐♥❣ t♦ ♣♦♦r r❡s✉❧ts✳

■♥ ❋✐❣✉r❡ ✺✳✷✱ ♦♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t✱ s✉r♣r✐s✐♥❣❧②✱ t❤❡ r♦✉♥❞❡❞ ♦✤✐♥❡ ✈❡rs✐♦♥ ♦❢ ❈❇❙✸▼
✐s ♥♦t ❛❧✇❛②s ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❧✐♥❡ ✈❡rs✐♦♥✳ ❚❤❡ ♦✤✐♥❡ ✈❡rs✐♦♥ ❦♥♦✇s t❤❡ ❢✉t✉r❡ ❛♥❞ t❤✉s
s❤♦✉❧❞ ❛❝❤✐❡✈❡ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✐t s✉✛❡rs ❢r♦♠ ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛❧
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ t❤♦s❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ♠♦❞❡❧✳ ❚❤❡ ♦♥❧✐♥❡ ✈❡rs✐♦♥ ✐s ❛❜❧❡ t♦
❝✐r❝✉♠✈❡♥t t❤✐s ♣r♦❜❧❡♠ ❛s ✐t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✇♦r❦ ❡✛❡❝t✐✈❡❧② ♣r♦❝❡ss❡❞ t♦ r❡❝♦♠♣✉t❡
t❤❡ s❝❤❡❞✉❧❡ ❛t ❡❛❝❤ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ ❛rr✐✈❛❧✳ ❚❤✐s ❣❛✐♥ ♦❢ r❡❛❝t✐✈✐t② ❝♦♠♣❡♥s❛t❡s ❢♦r t❤❡ ❧♦ss
❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❢✉t✉r❡✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t r❡s♦✉r❝❡ s❡❧❡❝t✐♦♥ ✐s ✐♠♣♦rt❛♥t
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❈❇❙✸▼❴❋■❋❖❴❘❖❋❋ ✶✳✵✹ ✶✳✸✽ ✭± ✵✳✷✽✮ ✷✳✾✼ ✭t❤❡ ❜❡st ✐♥ ✶✷✳✵✪✮
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❋■❋❖❴▼❈❚ ✶✳✶✵ ✶✳✽✶ ✭± ✵✳✻✵✮ ✹✳✶✺ ✭t❤❡ ❜❡st ✐♥ ✹✳✵✪✮
❋■❋❖❴❘❘ ✶✳✸✺ ✹✳✾✾ ✭± ✸✳✹✻✮ ✶✾✳✺✵ ✭t❤❡ ❜❡st ✐♥ ✵✳✵✪✮

▼❲▼❆❴▼❙ ✶✳✷✷ ✷✳✷✾ ✭± ✵✳✺✻✮ ✹✳✵✺ ✭t❤❡ ❜❡st ✐♥ ✵✳✵✪✮
▼❲▼❆❴◆❇❚ ✶✳✶✸ ✶✳✺✵ ✭± ✵✳✶✼✮ ✷✳✵✻ ✭t❤❡ ❜❡st ✐♥ ✹✳✵✪✮
◆P❙P❚ ❴❉❉ ✶✳✸✸ ✹✳✽✼ ✭± ✸✳✶✵✮ ✶✽✳✼✺ ✭t❤❡ ❜❡st ✐♥ ✵✳✵✪✮
◆P❙P❚ ❴▼❈❚ ✶✳✵✽ ✶✳✽✹ ✭± ✵✳✻✶✮ ✸✳✹✸ ✭t❤❡ ❜❡st ✐♥ ✹✳✵✪✮
❙❘P❚❴▼❈❚ ✶✳✵✾ ✶✳✽✼ ✭± ✵✳✺✾✮ ✸✳✸✽ ✭t❤❡ ❜❡st ✐♥ ✵✳✵✪✮
❙❲❘P❚❴▼❈❚ ✶✳✵✽ ✶✳✽✽ ✭± ✵✳✺✾✮ ✸✳✸✽ ✭t❤❡ ❜❡st ✐♥ ✷✳✵✪✮

❚❛❜❧❡ ✺✳✼✿ ▼P■ ❡①♣❡r✐♠❡♥t r❡s✉❧ts✿ ❘❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ ♦❢ s❡❧❡❝t❡❞ ❤❡✉r✐st✐❝s ✐♥ t❤❡ ❡①♣❡r✐✲
♠❡♥ts✳

CBSSM_EDF_ROFF

SWRPT_MCT

MWMA_NBT

CBS3M_EDF_ONLINE

r❡
❧❛
t✐
✈❡

♠
❛①

✲s
tr
❡t
❝❤

❧♦❛❞ ✭♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤✮

✶

✶✳✺

✷

✷✳✺

✸

✸✳✺

✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵

❋✐❣✉r❡ ✺✳✼✿ ▼P■ ❡①♣❡r✐♠❡♥t r❡s✉❧ts✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ ♦❢ ❜❡st ❤❡✉r✐st✐❝s ✐♥
t❤❡ s✐♠✉❧❛t✐♦♥s ✉♥❞❡r ❞✐✛❡r❡♥t ❧♦❛❞ ❝♦♥❞✐t✐♦♥s✳
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❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✺✳✼❀ ❋✐❣✉r❡ ✺✳✼ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts
❢♦r t❤❡ ❜❡st ❢♦✉r str❛t❡❣✐❡s✿ ❈❇❙✸▼ ✉s✐♥❣ ❊❉❋ ♣♦❧✐❝②✱ ✐♥ ❜♦t❤ t❤❡ ♦✤✐♥❡ ❛♥❞ ♦♥❧✐♥❡ ✈❡rs✐♦♥s✱
▼❲▼❆❴◆❇❚ ❛♥❞ ❙❲❘P❚✳

❚❤❡s❡ r❡s✉❧ts ❛r❡ q✉✐t❡ s✐♠✐❧❛r t♦ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❲❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜❧❡ ✺✳✼ t❤❛t t❤❡
❢♦✉r ✈❡rs✐♦♥s ♦❢ ❈❇❙✸▼ ❛❝❤✐❡✈❡ ❛ ❜❡tt❡r r❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ t❤❛♥ ♠♦st ♦t❤❡r str❛t❡❣✐❡s✳ ■♥
❢❛❝t✱ t❤❡② ❛❧❧ ❛❝❤✐❡✈❡ ❢❛r ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ ❛♥② ♦t❤❡r str❛t❡❣② ✐♥ ✽✻✪ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts✳
❖♥❝❡ ❛❣❛✐♥ t❤❡ ♦♥❧✐♥❡ ✈❡rs✐♦♥ ♣❡r❢♦r♠s ❣❡♥❡r❛❧❧② ❜❡tt❡r t❤❛♥ t❤❡ ♦✤✐♥❡ ✈❡rs✐♦♥✱ ❛s ❡①♣❧❛✐♥❡❞
❡❛r❧✐❡r✳

❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❝♦♥❝❡r♥s t❤❡ ▼❲▼❆ str❛t❡❣✐❡s✱ ✇❤✐❝❤ ♣❡r❢♦r♠ ♠✉❝❤ ❜❡tt❡r t❤❛♥ ✐♥
t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡▼❲▼❆❴◆❇❚ ❛❧❣♦r✐t❤♠ ❧✐❡s ✐♥ ❜❡t✇❡❡♥ ♦✉r ❛❧❣♦r✐t❤♠s ❛♥❞ t❤❡ ❣r❡❡❞②
str❛t❡❣✐❡s✱ ❡✈❡♥ ✐❢ s♦♠❡t✐♠❡s t❤❡② ❛❝❤✐❡✈❡ ❛ ✈❡r② ❜❛❞ r❡❧❛t✐✈❡ ♠❛①✲str❡t❝❤ ✭✉♣ t♦ ✷✳✵✻✮✳ ❚❤✐s
❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s ✉s❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s✿ ✐♥ ♦r❞❡r t♦
❛✈♦✐❞ ❤✉❣❡ r✉♥♥✐♥❣ t✐♠❡s ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ s✐♠♣❧❡r s❝❡♥❛r✐♦s✱ ✇✐t❤ s♠❛❧❧❡r
❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤❡r❡❛s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r ❧❛r❣❡r ❛♣♣❧✐❝❛t✐♦♥s ❛s s✐♠✉❧❛t✐♦♥s r✉♥ ❢♦r
❛ s❤♦rt t✐♠❡ ❡✈❡♥ ✇✐t❤ ❧♦♥❣ s✐♠✉❧❛t❡❞ r✉♥♥✐♥❣ t✐♠❡s✳ ❚♦ ❢✉❧❧② ❛ss❡ss t❤❡ ❛❞❡q✉❛❝② ♦❢ t❤❡
s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❞❡❝✐❞❡❞ t♦ r❡✲r✉♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❝❡♥❛r✐♦s ✇✐t❤✐♥ ♦✉r
s✐♠✉❧❛t♦r✱ ❛♥❞ t♦ ❝♦♠♣❛r❡ ❜♦t❤ r❡s✉❧ts✳

❙✐♠✉❧❛t✐♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ s❡tt✐♥❣s

✵

✵✳✵✷

✵✳✵✹

✵✳✵✻

✵✳✵✽

✵✳✶

✵✳✶✷

✵✳✶✹

✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵

❢r
❡q

✉❡
♥❝

②
✭✪

✮

r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥ ✭✪✮

❋✐❣✉r❡ ✺✳✽✿ ❉✐str✐❜✉t✐♦♥ ♦❢ r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝❤❡❝❦ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s ❜② ✏s✐♠✉❧❛t✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts✑✿ ✇❡
r✉♥ s✐♠✉❧❛t✐♦♥s ♦♥ t❤❡ s❛♠❡ s❝❡♥❛r✐♦s ✭♣❧❛t❢♦r♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✮ t❤❛t ❤❛✈❡ ❜❡❡♥
✉s❡❞ ❢♦r r❡❛❧ ❡①♣❡r✐♠❡♥ts✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❡①❡❝✉t✐♦♥s ✇✐❧❧ ❞✐✛❡r✱ ❛♥❞ ✇❡ ❞♦ ♥♦t ❡①♣❡❝t t❤❡ r❡s✉❧ts
t♦ ❜❡ str✐❝t❧② ✐❞❡♥t✐❝❛❧✿ t❤❡ s✐♠✉❧❛t✐♦♥s ❞♦ ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ❞②♥❛♠✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠
✉s❡❞ ✐♥ r❡❛❧ ❡①♣❡r✐♠❡♥ts✳ ❙✐♠✉❧❛t✐♦♥s ❞♦ ♥♦t t❛❦❡ s❝❤❡❞✉❧✐♥❣ t✐♠❡s ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ r❡❧② ♦♥
❡①❛❝t ❛♣♣❧✐❝❛t✐♦♥✴♣❧❛t❢♦r♠ ♣❛r❛♠❡t❡rs✱ ✇❤✐❧❡ ❡①♣❡r✐♠❡♥ts ❝❛♥ ♦♥❧② r❡❧② ♦♥ ✐♥❛❝❝✉r❛t❡ ♣r❡❞✐❝t❡❞
✈❛❧✉❡s✳
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■♥ ❋✐❣✉r❡ ✺✳✽✱ ✇❡ ♣❧♦t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❛①✲str❡t❝❤ ♦❜✲
t❛✐♥❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❛♥❞ t❤❡ ♠❛①✲str❡t❝❤ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ❢♦r ❛❧❧ str❛t❡❣✐❡s✳ ❚❤❡
♠❛①✐♠✉♠ ❞❡✈✐❛t✐♦♥ ✐s ✻✵✳✶✪✱ ❜✉t t❤❡ ❛✈❡r❛❣❡ ❞❡✈✐❛t✐♦♥ ✐s ♦♥❧② ✽✳✾✪✱ ✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥
♦❢ ✾✳✺✪ ✭t❤❡ ♠❡❞✐❛♥ ✈❛❧✉❡ ✐s ✺✳✺✪✮✳ ❖✈❡r❛❧❧✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ✐s s❛t✐s❢❛❝t♦r②✱ ❛♥❞
❡✈❡♥ ❣♦♦❞ ✐❢ ✇❡ ❦❡❡♣ ✐♥ ♠✐♥❞ ❛❧❧ ♣♦ss✐❜❧❡ s♦✉r❝❡s ♦❢ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✲
✐♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈❇❙✸▼ ❤❡✉r✐st✐❝s ❛♥❞ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s
✇❡r❡ ♠♦st ♦❢ t❤❡ t✐♠❡ ❛❜♦✈❡ ✷✵✪✳

✺✳✹✳✺ ❘❡❧❛t❡❞ ✇♦r❦

❘❡❧❛t❡❞ ❧✐t❡r❛t✉r❡ ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ t✇♦ ♠❛✐♥ ❝❛t❡❣♦r✐❡s✿ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣ ❛♥❞ ✢♦✇✲
t②♣❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳

❙t❡❛❞②✲❙t❛t❡ ❙❝❤❡❞✉❧✐♥❣

▼✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥✱ ✐✳❡✳✱ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡✱ ✐s ❛♥ ◆P✲❤❛r❞ ♣r♦❜❧❡♠ ✐♥ ♠♦st ♣r❛❝t✐❝❛❧
s✐t✉❛t✐♦♥s ❬✻✽✱ ✶✸✵✱ ✺✶❪✱ ✇❤✐❧❡ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ♦♣t✐♠❛❧ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧❡ ❝❛♥ ♦❢t❡♥ ❜❡
❝❤❛r❛❝t❡r✐③❡❞ ✈❡r② ❡✣❝✐❡♥t❧②✱ ✇✐t❤ ❧♦✇✲❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ❝♦♠♣❧❡①✐t②✳

❚❤❡ st❡❛❞②✲st❛t❡ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣✐♦♥❡❡r❡❞ ❜② ❇❡rts✐♠❛s ❛♥❞ ●❛♠❛r♥✐❦ ❬✷✽❪✳ ■t ❤❛s ❜❡❡♥
✉s❡❞ s✉❝❝❡ss❢✉❧❧② ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s ❬✷✶❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣ ❤❛s ❜❡❡♥ ✉s❡❞ t♦
s❝❤❡❞✉❧❡ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s tr❡❡✲♦✈❡r❧❛② ♥❡t✇♦r❦s ❬✶✹✱ ✾❪✳ ❇❛♥❞✇✐❞t❤✲❝❡♥tr✐❝
s❝❤❡❞✉❧✐♥❣ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✹❪✱ ❛♥❞ ❡①t❡♥s✐✈❡ ❡①♣❡r✐♠❡♥ts ❛r❡ r❡♣♦rt❡❞ ✐♥ ❬✾✵❪✳ ❚❤❡ st❡❛❞②✲st❛t❡
❛♣♣r♦❛❝❤ ❤❛s ❛❧s♦ ❜❡❡♥ ✉s❡❞ ❜② ❍♦♥❣ ❡t ❛❧✳ ❬✼✾❪ ✇❤♦ ❡①t❡♥❞ t❤❡ ✇♦r❦ ♦❢ ❬✶✹❪ t♦ ❞❡♣❧♦② ❛ ❞✐✈✐s✐❜❧❡
✇♦r❦❧♦❛❞ ♦♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳ ❍♦✇❡✈❡r✱ ❛♥❞ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♦♥❧②
r❡❢❡r❡♥❝❡ ❞❡❛❧✐♥❣ ✇✐t❤ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣ ❢♦r s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐s ❬✶✼❪✳

❋❧♦✇✲t②♣❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣

▼♦st ♦❢ t❤❡ ❡①✐st✐♥❣ ✇♦r❦ ♦♥ str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ♠♦♥♦✲♣r♦❝❡ss♦r ❝❛s❡✳ ■♥ ❢❛❝t✱
t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❧♦t ♦❢ ✇♦r❦ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✐♠♣❧❡ ❧✐st s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝s ❢♦r t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♦❢ ✢♦✇✲❧✐❦❡ ♠❡tr✐❝s ✇✐t❤ ♣r❡❡♠♣t✐♦♥✳ ❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ✜rst ❝♦♥s✐❞❡r t❤✐s ✇♦r❦✳

❋❧♦✇ ♦♣t✐♠✐③❛t✐♦♥✳ ❖♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ t❤❡ ♠❛①✲✢♦✇ ✐s ♦♣t✐♠✐③❡❞ ❜② ❋✐rst✲❈♦♠❡ ❋✐rst✲
❙❡r✈❡ ✭❋❈❋❙✮ ✭s❡❡ ❇❡♥❞❡r ❡t ❛❧✳ ❬✷✹❪ ❢♦r ❡①❛♠♣❧❡✮✱ ❛♥❞ t❤❡ s✉♠✲✢♦✇ ✐s ♦♣t✐♠✐③❡❞ ❜② s❤♦rt❡st
r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✜rst ✭❙❘P❚✮ ❬✻❪✳

❚❤✐♥❣s ❛r❡ ♠♦r❡ ❞✐✣❝✉❧t ❢♦r str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳ ❋✐rst✱ ❛♥② ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❤❛s
❛ ❜❡tt❡r ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❢♦r s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ t❤❛♥ ❋❈❋❙ ✐s s✉❜❥❡❝t t♦ st❛r✈❛t✐♦♥✱
❛♥❞ ✐s t❤✉s ♥♦t ❛ ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r ♠❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ❬✾✼❪✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
t✇♦ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❝❛♥♥♦t ❜❡ ♦♣t✐♠✐③❡❞ s✐♠✉❧t❛♥❡♦✉s❧② t♦ ♦❜t❛✐♥ ❛ ♥♦♥ tr✐✈✐❛❧ ❝♦♠♣❡t✐t✐✈❡
❢❛❝t♦r ✭❋❈❋❙ ✐s ♥♦t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✇❡✐❣❤t ♦❢ t❛s❦s ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡✮✳

❙✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♦✤✐♥❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠✲str❡t❝❤ ✇✐t❤
♣r❡❡♠♣t✐♦♥ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❆t t❤❡ ✈❡r② ❧❡❛st✱ t❤✐s ✐s ❛ ❤✐♥t ❛t t❤❡ ❞✐✣❝✉❧t② ♦❢ t❤✐s ♣r♦❜✲
❧❡♠✳ ❇❡♥❞❡r✱ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❛♥❞ ❘❛❥❛r❛♠❛♥ ❬✷✺❪ ❞❡s✐❣♥❡❞ ❛ P♦❧②♥♦♠✐❛❧ ❚✐♠❡ ❆♣♣r♦①✐♠❛t✐♦♥
❙❝❤❡♠❡ ✭P❚❆❙✮ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ✇✐t❤ ♣r❡❡♠♣t✐♦♥✳ ❈❤❡❦✉r✐ ❛♥❞ ❑❤❛♥♥❛ ❬✹✼❪ ♣r♦✲
♣♦s❡❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s✉♠ ✇❡✐❣❤t❡❞ ✢♦✇ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳
❖♥ t❤❡ ♦♥❧✐♥❡ s✐❞❡✱ ♥♦ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✶✳✶✾✹✽✹ ❢♦r
t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ s✉♠✲str❡t❝❤ ❬✾✻✱ ✾✼❪✳
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❆s ✇❡ r❡❝❛❧❧❡❞✱ ♦♥ ♦♥❡ ♣r♦❝❡ss♦r✱ ❙❘P❚ ✐s ♦♣t✐♠❛❧ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲✢♦✇✳ ❲❤❡♥ ❙❘P❚
t❛❦❡s ❛ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥✱ ✐t ♦♥❧② ❝♦♥s✐❞❡rs t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ ❛ t❛s❦✱ ❛♥❞ ♥♦t
✐ts ♦r✐❣✐♥❛❧ ♣r♦❝❡ss✐♥❣ t✐♠❡✱ ✐✳❡✳✱ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ t❛s❦ ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱
▼✉t❤✉❦r✐s❤♥❛♥✱ ❘❛❥❛r❛♠❛♥✱ ❙❤❛❤❡❡♥✱ ❛♥❞ ●❡❤r❦❡ ❤❛✈❡ s❤♦✇♥ ❬✶✵✻❪ t❤❛t ❙❘P❚ ✐s ✷✲❝♦♠♣❡t✐t✐✈❡
❢♦r s✉♠✲str❡t❝❤✳ ❆♥♦t❤❡r ✇❡❧❧ st✉❞✐❡❞ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ❙♠✐t❤✬s r❛t✐♦ r✉❧❡ ❬✶✸✼❪ ❛❧s♦ ❦♥♦✇♥ ❛s
s❤♦rt❡st ✇❡✐❣❤t❡❞ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✭❙❲P❚✮✳ ❲❤❛t❡✈❡r t❤❡ ✇❡✐❣❤ts✱ ❙❲P❚ ✐s ✷✲❝♦♠♣❡t✐t✐✈❡ ❬✶✷✺❪
❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢ ✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s✳ ❍♦✇❡✈❡r✱ ❙❲P❚ ✐s ♥♦t ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤✳ ■♥❞❡❡❞✱ ❜♦t❤ ❙P❚ ✭s❤♦rt❡st ♣r♦❝❡ss✐♥❣
t✐♠❡✮ ❛♥❞ ❙❲P❚ ❛r❡ ♥♦t ❝♦♠♣❡t✐t✐✈❡ ❛❧❣♦r✐t❤♠s ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠✲str❡t❝❤ ❬✾✻✱ ✾✼❪✳ ❚♦
❛❞❞r❡ss t❤❡ ✇❡❛❦♥❡ss❡s ♦❢ ❜♦t❤ ❙❘P❚ ❛♥❞ ❙❲P❚✱ ♦♥❡ ♠✐❣❤t ❝♦♥s✐❞❡r ❛ ❤❡✉r✐st✐❝ t❤❛t t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t ❜♦t❤ t❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡s ♦❢ t❤❡ ❥♦❜s✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡
s❤♦rt❡st ✇❡✐❣❤t❡❞ r❡♠❛✐♥✐♥❣ ♣r♦❝❡ss✐♥❣ t✐♠❡ ❤❡✉r✐st✐❝ ✭❙❲❘P❚✮✳ ▼✉t❤✉❦r✐s❤♥❛♥✱ ❘❛❥❛r❛♠❛♥✱
❙❤❛❤❡❡♥✱ ❛♥❞ ●❡❤r❦❡ ❬✶✵✻❪ ♣r♦✈❡❞ t❤❛t ❙❲❘P❚ ✐s ❛❝t✉❛❧❧② ♦♣t✐♠❛❧ ✇❤❡♥ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ❥♦❜
s✐③❡s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ✇♦rst ❝❛s❡ ❢♦r ❙❲❘P❚ ❢♦r s✉♠✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ✐s
❛t ❧❡❛st ✷✱ ❛♥❞ t❤✉s ✐s ♥♦ ❜❡tt❡r t❤❛♥ t❤❛t ♦❢ ❙❘P❚ ❬✾✻✱ ✾✼❪✳

▼❛①✲str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥✳ ▼❛①✲str❡t❝❤ ❝❛♥ ❜❡ ♦♣t✐♠❛❧❧② ♠✐♥✐♠✐③❡❞ ✐♥ t❤❡ ♦✤✐♥❡ ❝❛s❡ ❬✾✻✱ ✾✼❪✱
❡✈❡♥ ♦♥ ✉♥r❡❧❛t❡❞ ♠❛❝❤✐♥❡s ✭❡✐t❤❡r ✇✐t❤ ♣r❡❡♠♣t✐♦♥ ♦r ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦✮✳ ❚❤❡
♦♥❧✐♥❡ ❝❛s❡ ✐s ❢❛r ♠♦r❡ ❞✐✣❝✉❧t✳ ❲✐t❤ ♦♥❧② t✇♦ t❛s❦ s✐③❡s✱ ❙❲❘P❚ ✐s ♦♣t✐♠❛❧✱ ❛s ✇❡ ❤❛✈❡ ❛❧r❡❛❞②
r❡❝❛❧❧❡❞✳ ❍♦✇❡✈❡r✱ ❛s s♦♦♥ ❛s t❤❡r❡ ❛r❡ ❛t ❧❡❛st t❤r❡❡ t❛s❦ s✐③❡s✱ ♥♦ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❝♦♠♣❡t✐t✐✈❡
r❛t✐♦ ❧♦✇❡r t❤❛♥ 1

2∆
√

2−1✱ ✇❤❡r❡ ∆ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ ❧❛r❣❡st t♦ t❤❡ s♠❛❧❧❡st s✐③❡ ♦❢ t❛s❦s ❬✾✻✱ ✾✼❪✳
■♥ ❢❛❝t✱ t❤✐s ❧❛tt❡r ✇♦r❦ ✐s t❤❡ ♦♥❧② ♦♥❡ t❛r❣❡t✐♥❣ ♠❛① str❡t❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ✐♥ ❛ ♠✉❧t✐✲

♣r♦❝❡ss♦r ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✐s ✇♦r❦ ✐s ❞♦♥❡ ✐♥ t❤❡ ❞✐✈✐s✐❜❧❡ ❧♦❛❞ ❢r❛♠❡✇♦r❦✱ ♠❡❛♥✐♥❣ t❤❛t ❛♣♣❧✐✲
❝❛t✐♦♥s ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❞✐✈✐❞❡❞ ✐♥ s✉❜✲t❛s❦s ✇❤❡♥✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❝✉rr❡♥t ♣❛♣❡r✱ t❤❡
❣r❛♥✉❧❛r✐t② ♦❢ t❤❡ t❛s❦s ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s ✜①❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ s❝❤❡❞✉❧❡r✳ ❋✉rt❤❡r✲
♠♦r❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❛r❣❡t❡❞ ✐♥ ❬✾✻✱ ✾✼❪✱ ✇❤❡♥ t❤❡② ♣❧❛②
❛ ♠❛❥♦r r♦❧❡ ✐♥ ♦✉r ❝❛s❡✳

●❡♥❡r❛❧ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ s✉r✈❡②s ♦♥ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣
❛❧❣♦r✐t❤♠s ❬✶✶✽❪✱ ♦♥ r❛♥❞♦♠✐③❡❞ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ❬✷❪✱ ♦r ❡✈❡♥ ♠♦r❡ ❣❡♥❡r❛❧❧② ♦♥
♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠s ❬✸❪✳te
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✺✳✺ ▼✐♥✐♠✐③✐♥❣ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥

■♥ t❤✐s s❡❝♦♥❞ ♣❛rt✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ ❢✉❧❧② ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥ A ❜✉t ✇❡ s✉♣♣♦s❡ t❤❛t
❡❛❝❤ ♣r♦❝❡ss♦r ❤❛s s❡✈❡r❛❧ ♣♦ss✐❜❧❡ s♣❡❡❞s ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✭♦r ♠♦❞❡s✮✳ ❚❤✐s ❝♦♥t❡①t ✐♥tr♦❞✉❝❡s
s♦♠❡ ♥❡✇ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♠❛② ✇❛♥t t♦ ❞❡❝r❡❛s❡ t❤❡
♦♣❡r❛t✐♥❣ ❝♦st ♦❢ ❝❧✉st❡rs✳ ❚❤❡ ❊❛rt❤ ❙✐♠✉❧❛t♦r r❡q✉✐r❡s ❛❜♦✉t ✶✷ ♠❡❣❛✇❛tts ♦❢ ♣❡❛❦ ♣♦✇❡r✱ ❛♥❞
P❡t❛✢♦♣ s②st❡♠s ♠❛② r❡q✉✐r❡ ✶✵✵ ▼❡❣❛❲❛tts ♦❢ ♣♦✇❡r✱ ♥❡❛r❧② t❤❡ ♦✉t♣✉t ♦❢ ❛ s♠❛❧❧ ♣♦✇❡r ♣❧❛♥t
✭✸✵✵ ▼❡❣❛❲❛tts✮✳ ❆t ✩✶✵✵ ♣❡r ▼❡❣❛❲❛tt✱ ♣❡❛❦ ♦♣❡r❛t✐♦♥ ♦❢ t❤✐s ♣❡t❛✢♦♣ ♠❛❝❤✐♥❡ ✐s ✩✶✵✱✵✵✵
♣❡r ❤♦✉r ❬✻✾❪✳ ❆♥❞ t❤❡s❡ ❡st✐♠❛t❡s ✐❣♥♦r❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦st ♦❢ ❞❡❞✐❝❛t❡❞ ❝♦♦❧✐♥❣✳ ❊✈❡♥ ✇✐t❤♦✉t
❝♦♥s✐❞❡r✐♥❣ ❜❛tt❡r②✲♣♦✇❡r❡❞ s②st❡♠s s✉❝❤ ❛s ❧❛♣t♦♣s ❛♥❞ ❡♠❜❡❞❞❡❞ s②st❡♠s✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥
✐s ❛ ❝r✐t✐❝❛❧ ❢❛❝t♦r ❛s ♠♦st ♦❢ t❤❡ ♣♦✇❡r ❝♦♥s✉♠❡❞ ✐s r❡❧❡❛s❡❞ ❛s ❤❡❛t ❜② t❤❡ ♣r♦❝❡ss♦rs✳ ❆♥❞ t❤❡
❤❡❛t ❣❡♥❡r❛t❡❞ ✐♥ s✉♣❡r❝♦♠♣✉t❡rs ❜❡❝♦♠❡s ❤❛r❞❡r ❛♥❞ ❤❛r❞❡r t♦ ❞✐ss✐♣❛t❡✳ ❈✉rr❡♥t ❡st✐♠❛t✐♦♥s
st❛t❡ t❤❛t ❝♦♦❧✐♥❣ s♦❧✉t✐♦♥s ❛r❡ r✐s✐♥❣ ❛t ✩✶ t♦ ✩✸ ♣❡r ✇❛tt ♦❢ ❤❡❛t ❞✐ss✐♣❛t❡❞ ❬✶✸✺❪✳

❯♥❞❡r s✉❝❤ ❛ss✉♠♣t✐♦♥s✱ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ ♥❡❡❞ t♦ ❢♦❝✉s ♦♥ ♠✐♥✐♠✐③✐♥❣ ♣♦✇❡r ❝♦♥✲
s✉♠♣t✐♦♥✳ ❲❡ ✜rst ♣r❡s❡♥t ❞✐✛❡r❡♥t ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s ❜❡❢♦r❡ t❤❡ st✉❞② ♦❢ ♦✉r ♣r♦❜❧❡♠
❛t t❤❡ ♣r♦❝❡ss♦r ❧❡✈❡❧✱ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ t♦ t❤❡ s②st❡♠ ❧❡✈❡❧✳ ❆t t❤❡ ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦r❡
❛❝❝✉r❛t❡ ✭❜✉t ❛❧s♦ ♠♦r❡ ✐♥tr✐❝❛t❡✮ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧✳

✺✳✺✳✶ ▼♦❞❡❧s

❚✇♦ ♠❛✐♥ s②st❡♠✲❧❡✈❡❧ ❡♥❡r❣②✲s❛✈✐♥❣ t❡❝❤♥✐q✉❡s ❛r❡ ❉②♥❛♠✐❝ ❱♦❧t❛❣❡ ❙❝❛❧✐♥❣ ✭❉❱❙✮ ✖✇❤✐❝❤
❡♥❛❜❧❡s t♦ s❡❧❡❝t ❛ ♣r♦❝❡ss♦r✬s s✉♣♣❧② ✈♦❧t❛❣❡ ❛❝❝♦r❞✐♥❣ t♦ t❛s❦ r❡q✉✐r❡♠❡♥ts✖ ❛♥❞ P♦✇❡r ▼❛♥✲
❛❣❡♠❡♥t ✖✇❤✐❝❤ ❡♥❛❜❧❡s t♦ s❤✉t ❞♦✇♥ ❛ ♣r♦❝❡ss♦r ✇❤❡♥ ✐❞❧❡✳ ❆♠♦♥❣ t❤❡♠✱ ❉❱❙ ✐s r❡❝♦❣♥✐③❡❞ ❛s
♦♥❡ ♦❢ t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ♣♦✇❡r✲r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❛♥❞ ✐t ✐s ♥♦✇ ♣r❡s❡♥t ♦♥ ♠♦❜✐❧❡ ♣❧❛t❢♦r♠s
❛♥❞ ❡✈❡♥ ♦♥ ❤✐❣❤✲♣❡r❢♦r♠❛♥❝❡ ♠✐❝r♦♣r♦❝❡ss♦rs✳

❉②♥❛♠✐❝ ❱♦❧t❛❣❡ ❙❝❛❧✐♥❣

❋♦r ♣r♦❝❡ss♦rs ❜❛s❡❞ ♦♥ ❈▼❖❙ t❡❝❤♥♦❧♦❣②✱ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞②♥❛♠✐❝
♣♦✇❡r ❞✐ss✐♣❛t✐♦♥ Pd✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝②✿

Pd = C❡✛ · V 2 · s

✇❤❡r❡ C❡✛ ✐s t❤❡ ❛✈❡r❛❣❡ s✇✐t❝❤❡❞ ❝❛♣❛❝✐t❛♥❝❡ ♣❡r ❝②❝❧❡✱ V ✐s t❤❡ ♦♣❡r❛t✐♥❣ ✈♦❧t❛❣❡✱ ❛♥❞ s ✐s t❤❡
♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝②✳

❉❱❙ ✇♦r❦s ♦♥ ❛ ✈❡r② s✐♠♣❧❡ ♣r✐♥❝✐♣❧❡✿ ❞❡❝r❡❛s✐♥❣ t❤❡ s✉♣♣❧② ✈♦❧t❛❣❡ t♦ t❤❡ ❈P❯ ❝♦♥s✉♠❡s
❧❡ss ♣♦✇❡r✳ ❇✉t s ❛♥❞ V ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t❀ t❤❡r❡ ✐s ❛ ♠✐♥✐♠✉♠ ✈♦❧t❛❣❡ r❡q✉✐r❡❞ t♦ ❞r✐✈❡ t❤❡
♠✐❝r♦♣r♦❝❡ss♦r ❛t t❤❡ ❞❡s✐r❡❞ ❢r❡q✉❡♥❝②✳ ■♥ ❢❛❝t✱ t❤❡r❡ ✐s ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢r❡q✉❡♥❝②
❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ✈♦❧t❛❣❡ ♦❢ t❤❡ ♣r♦❝❡ss♦r✳ ❙♦ ❉❱❙ r❡❞✉❝❡s t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❜② ❝❤❛♥❣✐♥❣
t❤❡ ❝❧♦❝❦ ❢r❡q✉❡♥❝②✲✈♦❧t❛❣❡ s❡tt✐♥❣s✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❉❱❙ ✐s ❛❧s♦ ❝❛❧❧❡❞ ❢r❡q✉❡♥❝②✲s❝❛❧✐♥❣ ♦r
s♣❡❡❞ s❝❛❧✐♥❣✳

▼♦st ❛✉t❤♦rs ✉s❡ ❛s ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❧❛✇ t❤❡ ❡①♣r❡ss✐♦♥ Pd = sα✱ ✇❤❡r❡ α > 1✳ ❉✉r✐♥❣
t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ t❛❦❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤✱ ❛s ♦✉r r❡s✉❧ts ❞♦ ♥♦t ❛ss✉♠❡ ❛ s♣❡❝✐✜❝ r❡❧❛✲
t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ s♣❡❡❞ ❛♥❞ ♣♦✇❡r✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Pu t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♣❡r t✐♠❡ ✉♥✐t
♦❢ t❤❡ ♣r♦❝❡ss♦r Pu✳ ❲❡ ♦♥❧② ❛ss✉♠❡ t❤❛t ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐s ❛ ❝♦♥t✐♥✉♦✉s✱ str✐❝t❧②✲❝♦♥✈❡①
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss♦r✬s s♣❡❡❞✳ ❇❛s✐❝❛❧❧②✱ ♦✉r ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❤❡ s❧♦✇❡r ❛ t❛s❦ ✐s ❡①❡❝✉t❡❞✱
t❤❡ ❧❡ss ❡♥❡r❣② ✐s ✉s❡❞ t♦ ❝♦♠♣❧❡t❡ t❤❡ t❛s❦✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ❛ r❡❛❧✐st✐❝ ❤②♣♦t❤❡s✐s✳ ❋♦r♠❛❧❧②✱
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t❤❛t ♠❡❛♥s t❤❛t t❤❡ ❧✐♥❡ s❡❣♠❡♥t ❜❡t✇❡❡♥ ❛♥② t✇♦ ♣♦✐♥ts ♦♥ t❤❡ ♣♦✇❡r✴s♣❡❡❞ ❝✉r✈❡ ❧✐❡s ❛❜♦✈❡
t❤❡ ❝✉r✈❡✱ ♦r t❤❛t t❤❡ ♣♦✇❡r ✐♥❝r❡❛s❡s s✉♣❡r✲❧✐♥❡❛r❧② ✇✐t❤ s♣❡❡❞✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳ ✭s✉♣❡r✲❧✐♥❡❛r✐t②✮ F ✐s ❛ ❢✉♥❝t✐♦♥ s✉♣❡r✲❧✐♥❡❛r ✐❢ F ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡①✳

❙♦ t❤❡ ❢✉♥❝t✐♦♥ Pd(s)✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❡❡❞ s ♦❢ t❤❡
♣r♦❝❡ss♦r✱ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✭♦♥❡ ❝❛♥ ♥♦t❡ t❤❛t Pd ♠❛② ♦♥❧② ❜❡ ❞❡✜♥❡❞ ❜❡t✇❡❡♥ t❤❡
❡①tr❡♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ♣r♦❝❡ss♦r s♣❡❡❞s✮✿

∀ 0 ≤ s < s♠❛①, 0 < λ1 < s♠❛① − s, 0 < λ2 ≤ s♠❛① − s− λ1,

Pd(s + λ1)− Pd(s)

λ1
≤ Pd(s + λ1 + λ2)− Pd(s + λ1)

λ2
.

▼✉❧t✐✲♠♦❞❡ ♣r♦❝❡ss♦rs

■♥ ♦r❞❡r t♦ ❜❡ ♠♦r❡ r❡❛❧✐st✐❝✱ ✇❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ❞✐s❝r❡t❡ ✈♦❧t❛❣❡✲s❝❛❧✐♥❣ ♠♦❞❡❧✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ♦❢ ✇♦r❦❡r Pu ❤❛s t♦ ❜❡ ♣✐❝❦❡❞ ❛♠♦♥❣ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ mu ♠♦❞❡s✳ ❲❡
❞❡♥♦t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞s su,i✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♣r♦❝❡ss♦r Pu r✉♥♥✐♥❣ ✐♥ t❤❡ it❤ ♠♦❞❡
t❛❦❡s X/su,i t✐♠❡✲✉♥✐ts t♦ ❡①❡❝✉t❡ X ✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ✈✐rt✉❛❧
♣r♦❝❡ss♦r Pu,i t❤❛t r❡♣r❡s❡♥ts t❤❡ ♣r♦❝❡ss♦r Pu r✉♥♥✐♥❣ ✐♥ t❤❡ it❤ ♠♦❞❡✳ ❚❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥
♣❡r t✐♠❡✲✉♥✐t ♦❢ Pu,i ✐s ❞❡♥♦t❡❞ ❜② Pu,i✳ ❲❡ ✇✐❧❧ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ s♣❡❡❞s ❛r❡ ❧✐st❡❞
✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r ✭su,1 ≤ su,2 ≤ · · · ≤ su,mu✮✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ t✐♠❡
r❡q✉✐r❡❞ t♦ ♣r♦❝❡ss ♦♥❡ t❛s❦ ♦❢ A ♦❢ s✐③❡ w ♦♥ ✈✐rt✉❛❧ ♣r♦❝❡ss♦r Pu,i ✐s t❤✉s w/su,i✳ ❖❢ ❝♦✉rs❡✱
t❤❡ ♠♦❞❡s ❛r❡ ❡①❝❧✉s✐✈❡❀ ♦♥❡ ♣r♦❝❡ss♦r ❝❛♥ ♦♥❧② r✉♥ ❛t ❛ s✐♥❣❧❡ ♠♦❞❡ ❛t ❛♥② ❣✐✈❡♥ t✐♠❡✳

❯♥❞❡r ❛♥ ✐❞❡❛❧ ♠♦❞❡❧✱ ✇❡ s✉♣♣♦s❡ t❤❛t s✇✐t❝❤✐♥❣ ❛♠♦♥❣ t❤❡ ♠♦❞❡s ❞♦❡s ♥♦t ❝♦st ❛♥② ♣❡♥❛❧t②✳
■♥ r❡❛❧ ❧✐❢❡✱ ✐t ❝♦sts ❛ ♣❡♥❛❧t② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠♦❞❡s✳ ❚❤❡r❡ ❡①✐st t✇♦ ❦✐♥❞s ♦❢ ♦✈❡r❤❡❛❞ t❤❛t
❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡ ♣r♦❝❡ss♦r s♣❡❡❞✿ t❤❡ t✐♠❡ ♦✈❡r❤❡❛❞ ❛♥❞ t❤❡ ♣♦✇❡r
♦✈❡r❤❡❛❞✳

❚✐♠✐♥❣ ♦✈❡r❤❡❛❞ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

Toverhead = CT + KT |s1 − s2|,

✇❤❡r❡ CT ❛♥❞ KT ❛r❡ ❝♦♥st❛♥ts✱ ❛♥❞ s1 ❛♥❞ s2 ❜❡✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣r♦❝❡ss♦r s♣❡❡❞s
❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❛❞❥✉st♠❡♥t✳ ▼♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ ❛✉t❤♦rs s✉♣♣♦s❡ t❤❛t Toverhead = 0✱
s✐♥❝❡ ♣r♦❝❡ss♦rs ❝❛♥ st✐❧❧ ❡①❡❝✉t❡ ✐♥str✉❝t✐♦♥s ❞✉r✐♥❣ tr❛♥s✐t✐♦♥s ❬✹✵❪ ❛♥❞ t✐♠✐♥❣ ♦✈❡r❤❡❛❞
✐s ❧✐♥❡❛r t♦ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ♣r♦❝❡ss♦r✳

P♦✇❡r ♦✈❡r❤❡❛❞ ✐s ✈❡r② s✐♠✐❧❛r✿

Poverhead = CP + KP |V 2
1 − V 2

2 |,

✇❤❡r❡ CP ❛♥❞ KP ❛r❡ st✐❧❧ ❝♦♥st❛♥ts✱ ❛♥❞ V1 ❛♥❞ V2 ❜❡✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣r♦❝❡ss♦r
✈♦❧t❛❣❡s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❛❞❥✉st♠❡♥t✳ ❚❤✐s ♦✈❡r❤❡❛❞ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t✱ ❛s ✐t ❞❡♣❡♥❞s
♦♥ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ✈♦❧t❛❣❡s✳ ■❢ KP ≈ 0✱ ✇❡ s✉♣♣♦s❡ ❛ ❝♦♥st❛♥t ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r❤❡❛❞✳

❖❢ ❝♦✉rs❡✱ t❤❡ ✈❛r✐❛❜❧❡s C1 ❛♥❞ CP ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❝❡ss♦r✱ s♦ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡
♥♦t❛t✐♦♥s C

(u)
1 ❛♥❞ C

(u)
P ✳

❲❡ ♠❛② ❛❧s♦ ✇♦♥❞❡r ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ ❛ ♣r♦❝❡ss♦r t❡♥❞s t♦ ③❡r♦✳ ❚❤❡r❡
❛❧s♦ ❡①✐st t✇♦ ♣♦❧✐❝✐❡s✿
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• ✐❞❡❛❧ ♠♦❞❡❧✿ ✐♥ t❤✐s ♠♦❞❡❧ ❛♥ ✐❞❧❡ ♣r♦❝❡ss♦r ❞♦❡s ♥♦t ❝♦♥s✉♠❡ ❛♥② ♣♦✇❡r✱ s♦ t❤❡ ♣♦✇❡r
❝♦♥s✉♠♣t✐♦♥ ✐s s✉♣❡r✲❧✐♥❡❛r ❢r♦♠ ✵ t♦ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛t ❢r❡q✉❡♥❝② su,1❀

• ✐❞❧❡ ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧✿ ♦♥❝❡ ❛ ♣r♦❝❡ss♦r ✐s ♦♥✱ ✐t ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛❜♦✈❡ ❛ ♠✐♥✐♠❛❧
♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❞❡✜♥❡❞ ❜② ✐ts ✐❞❧❡ ❢r❡q✉❡♥❝②✴s♣❡❡❞ su,1✳

❇✐❝r✐t❡r✐❛

❆s ❞❡✜♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♦✉r ❣♦❛❧ ✐s ❜✐✲❝r✐t❡r✐❛✳ ❚❤❡ ✜rst ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ♣♦✇❡r
❝♦♥s✉♠♣t✐♦♥✱ ✇❤✐❧❡ ❛ss✉♠✐♥❣ ❛♥ ✐❞❡❛❧ ♠♦❞❡❧✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦❜❥❡❝t✐✈❡ ✐s t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢
t❤❡ t❤r♦✉❣❤♣✉t✳

❲❡ ❞❡♥♦t❡ ❜② ρu,i t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ✇♦r❦❡r Pu ✉♥❞❡r ♠♦❞❡ mu,i ❢♦r ❛♣♣❧✐❝❛t✐♦♥ A✱ ✐✳❡✳✱ t❤❡
❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ A t❤❛t Pu,i ❡①❡❝✉t❡s ❡❛❝❤ t✐♠❡✲✉♥✐t✳ ❖❢ ❝♦✉rs❡✱ t❤❡r❡ ✐s ❛ ❧✐♠✐t t♦ t❤❡
♥✉♠❜❡r ♦❢ t❛s❦s t❤❛t ❡❛❝❤ ✈✐rt✉❛❧ ♣r♦❝❡ss♦r ❝❛♥ ♣❡r❢♦r♠ ♣❡r t✐♠❡✲✉♥✐t✳ ❋✐rst ♦❢ ❛❧❧✱ ❛s Pu,i r✉♥s
❛t s♣❡❡❞ su,i✱ ✐t ❝❛♥ ♥♦t ❤❛✈❡ ❛ t❤r♦✉❣❤♣✉t ❣r❡❛t❡r t❤❛♥ w/su,i t❛s❦s ♣❡r t✐♠❡✲✉♥✐t✳ ❙❡❝♦♥❞✱ ❛s
❛❧❧ ♠♦❞❡s ♦❢ Pu ❛r❡ ❡①❝❧✉s✐✈❡✱ ✐❢ Pu,i ✐s ❛t ✐ts ♠❛①✐♠❛❧ t❤r♦✉❣❤♣✉t✱ ♥♦ ♦t❤❡r ✈✐rt✉❛❧ ♣r♦❝❡ss♦r
❝❛♥ ❜❡ ❝♦♠♣✉t✐♥❣✳ ❙♦ t❤❡✐r ✐s ❛ str♦♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ♦♥❡ ♠♦❞❡ ❛♥❞
t❤❡ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t ❛✈❛✐❧❛❜❧❡ ❢♦r ❛❧❧ r❡♠❛✐♥✐♥❣ ♠♦❞❡s✳ ❆s ρu,i w

su,i
r❡♣r❡s❡♥ts t❤❡ ❢r❛❝t✐♦♥ ♦❢

t✐♠❡ s♣❡♥t ✉♥❞❡r ♠♦❞❡ mu,i ♣❡r t✐♠❡✲✉♥✐t✱ t❤✐s ❝♦♥str❛✐♥t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜②✿

mu
∑

i=1

ρu,i w

su,i
≤ 1

❆s ✇❡ ❛r❡ ✐♥ t❤❡ ✐❞❡❛❧ ♠♦❞❡❧ ❛♥❞ ❢♦r s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♣r♦♦❢s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛❞❞ ❛♥
❛❞❞✐t✐♦♥❛❧ ✐❞❧❡ ♠♦❞❡ Pu,0 ✇❤♦s❡ s♣❡❡❞ ✐s su,0 = 0✳

❚❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♣❡r t✐♠❡✲✉♥✐t ♦❢ Pu,i✱ ✇❤❡♥ ❢✉❧❧② ✉s❡❞✱ ✐s Pu,i ✭t♦ ❜❡ ❝♦❤❡r❡♥t✱
✇❡ ❤❛✈❡ Pu,0 = 0✮✳ ■ts ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♣❡r t✐♠❡✲✉♥✐t ✇✐t❤ ❛ t❤r♦✉❣❤♣✉t ♦❢ ρu,i ✐s t❤❡♥
ρu,i w

su,i
Pu,i = ρu,iKu,i✳ ❚❤❛♥❦s t♦ t❤❡ s✉♣❡r✲❧✐♥❡❛r✐t② ♦❢ P✱ Ku,i ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ i ❛♥❞ ❝♦♥✈❡①✳

❲❡ st✐❧❧ ❞❡♥♦t❡ ❜② ρu t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ✇♦r❦❡r Pu✱ ✐✳❡✳✱ t❤❡ s✉♠ ♦❢ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤
✈✐rt✉❛❧ ♣r♦❝❡ss♦r ♦❢ Pu ✭❡①❝❡♣t t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ✐❞❧❡ ♠♦❞❡✮✱ s♦ t❤❡ t♦t❛❧ t❤r♦✉❣❤♣✉t ✐s
❞❡♥♦t❡❞ ❜②✿

ρ =

p
∑

u=1

ρu =

p
∑

u=1

mu
∑

i=1

ρu,i.

❲❡ ❛ss✉♠❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✺✳✷ ❛♥❞ ✺✳✺✳✸✮ t❤❛t t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐s
✇✐t❤♦✉t ♣♦✇❡r ❛♥❞ t✐♠✐♥❣ ♦✈❡r❤❡❛❞ ❛♥❞ ✐❞❡❛❧ ✭❛ ♣r♦❝❡ss♦r ❝❛♥ ❜❡ t✉r♥❡❞ ♦✛ ✇✐t❤♦✉t ❛♥② ❝♦st✮✳
❲❡ ✇✐❧❧ ❡①t❡♥❞ t❤❡ ✇♦r❦ t♦ ❛ ♠♦r❡ r❡❛❧✐st✐❝ ❢r❛♠❡✇♦r❦ ✐♥ s❡❝t✐♦♥ ✺✳✺✳✹✳

✺✳✺✳✷ ❆t t❤❡ ♣r♦❝❡ss♦r ❧❡✈❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❧♦♦❦ ❛t ❜♦t❤ ♣r♦❜❧❡♠s ❛t t❤❡ ♣r♦❝❡ss♦r ❧❡✈❡❧✿ ♠❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t
❣✐✈❡♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❣✐✈❡♥ ❛
❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤r♦✉❣❤♣✉t✳ ❲❡ ♥♦ ❧♦♥❣❡r ❝♦♥s✐❞❡r t❤❡ ♠❛st❡r✱ ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s✱
❜✉t ❢♦❝✉s ♦♥ t❤❡ ♣r♦❝❡ss♦r ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠s✳ ❇✉✐❧❞✐♥❣ ♦♥ ♣r❡✈✐♦✉s ✇♦r❦s✱ ✇❡ ✇✐❧❧ ✜♥❞
t❤❡ ❜❡st ✇❛② t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ t❤❡ ♣r♦❝❡ss♦r ♠♦❞❡s ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠✐♥✐♠✉♠ ♣♦✇❡r
❝♦♥s✉♠♣t✐♦♥ ❛❝❤✐❡✈❛❜❧❡✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ ✉s t♦ ❝❧♦s❡❞ ❢♦r♠✉❧❛s ❧✐♥❦✐♥❣ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥
♦❢ ♣r♦❝❡ss♦rs t♦ t❤❡✐r t❤r♦✉❣❤♣✉t✳ ❚❤❡s❡ ❢♦r♠✉❧❛s ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡
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♠✉❧t✐✲♣r♦❝❡ss♦r ♣r♦❜❧❡♠ ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✸✳

❚❤❡ ♣r♦❝❡ss♦r✲❧❡✈❡❧ s✐♠♣❧❡r ♣r♦❜❧❡♠s ❤❛✈❡ ♦❢t❡♥ ❜❡❡♥ ✈✐s✐t❡❞ ❜② ♣r❡✈✐♦✉s ✇♦r❦s✳ ❋♦r ❛ s✐♥❣❧❡
♣r♦❝❡ss♦r✱ ❬✽✸❪ ❛❧r❡❛❞② ♣r♦✈❡❞ t❤❛t t❤❡ ✈♦❧t❛❣❡s ♠✐♥✐♠✐③✐♥❣ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦♥ ❞✐s❝r❡t❡
♠♦❞❡❧s ❛r❡ t❤❡ ✐♠♠❡❞✐❛t❡ ♥❡✐❣❤❜♦rs ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈♦❧t❛❣❡ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧ ✭✇❤❡r❡ t❤❡
✈♦❧t❛❣❡ ♦❢ ❛ ♣r♦❝❡ss♦r ❝❛♥ t❛❦❡ ❛♥② ❛r❜✐tr❛r② ✈❛❧✉❡✮ ❬✽✸❪✱ ❤♦✇❡✈❡r✱ ❣❛✈❡ ♥❡✐t❤❡r t❤❡ ♣❡r❝❡♥t❛❣❡
♦❢ ✉t✐❧✐③❛t✐♦♥ ♦❢ ❡❛❝❤ ♠♦❞❡✱ ♥♦r t❤❡ ♣♦✇❡r ❝♦♥s✉♠❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦♣t✐♠❛❧ ✈♦❧t❛❣❡✳ ❚❤❡
❛✉t❤♦rs ♦❢ ❬✽✸❪ ❛❧s♦ ♣r♦✈❡❞ t❤❡s❡ r❡s✉❧ts ❢♦r ❛ s♣❡❝✐✜❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡s ❛♥❞ t❤❡
♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✱ ✇❤❡r❡❛s ✇❡ s❤♦✇ t❤❛t ✐t ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞✳ ❆t ❧❛st✱ t❤❡s❡ ❛✉t❤♦rs ❞✐❞ ♥♦t
❧♦♦❦ ❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t ❣✐✈❡♥ ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❜♦✉♥❞✳

P♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥

❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❜② t✇♦ t②♣❡s ♦❢ ❝♦♥str❛✐♥ts✿

• ❚❤❡ ✜rst ❝♦♥str❛✐♥t st❛t❡s t❤❛t t❤❡ ♣r♦❝❡ss♦r ❤❛s t♦ ❡♥s✉r❡ ❛ ❣✐✈❡♥ t❤r♦✉❣❤♣✉t✱

• ❚❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t st❛t❡s t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❝✐t② ♦❢ Pu,i ❝❛♥ ♥♦t ❜❡ ❡①❝❡❡❞❡❞✱ ❛♥❞
t❤❛t t❤❡ ❞✐✛❡r❡♥t ♠♦❞❡s ❛r❡ ❡①❝❧✉s✐✈❡✳

❙♦ ♦✉r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s✿











































▼✐♥✐♠✐③❡ Pu =

mu
∑

i=1

ρu,iKu,i s✉❜❥❡❝t t♦

mu
∑

i=1

ρu,i = ρu

mu
∑

i=1

ρu,i

su,i
w ≤ 1

✭✺✳✷✶✮

❆ ✜rst r❡♠❛r❦ ✐s t❤❛t t❤❡ t❤r♦✉❣❤♣✉t t❤❛t t❤❡ ♣r♦❝❡ss♦r ❤❛s t♦ ❛❝❤✐❡✈❡ ♠✉st ❜❡ ❧♦✇❡r t❤❛♥
✐ts ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t ✭ρu ≤ su,mu

w
✮✱ ♦t❤❡r✇✐s❡ t❤❡ s②st❡♠ ❤❛s ♥♦ s♦❧✉t✐♦♥✳

▲✐♥❡❛r ♣r♦❣r❛♠ ✭✺✳✷✶✮ ❝❛♥ ❡❛s✐❧② ❜❡ s♦❧✈❡❞ ♦✈❡r t❤❡ r❛t✐♦♥❛❧s✱ ❛♥❞ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡
♠♦❞❡s ♦❢ t❤❡ ♣r♦❝❡ss♦r ❞❡♣❡♥❞ ♦♥ t❤❡ t♦t❛❧ t❤r♦✉❣❤♣✉t t❤❛t ❤❛s t♦ ❜❡ ❛❝❤✐❡✈❡❞✳

▲❡♠♠❛ ✺✳✶✳ ■❢ ρu > 0 ❛♥❞ ∃ i0, 0 ≤ i0 < mu,
su,i0

w
< ρu ≤ su,i0+1

w
✱ t❤❡♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥

❢♦r ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ✐s✿

ρ̃u,i0 =
su,i0(su,i0+1 − wρu)

w(su,i0+1 − su,i0)
ρ̃u,i0+1 =

su,i0+1(wρu − su,i0)

w(su,i0+1 − su,i0)
ρ̃u,i = 0 ✐❢ i /∈ {i0, i0 + 1}

❖t❤❡r✇✐s❡✱ t❤❡ ♣r♦❝❡ss♦r ❝❛♥♥♦t ❛❝❤✐❡✈❡ t❤❡ ❣✐✈❡♥ t❤r♦✉❣❤♣✉t✳

Pr♦♦❢✳ ❲❡ ✜rst s❤♦✇ t❤❛t S̃ ✐s ❢❡❛s✐❜❧❡✿

mu
∑

i=1

ρ̃u,i =
su,i0(su,i0+1 − wρu) + su,i0+1(wρu − su,i0)

w(su,i0+1 − su,i0)
= ρu;

mu
∑

i=1

ρ̃u,iw

su,i
=

(su,i0+1 − wρu)

su,i0+1 − su,i0

+
(wρu − su,i0)

su,i0+1 − su,i0

= 1.
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▲❡t S ′ ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ S ′ = {ρ′u,1, · · · , ρ′u,mu
}✳ ❆s S ′ ✐s ❛ s♦❧✉t✐♦♥✱ ✐t r❡s♣❡❝ts ❛❧❧ t❤❡

❝♦♥str❛✐♥ts ♦❢ ▲✐♥❡❛r ♣r♦❣r❛♠ ✭✺✳✷✶✮✳ ❙♦✿
mu
∑

i=1

ρ′u,i = ρu ❛♥❞
mu
∑

i=1

ρ′u,iw

su,i
≤ 1.

▲❡t i♠✐♥ ❜❡ t❤❡ s❧♦✇❡st ♠♦❞❡ ✉s❡❞ ❜② S ′✱ ❛♥❞ i♠❛① t❤❡ ❢❛st❡st✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ t❤r❡❡
❝❛s❡s✿

• ■❢ i♠✐♥ > i0 ♦r i♠✐♥ = i0 ❛♥❞ ρ′

u,i0
< ρ̃u,i0✿ ■♥ ❜♦t❤ ❝❛s❡s✱ ρ′u,i0

< ρ̃u,i0 ✱ s♦ t❤❡r❡ ❡①✐sts
ǫ > 0✱ s✉❝❤ t❤❛t ρ′u,i0

= ρ̃u,i0 − ǫ✳ ❚❤❡♥ ✇❡ ❝❛♥ ❧♦♦❦ ❛t t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ S ′✿
mu
∑

i=1

ρ′u,iKu,i ≥ ρ′u,i0
Ku,i0 +

(

mu
∑

i=i0+1

ρ′u,i

)

Ku,i0+1

= ρ′u,i0
Ku,i0 + (ρu − ρ′u,i0

)Ku,i0+1

= (ρ̃u,i0 − ǫ)Ku,i0 + (ρu − ρ̃u,i0 + ǫ)Ku,i0+1

= ρ̃u,i0Ku,i0 + ρ̃u,i0+1Ku,i0+1 + ǫ (Ku,i0+1 − Ku,i0)

≥ ρ̃u,i0Ku,i0 + ρ̃u,i0+1Ku,i0+1.

❆♥❞ s♦ ♦✉r s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❝♦♥s✉♠❡ ♠♦r❡ ♣♦✇❡r✱ ❛♥❞ ✐s t❤✉s ❛❧s♦ ♦♣t✐♠❛❧✳

• ■❢ i♠❛① < i0 + 1 ♦r i♠❛① = i0 + 1 ❛♥❞ ρ′

u,i0+1 < ρ̃u,i0+1✿ ■♥ ❜♦t❤ ❝❛s❡s✱ ρ′u,i0+1 < ρ̃u,i0+1✱
s♦ t❤❡r❡ ❡①✐sts ǫ > 0✱ s✉❝❤ t❤❛t ρ′u,i0+1 = ρ̃u,i0+1 − ǫ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿

i0
∑

i=1

ρ′u,i = ρu − ρ′u,i0+1 ≥ ρu − ρ̃u,i0+1 + ǫ = ρ̃u,i0 + ǫ

❆♥❞
i♠❛①
∑

i=1

ρ′u,iw

su,i
=

i0
∑

i=1

ρ′u,iw

su,i
+

ρ′u,i0+1w

su,i0+1

≥
w
∑i0

i=1 ρ′u,i

su,i0

+
ρ′u,i0+1w

su,i0+1

≥ w
ρ̃u,i0 + ǫ

su,i0

+ w
ρ̃u,i0+1 − ǫ

su,i0+1
≥ 1 + wǫ

(

1

su,i0

− 1

su,i0+1

)

> 1.

✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t✳

• ❖t❤❡r✇✐s❡ ✇❡ ❦♥♦✇ t❤❛t ❡✐t❤❡r i♠✐♥ < i0✱ s♦ ρ′u,i♠✐♥
≥ ρ̃u,i♠✐♥

= 0✱ ♦r i♠✐♥ = i0 ❛♥❞ ρ′u,i♠✐♥
≥

ρ̃u,i♠✐♥
✳ ■♥ ❜♦t❤ ❝❛s❡s ρ′u,i♠✐♥

≥ ρ̃u,i♠✐♥
✱ ❛♥❞✱ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s✱ ρ′u,i♠❛①

≥ ρ̃u,i♠❛①
✳ ❲❡ ❛❧s♦

❦♥♦✇ t❤❛t ✭❛t ❧❡❛st✮ ♦♥❡ ✈✐rt✉❛❧ ♣r♦❝❡ss♦r ❛♠♦♥❣ Pu,i0 ❛♥❞ Pu,i0+1 ❤❛s ❛ t❤r♦✉❣❤♣✉t ✐♥ S ′
str✐❝t❧② s♠❛❧❧❡r t❤❛♥ ✐♥ S̃ ✭♦t❤❡r✇✐s❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ S ′ ✐s ❣r❡❛t❡r✮✳ ▲❡t ❝❛❧❧ t❤❛t
♣r♦❝❡ss♦r Pα✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ ❣✐✈❡ ❛♥ ❛♠♦✉♥t ǫ♠✐♥ ♦❢ t❤❡ ✇♦r❦ ♦❢ Pi♠✐♥

t♦ Pα✳
❆s Pα ✐s ❢❛st❡r t❤❛♥ Pi♠✐♥

✱ ✐t t❛❦❡s ❧❡ss t✐♠❡ t♦ Pα t♦ ♣r♦❝❡ss ǫ♠✐♥ t❤❛♥ t♦ Pi♠✐♥
✳ ❉✉r✐♥❣

t❤❡ s♣❛r❡❞ t✐♠❡✱ Pα ❤❛s t✐♠❡ t♦ ❞♦ ❛♥ ❛♠♦✉♥t ǫ♠❛① ♦❢ t❤❡ ✇♦r❦ ♦❢ Pi♠❛①
✳ ❇❛s✐❝❛❧❧②✱ ǫ♠✐♥

❛♥❞ ǫ♠❛① ❛r❡ ❞❡✜♥❡❞ s✉❝❤ ❛s t❤❡ t❤r♦✉❣❤♣✉t ✐♥ t❤❡ ♥❡✇ s❝❤❡❞✉❧✐♥❣ S ′′ ♦❢ ❡✐t❤❡r Pi♠✐♥
✱ ♦r

Pi♠❛①
✐s s❡t t♦ ✐ts t❤r♦✉❣❤♣✉t ✐♥ S̃✿















ρ′′u,i♠✐♥
= ρ′u,i♠✐♥

− ǫ♠✐♥

ρ′′u,α = ρ′u,α + ǫ♠✐♥ + ǫ♠❛①

ρ′′u,i♠❛①
= ρ′u,i♠❛①

− ǫ♠❛①

ρ′′u,i = ρ′u,i ♦t❤❡r✇✐s❡✳
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ǫ♠✐♥ = min

{

ρ′u,i♠✐♥
− ρ̃u,i♠✐♥

;
(ρ′u,i♠❛①

− ρ̃u,i♠❛①
)

λ

}

, ǫ♠❛① = ǫ♠✐♥λ, λ =
su,i♠❛①

(su,α − su,i♠✐♥
)

su,i♠✐♥
(su,i♠❛①

− su,α)
✳

λ ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ t❛❦❡♥ ❢r♦♠ Pi♠✐♥
❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦

♦❢ Pi♠❛①
t❤❛t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② Pα ❞✉r✐♥❣ ✐ts s♣❛r❡❞ t✐♠❡✳

S ′′ st✐❧❧ r❡s♣❡❝ts t❤❡ ❣✐✈❡♥ ❝♦♥str❛✐♥ts✿

mu
∑

i=1

ρ′′u,i =

mu
∑

i=1

ρ′u,i = ρu;

mu
∑

i=1

ρ′′u,i

su,i
=







mu
∑

i=1
i6=i♠✐♥,α,i♠❛①

ρ′u,i

su,i






+

ρ′′u,i♠✐♥

su,i♠✐♥

+
ρ′′u,α

su,α
+

ρ′′u,i♠❛①

su,i♠❛①

=

(

mu
∑

i=1

ρ′u,i

su,i

)

+
ǫ♠✐♥ + ǫ♠❛①

su,α
− ǫ♠✐♥

su,i♠✐♥

− ǫ♠❛①

su,i♠❛①

=

(

mu
∑

i=1

ρ′u,i

su,i

)

+ ǫ♠✐♥

(

1 + λ

su,α
− 1

su,i♠✐♥

− λ

su,i♠❛①

)

=

(

mu
∑

i=1

ρ′u,i

su,i

)

+

ǫ♠✐♥

su,i♠✐♥
su,α

(

su,i♠✐♥
+

su,i♠❛①
(su,α − su,i♠✐♥

)

(su,i♠❛①
− su,α)

− su,α −
su,α(su,α − su,i♠✐♥

)

(su,i♠❛①
− su,α)

)

=

mu
∑

i=1

ρ′u,i

su,i
≤ 1

w
.

❆♥❞ t❤❡ ♣♦✇❡r ❝♦♥s✉♠❡❞ ❜② t❤❡ ♥❡✇ s♦❧✉t✐♦♥ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ♦♣t✐♠❛❧ ♦♥❡✿

mu
∑

i=1

ρ′u,iKu,i −
mu
∑

i=1

ρ′′u,iKu,i = ǫ♠✐♥Ku,i♠✐♥
+ ǫ♠❛①Ku,i♠❛①

− (ǫ♠✐♥ + ǫ♠❛①)Ku,α

= ǫ♠✐♥(Ku,i♠✐♥
− Ku,α) + λǫ♠✐♥(Ku,i♠❛①

− Ku,α)

= ǫ♠✐♥(su,α − su,i♠✐♥
)

(

Ku,i♠✐♥
− Ku,α

su,α − su,i♠✐♥

+
su,i♠❛①

su,i♠✐♥

Ku,i♠❛①
− Ku,α

su,i♠❛①
− su,α

)

≥ ǫ♠✐♥(su,α − su,i♠✐♥
)

(

Ku,i♠❛①
− Ku,α

su,i♠❛①
− su,α

− Ku,α − Ku,i♠✐♥

su,α − su,i♠✐♥

)

≥ 0 ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ♦❢ K✳

❆t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ✇❡ s❡t t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡✐t❤❡r i♠✐♥ ♦r i♠❛① t♦ ✐ts t❤r♦✉❣❤♣✉t ✐♥ S̃✱ s♦
t❤❡ ♥✉♠❜❡r ♦❢ ✈✐rt✉❛❧ ♣r♦❝❡ss♦rs ✇❤✐❝❤ ❤❛✈❡ ❞✐✛❡r❡♥t t❤r♦✉❣❤♣✉ts ✐♥ S ′′ ❛♥❞ S̃ ✐s str✐❝t❧②
❞❡❝r❡❛s✐♥❣✳ ❆t t❤❡ ❡♥❞✱ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡ t✇♦ ♦t❤❡r ❝❛s❡s ✐s r❡❛❝❤❡❞ s♦ S̃ ❞♦❡s ♥♦t ❝♦♥s✉♠❡
♠♦r❡ ♣♦✇❡r t❤❛♥ S ′′✱ ♦r S̃ = S ′′✳ ❖✈❡r❛❧❧✱ ♦✉r s❝❤❡❞✉❧✐♥❣ ✐s ♦♣t✐♠❛❧✳

�

❘❡♠❛r❦✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤✐s ❣✐✈❡s ❛ ❞✐✛❡r❡♥t ♣r♦♦❢ ❢r♦♠ t❤❡ ♦♥❡ ✐♥ ❬✽✸❪✱ ✇❤✐❧❡ ✉s✐♥❣ ❛
❣❡♥❡r❛❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❤✐❧❡ ❣✐✈✐♥❣ t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤
♣r♦❝❡ss♦r✳
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▲❡♠♠❛ ✺✳✷✳ ❚❤❡ ♦♣t✐♠❛❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ t♦ ❛❝❤✐❡✈❡ ❛ t❤r♦✉❣❤♣✉t ♦❢ ρ ✐s✿

Pu(ρ) = max
0≤i<mu

{

(wρ− su,i)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i

}

.

Pr♦♦❢✳ ❚❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ S̃ ✐s✿

Pu(ρ) = ρ̃i,i0Ku,i0 + ρ̃i,i0+1Ku,i0+1

=
su,i0(su,i0+1 − wρ)

w(su,i0+1 − su,i0)
Ku,i0 +

su,i0+1(wρ− su,i0)

w(su,i0+1 − su,i0)
Ku,i0+1

= ρ
su,i0+1Ku,i0+1 − su,i0Ku,i0

su,i0+1 − su,i0

− su,i0su,i0+1 (Ku,i0+1 − Ku,i0)

w(su,i0+1 − su,i0)

= wρ
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

− su,i0Pu,i0+1 − su,i0+1Pu,i0

su,i0+1 − su,i0

= wρ
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

− su,i0

Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

+ Pu,i0

su,i0+1 − su,i0

su,i0+1 − su,i0

= (wρ− su,i0)
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

+ Pu,i0

❆s P ✐s s✉♣❡r✲❧✐♥❡❛r✱ ✇❡ ❤❛✈❡✱ ✐❢ j < k✿

Pu,k −Pu,j

su,k − su,j
≥ Pu,j+1 −Pu,j

su,j+1 − su,j
⇒ Pu,k ≥ (su,k − su,j)

Pu,j+1 −Pu,j

su,j+1 − su,j
+ Pu,j

❛♥❞✱ ✐❢ j > k✿

Pu,j −Pu,k

su,j − su,k

≤ Pu,j+1 −Pu,j

su,j+1 − su,j
⇒ Pu,k ≥ Pu,j − (su,j − su,k)

Pu,j+1 −Pu,j

su,j+1 − su,j

❆s su,i0 ≤ wρu ≤ su,i0+1 ❛♥❞ P ✐s s✉♣❡r✲❧✐♥❡❛r✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ ✐❢ su,i0 > su,i✿

(wρ− su,i)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i = (wρ− su,i0)

Pu,i+1 −Pu,i

su,i+1 − su,i
+

(

(su,i0 − su,i)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i

)

≤ (wρ− su,i0)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i0

≤ (wρ− su,i0)
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

+ Pu,i0 = Pu(ρ)
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❆♥❞✱ ✐❢ su,i0+1 ≤ su,i✱ s♦ ✇❡ ❤❛✈❡✿

(wρ− su,i)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i ≤ (wρ− su,i0+1)

Pu,i+1 −Pu,i

su,i+1 − su,i
+

(

Pu,i − (su,i − su,i0+1)
Pu,i+1 −Pu,i

su,i+1 − su,i

)

≤ (wρ− su,i0+1)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i0+1

≤ (wρ− su,i0+1)
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

+ Pu,i0+1

✭✯ ❜❡❝❛✉s❡ (wρ− su,i0+1) < 0✯✮

≤ (wρ− su,i0)
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

+

(

Pu,i0+1 − (su,i0+1 − su,i0)
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

)

≤ (wρ− su,i0)
Pu,i0+1 −Pu,i0

su,i0+1 − su,i0

+ Pu,i0 = Pu(ρ)

❚❤❡♥ i0 ✐s t❤❡ ♠♦❞❡ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❢♦r♠✉❧❛✿

(wρ− su,i)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i

�

▼❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t

▼❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t ✐s ❛ ♣r♦❜❧❡♠ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ st✉❞✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t❤r♦✉❣❤♣✉t ✐s ❜♦✉♥❞❡❞ ❜② t✇♦ t②♣❡s ♦❢ ❝♦♥str❛✐♥ts✿

• ❚❤❡ ✜rst ❝♦♥str❛✐♥t ❧✐♠✐ts t❤❡ t♦t❛❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss♦rs t♦ ❛ ❣✐✈❡♥ ❜♦✉♥❞✱

• ❚❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t st❛t❡s t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❝✐t② ♦❢ Pu,i ❝❛♥ ♥♦t ❜❡ ❡①❝❡❡❞❡❞✱ ❛♥❞
t❤❛t t❤❡ ❞✐✛❡r❡♥t ♠♦❞❡s ❛r❡ ❡①❝❧✉s✐✈❡✳











































▼❛①✐♠✐③❡ ρu =

mu
∑

i=1

ρu,i s✉❜❥❡❝t t♦

mu
∑

i=1

wρu,i

su,i
Pu,i

(

=

mu
∑

i=1

ρu,iKu,i

)

≤ P

mu
∑

i=1

wρu,i

su,i
≤ 1

✭✺✳✷✷✮

❚❤✐s ❧✐♥❡❛r ♣r♦❣r❛♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ♦✈❡r t❤❡ r❛t✐♦♥❛❧s✱ ❛♥❞ t❤✐s t✐♠❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♣r♦❝❡ss♦r ✇✐❧❧ ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ❜♦✉♥❞ ♦♥ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✳

▲❡♠♠❛ ✺✳✸✳ ■❢ P > 0 ❛♥❞ ∃ i0, 0 ≤ i0 < mu, Pu,i0 < P ≤ Pu,i0+1✱ t❤❡♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
t♦ ♠❛①✐♠✐③❡ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ♣r♦❝❡ss♦r ✐s✿

ρ̃u,i0 =
su,i0(Pu,i0+1 −P)

w(Pu,i0+1 −Pu,i0)
ρ̃u,i0+1 =

su,i0+1(P −Pu,i0)

w(Pu,i0+1 −Pu,i0)
ρ̃u,i = 0 ✐❢ i /∈ {i0, i0 + 1}
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❖t❤❡r✇✐s❡ t❤❡ ♣r♦❝❡ss♦r ❝❛♥ r✉♥ ❛t ✐ts ♠❛①✐♠✉♠ ♠♦❞❡ ✭ρ̃u,mu =
su,mu

w
✮ ✇❤✐❧❡ r❡s♣❡❝t✐♥❣ t❤❡

♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❝♦♥str❛✐♥t✳

Pr♦♦❢✳ ❲❡ ✜rst s❤♦✇ t❤❛t S̃ ✐s ❢❡❛s✐❜❧❡✿

mu
∑

i=1

ρ̃u,i
Pu,iw

su,i
=

Pu,i0(Pu,i0+1 −P) + Pu,i0+1(P −Pu,i0)

Pu,i0+1 −Pu,i0

= P;

mu
∑

i=1

ρ̃u,iw

su,i
=

(Pu,i0+1 −P)

(Pu,i0+1 −Pu,i0)
+

(P −Pu,i0)

(Pu,i0+1 −Pu,i0)
= 1.

▲❡t S ′ ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ S ′ = {ρ′u,1, · · · , ρ′u,mu
}✳ ❆s S ′ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠✱

✐t r❡s♣❡❝ts ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts✳ ❙♦✿

mu
∑

i=1

ρ′u,iKu,i ≤ P ❛♥❞
mu
∑

i=1

ρ′u,iw

su,i
≤ 1.

▲❡t i♠✐♥ ❜❡ t❤❡ s❧♦✇❡st ♠♦❞❡ ✉s❡❞ ❜② S ′✱ ❛♥❞ i♠❛① t❤❡ ❢❛st❡st✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ t✇♦
❝❛s❡s✿

• ■❢ i♠✐♥ > i0 ♦r i♠✐♥ = i0 ❛♥❞ ρ′

u,i0
= ρ̃u,i0 − ǫ0(ǫ0 > 0)✿ ✭✐♥ ❜♦t❤ ❝❛s❡s✱ ρ′u,i0

= ρ̃u,i0 − ǫ✮
t❤❡♥ ✇❡ ❤❛✈❡✿

(

mu
∑

i=i0+1

ρ′u,i

)

Ku,i0+1 ≤
mu
∑

i=i0+1

ρ′u,iKu,i

≤ P − ρ′u,i0
Ku,i0 = P − (ρ̃u,i0 − ǫ)Ku,i0

≤ (P − ρ̃u,i0Ku,i0) + ǫKu,i0 = ρ̃u,i0+1Ku,i0+1 + ǫKu,i0

≤ Ku,i0+1

(

ρ̃u,i0+1 + ǫ
Ku,i0

Ku,i0+1

)

⇒
mu
∑

i=i0

ρ′u,i ≤ ρ′u,i0
+

mu
∑

i=i0+1

ρ′u,i

≤ (ρ̃u,i0 − ǫ) +

(

ρ̃u,i0+1 + ǫ
Ku,i0

Ku,i0+1

)

≤
mu
∑

i=i0

ρ̃u,i − ǫ

(

1− Ku,i0

Ku,i0+1

)

≤
mu
∑

i=i0

ρ̃u,i

❆♥❞ s♦ ♦✉r s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛ s♠❛❧❧❡r t❤r♦✉❣❤♣✉t✱ ❛♥❞ ✐s t❤✉s ❛❧s♦ ♦♣t✐♠❛❧✳

• ■❢ i♠❛① < i0 + 1 ♦r i♠❛① = i0 + 1 ❛♥❞ ρ′

u,i0+1 = ρ̃u,i0+1 − ǫ1(ǫ1 > 0)✿ ✭✐♥ ❜♦t❤ ❝❛s❡s✱
ρ′u,i0+1 = ρ̃u,i0+1 − ǫ✮ t❤❡♥✱ ✇❡ ❤❛✈❡✿

w
∑i0

i=1 ρ′u,i

su,i0

≤
i0
∑

i=1

ρ′u,iw

su,i
=

i♠❛①
∑

i=1

ρ′u,iw

su,i
−

ρ′u,i0+1w

su,i0+1

≤ 1−
ρ′u,i0+1w

su,i0+1
=

(

1− ρ̃u,i0+1w

su,i0+1

)

+
ǫw

su,i0+1

≤ wρ̃u,i0

su,i0

+
ǫw

su,i0+1
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❙♦ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ S ′ ✐s✿
i♠❛①
∑

i=1

ρ′u,i ≤
i0
∑

i=1

ρ′u,i + ρ′u,i0+1

≤
(

ρ̃u,i0 + ǫ
su,i0

su,i0+1

)

+ (ρ̃u,i0 − ǫ)

≤
mu
∑

i=1

ρ̃u,i − ǫ

(

1− su,i0

su,i0+1

)

≤
mu
∑

i=1

ρ̃u,i

❆♥❞ s♦ ♦✉r s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛ s♠❛❧❧❡r t❤r♦✉❣❤♣✉t✱ ❛♥❞ ✐s t❤✉s ❛❧s♦ ♦♣t✐♠❛❧✳

• ❖t❤❡r✇✐s❡ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥❡✇ s❝❤❡❞✉❧✐♥❣ S ′′ t❤❛♥ ✐s t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✿















ρ′′u,i♠✐♥
= ρ′u,i♠✐♥

− ǫ♠✐♥

ρ′′u,α = ρ′u,α + ǫ♠✐♥ + ǫ♠❛①

ρ′′u,i♠❛①
= ρ′u,i♠❛①

− ǫ♠❛①

ρ′′u,i = ρ′u,i ♦t❤❡r✇✐s❡

✇✐t❤ ǫ♠✐♥ = min

{

ρ′u,i♠✐♥
;
ρ′u,i♠❛①

λ

}

, ǫ♠❛① = ǫ♠✐♥λ, ❛♥❞ λ =
su,i♠❛①

(su,α − su,i♠✐♥
)

su,i♠✐♥
(su,i♠❛①

− su,α)
✳

❋r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t S ′′ ❞♦❡s ♥♦t ❝♦♥s✉♠❡ ♠♦r❡ ♣♦✇❡r t❤❛♥ S ′✱ ❛♥❞
s♦ st✐❧❧ r❡s♣❡❝ts t❤❡ ❣✐✈❡♥ ❝♦♥str❛✐♥ts✳ ❆♥❞ t❤❡ t❤r♦✉❣❤♣✉t ❛❝❤✐❡✈❡❞ ✐s t❤❡ s❛♠❡ t❤❛♥ S ′✳
❇② ✐t❡r❛t✐♥❣ t❤✐s ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ✇❤❡r❡ i♠✐♥ = α ✭❡❛❝❤
✐t❡r❛t✐♦♥ s❡ts t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡✐t❤❡r i♠✐♥ ♦r i♠❛① t♦ ③❡r♦✮✳

�

▲❡♠♠❛ ✺✳✹✳ ❚❤❡ ♠❛①✐♠✉♠ ❛❝❤✐❡✈❛❜❧❡ t❤r♦✉❣❤♣✉t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❧✐♠✐t ✐s✿

ρu(P) = min

{

su,mu

w
; max
1≤i≤mu

{

P(su,i+1 − su,i) + su,iPu,i+1 − su,i+1Pu,i

w(Pu,i+1 −Pu,i)

}}

.

Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❧❡♠♠❛ ✺✳✷✳ �

✺✳✺✳✸ ❆t t❤❡ s②st❡♠ ❧❡✈❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❛❦❡ t❤❡ ✇❤♦❧❡ s②st❡♠ ✐♥t♦ ❛❝❝♦✉♥t✱ ✐♥ ♦r❞❡r t♦ ❡✐t❤❡r ♠❛①✐♠✐③❡ t❤❡ t❤r♦✉❣❤♣✉t
♦r ♠✐♥✐♠✐③❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠✳ ❇✉t t❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧
❜❡ ❛❜❧❡ t♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠✳

▼✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥

■❢ ✇❡ st❛rt❡❞ ✇♦r❦✐♥❣ ♦♥ t❤✐s ♣r♦❜❧❡♠ ❢r♦♠ s❝r❛t❝❤✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ✇r✐tt❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r
♣r♦❣r❛♠ ✭❊q✉❛t✐♦♥ ✭✺✳✷✸✮✮✳ ❚❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s ❞❡✜♥❡❞ ❜② ✜✈❡ t②♣❡s ♦❢ ❝♦♥str❛✐♥ts✿

• ❚❤❡ ✜rst s❡t ♦❢ ❝♦♥str❛✐♥ts ❧✐♥❦s t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❛ ♣r♦❝❡ss♦r ❛♥❞ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ✐ts
✈✐rt✉❛❧ ♣r♦❝❡ss♦rs

• ❚❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t st❛t❡s t❤❛t t❤❡ s②st❡♠ ❤❛s t♦ ❡♥s✉r❡ ❛ ❣✐✈❡♥ t❤r♦✉❣❤♣✉t✱
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• ❚❤❡ t❤✐r❞ s❡t ♦❢ ❝♦♥str❛✐♥ts st❛t❡s t❤❛t t❤❡ ♣r♦❝❡ss✐♥❣ ❝❛♣❛❝✐t② ♦❢ ❛ ♣r♦❝❡ss♦r Pu s❤♦✉❧❞
♥♦t ❜❡ ❡①❝❡❡❞❡❞✱ ❛♥❞ t❤❛t ♠♦❞❡s ❛r❡ ❡①❝❧✉s✐✈❡✳

• ❚❤❡ ❢♦✉rt❤ s❡t ♦❢ ❝♦♥str❛✐♥ts st❛t❡s t❤❛t t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❧✐♥❦ ❢r♦♠ P♠❛st❡r t♦ Pu ✐s
♥♦t ❡①❝❡❡❞❡❞✳

• ❚❤❡ ❧❛st ❝♦♥str❛✐♥t st❛t❡s t❤❛t t❤❡ t♦t❛❧ ♦✉t❣♦✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r ✐s ♥♦t ❡①❝❡❡❞❡❞✳



































































































▼✐♥✐♠✐③❡ P =

p
∑

u=1

mu
∑

i=1

ρu,iKu,i s✉❜❥❡❝t t♦

∀u,

mu
∑

i=1

ρu,i = ρu

p
∑

u=1

ρu = ρ

∀u,

mu
∑

i=1

ρu,i

su,u,i
w ≤ 1

∀u,
ρu

bu
δ ≤ 1

p
∑

u=1

ρu

❇❲
δ ≤ 1

✭✺✳✷✸✮

❚❤✐s ❧✐♥❡❛r ♣r♦❣r❛♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s ✭3p+3✮✱ ❛♥❞ ❧♦ts ♦❢ ✈❛r✐❛❜❧❡s
✭
∑p

i=1 mu ≤ p×maxu{mu}✮✳ ❇✉t t❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♥♦ ❧♦♥❣❡r ♥❡❡❞ t♦ s♣❡❝✐❢②
t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ❢r❡q✉❡♥❝② ♦❢ ❡❛❝❤ ♣r♦❝❡ss♦r✳ ❲❡ ♦♥❧② ❤❛✈❡ t♦ ✜① ❛ t❤r♦✉❣❤♣✉t ❢♦r ❡❛❝❤
♣r♦❝❡ss♦r✱ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❦♥♦✇ ❤♦✇ t♦ ✉s❡ t❤❡ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s
✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❛t t❤r♦✉❣❤♣✉t ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♣♦✇❡r ❝♦♥str❛✐♥t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❜♦✉♥❞❡❞ ♠✉❧t✐✲♣♦rt ❝♦♥str❛✐♥t ✐s ♥♦t ♥❡❡❞❡❞ ❛♥②♠♦r❡✱ ❜❡❝❛✉s❡ ❡✐t❤❡r t❤❡ ♦✉t❣♦✐♥❣ ❝❛♣❛❝✐t② ♦❢
t❤❡ ♠❛st❡r ✐s ❛❜❧❡ t♦ ❡♥s✉r❡ t❤❡ ❣✐✈❡♥ t❤r♦✉❣❤♣✉t ✭❇❲ ≥ ρ✮✱ ♦r t❤❡ s②st❡♠ ❤❛s ♥♦ s♦❧✉t✐♦♥✳
❖✈❡r❛❧❧✱ ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♣r❡✈✐♦✉s ❧✐♥❡❛r ♣r♦❣r❛♠ t♦ ❊q✉❛t✐♦♥ ✭✺✳✷✹✮✿























































▼✐♥✐♠✐③❡ P =

p
∑

u=1

Pu s✉❜❥❡❝t t♦

p
∑

u=1

ρu = ρ

∀u, ρu ≤ min

{

su,mu

w
;
bu

δ

}

∀ u, ∀ 1 ≤ i ≤ mu, Pu ≥ (wρu − su,i)
Pu,i+1 −Pu,i

su,i+1 − su,i
+ Pu,i

✭✺✳✷✹✮

❖❢ ❝♦✉rs❡✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❤❛s ♥♦t t♦t❛❧❧② ❞✐s❛♣♣❡❛r❡❞✳ ❋♦r ❡❛❝❤ Pu ✉s❡❞ ✐♥
♦✉r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❡ ❛❞❞❡❞ mu ❡q✉❛t✐♦♥s✳ ❇✉t ♥♦✇ ✇❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ✐♥ s✉❝❤
❛ ✇❛② t❤❛t ✐t ❝❛♥ ❡❛s✐❧② ❜❡ s♦❧✈❡❞✳ ❚❤❡ ❝♦♥str❛✐♥ts ♦❢ ▲✐♥❡❛r ♣r♦❣r❛♠ ✭✺✳✷✹✮ st❛t❡ t❤❛t ✇❡ ❤❛✈❡ t♦
❛❝❤✐❡✈❡ ❛ ❣✐✈❡♥ t❤r♦✉❣❤♣✉t ρ✱ ✇❤✐❧❡ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ♣r♦❝❡ss♦r ✐s ❧✐♠✐t❡❞ ❜② ✐ts ♠❛①✐♠❛❧
s♣❡❡❞ ❛♥❞ ✐ts ❜❛♥❞✇✐❞t❤✳ ❚❤❡ ❧❛st ❝♦♥str❛✐♥t ✐s ❥✉st r❡❧❛t❡❞ ✇✐t❤ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✱ ✇❤✐❝❤
❤❛s t♦ ❜❡ ♠✐♥✐♠✐③❡❞✳ ❙♦ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦♣t✐♠❛❧❧② s♦❧✈❡❞ ✉s✐♥❣ ❛ ❣r❡❡❞② str❛t❡❣②✿ ✇❡ s♦rt
❛❧❧ t❤❡ ♣r♦❝❡ss♦rs ✐♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❡✣❝✐❡♥❝②✳ ❖❢
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❝♦✉rs❡✱ t❤✐s ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥t ♠♦❞❡s ♦❢ t❤❡ ♣r♦❝❡ss♦rs✱ ❛♥❞ t❤❡ s❛♠❡
♣r♦❝❡ss♦r ✇✐❧❧ ❛♣♣❡❛r ❛ ♥✉♠❜❡r ♦❢ t✐♠❡s ❡q✉❛❧ t♦ ✐ts ♥✉♠❜❡r ♦❢ ♠♦❞❡s✳ ❋♦r♠❛❧❧②✱ ✇❡ s♦rt ✐♥

♥♦♥ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r

{

Pu,i+1 −Pu,i

su,i+1 − su,i

}

1≤i≤mu,1≤u≤p

✳ ❚❤❡ ❧❛st st❡♣ ✇✐❧❧ ❜❡ t♦ s❡❧❡❝t t❤❡ ❝❤❡❛♣❡st

✈✐rt✉❛❧ ♣r♦❝❡ss♦rs s♦ t❤❡ s②st❡♠ ❝❛♥ ♣❡r❢♦r♠ t❤❡ ❣✐✈❡♥ t❤r♦✉❣❤♣✉t✱ ❣✐✈❡♥ t❤❛t ❡❛❝❤ ♣r♦❝❡ss♦r✬s
t❤r♦✉❣❤♣✉t ✇✐❧❧ ❜❡ ❧✐♠✐t❡❞ ❜② ✐ts ♠❛①✐♠❛❧ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥
✐ts❡❧❢ ❛♥❞ t❤❡ ♠❛st❡r✳ ❆❧t♦❣❡t❤❡r✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❣r❡❡❞② ❆❧❣♦r✐t❤♠ ✶✶✳

❆❧❣♦r✐t❤♠ ✶✶✿ ●r❡❡❞② ❛❧❣♦r✐t❤♠ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❣✐✈❡♥ ❛ t❤r♦✉❣❤♣✉t
❜♦✉♥❞
❉❛t❛✿ t❤r♦✉❣❤♣✉t ρ t❤❛t ❤❛s t♦ ❜❡ ❛❝❤✐❡✈❡❞
❢♦r u = 1 t♦ p ❞♦
T [u]← 0❀ ✴✯ ❚❤r♦✉❣❤♣✉t ♦❢ ♣r♦❝❡ss♦rs Pu ✯✴

Φ← 0❀ ✴✯ ❚♦t❛❧ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s②st❡♠ ✯✴

L ← s♦rt❡❞ ❧✐st ♦❢ t❤❡ Puk,ik s✉❝❤ t❤❛t ∀ j,
Puj,1+ij

−Puj,ij

suj,1+ij
−suj,ij

≤ Puj+1,1+ij+1
−Puj+1,ij+1

suj+1,1+ij+1
−suj+1,ij+1

❀

✇❤✐❧❡ Φ < ρ ❞♦
Puk,ik ← ♥❡①t(L)❀ ✴✯ ❙❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♥❡①t ❝❤❡❛♣❡st ♠♦❞❡ ✯✴
ρ′ ← T [uk]❀ ✴✯ ♣r❡✈✐♦✉s t❤r♦✉❣❤♣✉t ♦❢ Puk

✭❛t ♠♦❞❡ ik − 1✮ ✯✴

T [uk]← min
{

suk,ik

w
;

buk

δ
; ρ′ + (ρ− Φ)

}

❀ ✴✯ ♥❡✇ t❤r♦✉❣❤♣✉t ♦❢ Puk
✭❛t ♠♦❞❡ ik✮ ✯✴

✐❢ T [uk] =
buk

δ
t❤❡♥

L ← L\{Puk,j}❀✴✯ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❧♦♦❦ ❛t ❢❛st❡r ♠♦❞❡s ♦❢ Puk
✯✴

Φ← Φ + T [uk]− ρ′❀

❖♥❡ ❝❛♥ ❞❡t❛✐❧ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❧✐♥❡ t❤❛t ❣✐✈❡s t❤❡ ♥❡✇ t❤r♦✉❣❤♣✉t ♦❢ Puk
❛t ♠♦❞❡ ik✳

❖♥❡ ❝❛♥ ❡❛s✐❧② ✉♥❞❡rst❛♥❞ t❤❛t t❤❡ t❤r♦✉❣❤♣✉t ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t ❛t
t❤✐s s♣❡❡❞ ❛♥❞ ❜② t❤❡ ♠❛①✐♠✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❤r♦✉❣❤♣✉t✳ ❚❤❡ ❧❛st t❡r♠ st❛t❡s t❤❛t t❤❡
t❤r♦✉❣❤♣✉t ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s t❤r♦✉❣❤♣✉t (ρ′) ♣❧✉s t❤❡ r❡♠❛✐♥✐♥❣
t❤r♦✉❣❤♣✉t t❤❛t ❤❛s t♦ ❜❡ ❛❝❤✐❡✈❡❞ (ρ− Φ)✳

❖♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t✱ ✐❢ t❤❡ ❧❛st s❡❧❡❝t❡❞ ♠♦❞❡ ✐s Puk0
,ik0

✱ t❤✐s ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✇✐❧❧

✶✳ ❢✉❧❧② ✉s❡ ❡❛❝❤ ♣r♦❝❡ss♦r ❤❛✈✐♥❣ ❛t ❧❡❛st ♦♥❡ ♠♦❞❡ ❝♦♥s✉♠✐♥❣ str✐❝t❧② ❧❡ss t❤❛♥ Puk0
,ik0

✱
❛♥❞ t❤✐s ❡✐t❤❡r ❛t t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ✐❢ r❡❛❝❤❡❞ ✭t❤✐s t❤r♦✉❣❤♣✉t ✐s ❛❝❤✐❡✈❡❞
❛❝❝♦r❞✐♥❣ t♦ s❡❝t✐♦♥ ✺✳✺✳✷✮✱ ♦r ❛t t❤❡ ❧❛r❣❡st s✐♥❣❧❡ ❢❛st❡st ♠♦❞❡ t❤❛t ❝♦♥s✉♠❡s str✐❝t❧② ❧❡ss
t❤❛♥ Puk0

,ik0
♦r ❛t t❤❡ s❛♠❡ ♠♦❞❡ t❤❛♥ Puk0

,ik0
❀

✷✳ ❡✐t❤❡r ♥♦t ✉s❡ ❛t ❛❧❧ ♦r ❢✉❧❧② ✉s❡ ❛t ✐ts ✜rst ♥♦♥✲tr✐✈✐❛❧ ♠♦❞❡ ❛♥② ♣r♦❝❡ss♦r ✇❤♦s❡ ✜rst
♥♦♥✲tr✐✈✐❛❧ ♠♦❞❡ ❝♦♥s✉♠❡s ❡①❛❝t❧② t❤❡ s❛♠❡ t❤❛♥ Puk0

,ik0
❀

✸✳ ♥♦t ✉s❡ ❛t ❛❧❧ ❛♥② ♣r♦❝❡ss♦r ✇❤♦s❡ ✜rst ♥♦♥✲tr✐✈✐❛❧ ♠♦❞❡ ❝♦♥s✉♠❡s str✐❝t❧② ♠♦r❡ t❤❛♥ t❤❡
♠♦❞❡ Puk0

,ik0
❀

✹✳ ✉s❡ Puk0
,ik0

❛t t❤❡ ♠✐♥✐♠✉♠ t❤r♦✉❣❤♣✉t s♦ t❤❡ s②st❡♠ ❛❝❤✐❡✈❡s ❛ t❤r♦✉❣❤♣✉t ♦❢ ρ✱ ❛❝❝♦r❞✲
✐♥❣ t♦ s❡❝t✐♦♥ ✺✳✺✳✷✳

❚❤❡♦r❡♠ ✺✳✺✳ ❆❧❣♦r✐t❤♠ ✶✶ ♦♣t✐♠❛❧❧② s♦❧✈❡s ▲✐♥❡❛r ♣r♦❣r❛♠ ✭✺✳✷✸✮✳

Pr♦♦❢✳ ▲❡t S̃ = {ρ̃u} ❜❡ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ♣r♦❝❡ss♦r ❣✐✈❡♥ ❜② ❆❧❣♦r✐t❤♠ ✶✶✱ ❛♥❞ S = {ρu}
❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❞✐✛❡r❡♥t ❢r♦♠ S̃✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st
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♦♥❡ ♣r♦❝❡ss♦r ✇❤♦s❡ t❤r♦✉❣❤♣✉t ✐♥ S ✐s str✐❝t❧② ❧♦✇❡r t❤❛t t❤❡ ♦♥❡ ✐♥ S̃✱ ♦t❤❡r✇✐s❡ t❤❡ ♣♦✇❡r
❝♦♥s✉♠❡❞ ❜② S ✇♦✉❧❞ ❜❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ S̃✳ ▲❡t Pm ❜❡ ♦♥❡ ♦❢ t❤❡s❡ ♣r♦❝❡ss♦rs✳ ❖❢
❝♦✉rs❡✱ t❤❡ r❡♠❛✐♥✐♥❣ ✇♦r❦ ♦❢ Pm ✐♥ S̃ ❤❛s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ✭❛t ❧❡❛st✮ ♦♥❡ ♦t❤❡r ♣r♦❝❡ss♦r✱
✇❤♦s❡ t❤r♦✉❣❤♣✉t ✐s str✐❝t❧② ❣r❡❛t❡r ✐♥ S t❤❛♥ ✐♥ S̃ ✭♦t❤❡r✇✐s❡✱ S ❝♦✉❧❞ ♥♦t ❛❝❤✐❡✈❡ ❛ t♦t❛❧
t❤r♦✉❣❤♣✉t ♦❢ ρ✮✳ ▲❡t PM ❜❡ ♦♥❡ ♦❢ t❤❡s❡ ♣r♦❝❡ss♦rs✳

❚❤❡ ✐❞❡❛ ✐s t❤❡♥ t♦ tr❛♥s❢❡r ❛ ♣♦rt✐♦♥ ♦❢ ✇♦r❦ ❢r♦♠ PM t♦ Pm✳ ❚❤✐s ❛♠♦✉♥t ♦❢ ✇♦r❦ ǫ ❡q✉❛❧s
t♦ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ t❤r♦✉❣❤♣✉t ♥❡❡❞❡❞ ❜② Pm t♦ ❛❝❤✐❡✈❡ ❛ t❤r♦✉❣❤♣✉t ρ̃m✱ ❛♥❞
♦❢ t❤❡ ❡①❝❡ss ♦❢ t❤r♦✉❣❤♣✉t ♦❢ PM ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ S̃✿

ǫ = min{ρ̃m − ρm; ρM − ρ̃M}.

❲❤❛t ❞♦ ✇❡ ❦♥♦✇ ❛❜♦✉t PM ✐♥ S̃❄ ❲❡ ❦♥♦✇ ❢♦r s✉r❡ t❤❛t ❆❧❣♦r✐t❤♠ ✶✶ r❡q✉✐r❡❞ ❢r♦♠ ✐t ❛
t❤r♦✉❣❤♣✉t ρ̃M ✭✇❤✐❝❤ ♠❛② ❜❡ ❡q✉❛❧ t♦ ✵✮✳ ❚❤❛t ♠❡❛♥s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ♦❢
❆❧❣♦r✐t❤♠ ✶✶✱ t❤❛t✿ ✶✮ ❡✐t❤❡r PM ✐s s❛t✉r❛t❡❞ ❜② ✐ts ❜❛♥❞✇✐❞t❤✱ ❜✉t ✐♥ t❤❛t ❝❛s❡✱ ρ̃M ≥ ρM ✱
✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ PM ✱ ♦r ✷✮ PM ✐s s❛t✉r❛t❡❞ ❛t ❛ ❣✐✈❡♥ ♠♦❞❡ PM,i✱ ❛♥❞ t❤❡ ♥❡①t
♠♦❞❡ PM,i+1 ❤❛s ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❣r❡❛t❡r t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ ❛♥② ♦t❤❡r s❡❧❡❝t❡❞ ♣r♦❝❡ss♦r✱ Pm

✐♥❝❧✉❞❡❞✱ ♦r ✸✮ PM ✐s ♥♦t s❛t✉r❛t❡❞✱ ❜✉t ✐♥ t❤❛t ❝❛s❡ ✐t ✐s t❤❡ ❧❛st s❡❧❡❝t❡❞ ♠♦❞❡ ❜② ❆❧❣♦r✐t❤♠ ✶✶
❛♥❞ s♦ ❤❛s ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❣r❡❛t❡r t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ ❛♥② ♦t❤❡r s❡❧❡❝t❡❞ ♣r♦❝❡ss♦r✱ Pm

✐♥❝❧✉❞❡❞✳ ❖✈❡r❛❧❧✱ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ PM ✐s ❣r❡❛t❡r t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ t❤❡ ♦♥❡ ♦❢ Pm✳
▲❡t S ′ ❜❡ t❤❡ s❝❤❡❞✉❧✐♥❣ ✇❤❡r❡✿







ρ′m = ρm + ǫ;
ρ′M = ρM − ǫ;
ρ′i,j = ρi,j ♦t❤❡r✇✐s❡.

❚❤❡♥✱ ✐❢ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠❡❞ ❜② S ′ ❛♥❞ S✿

p
∑

u=1

P′
u =







p
∑

u=1
u 6=m,M

Pu






+ P′

m + P′
M .

P′
m = max

i

{

(wρ′m − sm,i)
Pm,i+1 −Pm,i

sm,i+1 − sm,i
+ Pm,i

}

= ρ′m

(

w
Pm,im+1 −Pm,im

sm,im+1 − sm,im

)

+

(

Pm,im − sm,im

Pm,im+1 −Pm,im

sm,im+1 − sm,im

)

= (ρm + ǫ)λm1 + λm2 ,

❛♥❞ P′
M = max

i

{

(wρ′M − sM,i)
PM,i+1 −PM,i

sM,i+1 − sM,i
+ PM,i

}

= ρ′M

(

w
PM,iM+1 −PM,iM

sM,iM+1 − sM,iM

)

+

(

PM,iM − sM,iM

PM,iM+1 −PM,iM

sM,iM+1 − sM,iM

)

= (ρM − ǫ)λM1 + λM2 .

❲❡ ❦♥♦✇ t❤❛t✿

Pm,im+1 −Pm,im

sm,im+1 − sm,im

≤ PM,iM+1
−PM,iM

sM,iM+1
− sM,iM

✭●r❡❡❞② s❡❧❡❝t✐♦♥✮
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❙♦✿

Pm
′ = (ρmλm1 + λm2) + ǫλm1

= Pm + ǫλm1

PM
′ = (ρMλM1 + λM2)− ǫλM1

= PM − ǫλM1

ǫ(λm1 − λM1) ≤ 0

p
∑

u=1

P′
u ≤







p
∑

u=1
u 6=m,M

Pu






+ Pm + PM =

p
∑

u=1

Pu

❲❡ ❝❛♥ ✐t❡r❛t❡ t❤❡s❡ st❡♣s ❛s ❧♦♥❣ ❛s S ✐s ❞✐✛❡r❡♥t ♦❢ S̃✱ ❤❡♥❝❡ ♣r♦✈✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ♦✉r
s❝❤❡❞✉❧✐♥❣✳ �

▼❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t

▼❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t ✐s ❛ ✈❡r② s✐♠✐❧❛r ♣r♦❜❧❡♠✱ ❛♥❞ ❛ s✐♠✐❧❛r ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✜♥❞s ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

❆❧❣♦r✐t❤♠ ✶✷✿ ●r❡❡❞② ❛❧❣♦r✐t❤♠ t♦ ♠❛①✐♠✐③❡ t❤❡ t❤r♦✉❣❤♣✉t ❣✐✈❡♥ ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥
✉♣♣❡r ❜♦✉♥❞
❉❛t❛✿ P♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❧♦✇❡r ❜♦✉♥❞ P

❢♦r u = 1 t♦ p ❞♦
T [u]← 0❀

Ψ← 0❀

L ← s♦rt❡❞ ❧✐st ♦❢ t❤❡ Puk,ik s✉❝❤ t❤❛t ∀ j,
Puj,1+ij

−Puj,ij

suj,1+ij
−suj,ij

≤ Puj+1,1+ij+1
−Puj+1,ij+1

suj+1,1+ij+1
−suj+1,ij+1

❀❀

✇❤✐❧❡ Ψ < P ❞♦
Puk,ik ← ♥❡①t(L)❀
P′ ← T [uk]❀

T [uk]← min
{

Puk,ik ;
(

w
buk

δ
− suk,ik

)

Puk,ik+1−Puk,ik

suk,ik+1−suk,ik

+ Puk,ik ;P′ + (P −Ψ)
}

❀

✐❢ T [uk] =
(

w
buk

δ
− suk,ik

)

Puk,ik+1−Puk,ik

suk,ik+1−suk,ik

+ Puk,ik t❤❡♥

L ← L\{Puk,j}❀
Ψ← Ψ + T [uk]−P′❀

❖♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ❆❧❣♦r✐t❤♠ ✶✷ ✐s ♦♣t✐♠❛❧ ❢♦r ♠❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤♣✉t ❣✐✈❡♥
❛ ❜♦✉♥❞❡❞ ❡♥❡r❣②✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❆❧❣♦r✐t❤♠ ✶✷ ❛♥❞ ❆❧❣♦r✐t❤♠ ✶✶ ✐s t❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥ t❤❛t ✐s ❝♦♥s✐❞❡r❡❞ ❞✉r✐♥❣ t❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✐ts ♦♣t✐♠❛❧✐t② ✐s t❤❡♥ ✈❡r②
s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✶✳

✺✳✺✳✹ ▼♦r❡ r❡❛❧✐st✐❝ ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧s

❲❤❡♥ ✇❡ ♠♦✈❡ t♦ ♠♦r❡ r❡❛❧✐st✐❝ ♣❧❛t❢♦r♠s✱ t❤❡ ♣r♦❜❧❡♠ ❣❡ts ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳
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▼♦❞❡❧s

❚❤❡r❡ ❡①✐st ♠❛♥② ✇❛②s t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ♠♦r❡ r❡❛❧✐st✐❝ ♦♥❡✳ ❚❤✐s
✐♥❝❧✉❞❡s t❤❡ ♠♦❞❡❧ ✇❤❡r❡ ♣r♦❝❡ss♦rs ❤❛✈❡ ❛ t❤r❡s❤♦❧❞ ♠♦❞❡ ✭t❤❡② ❝❛♥♥♦t r✉♥ s❧♦✇❡r t❤❛♥ t❤✐s
♠♦❞❡✮✱ ♦r t❤❡ ♠♦❞❡❧ ✇✐t❤ ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r❤❡❛❞✱ ❛♥❞ ❛♥② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧s✳
❲❡ ❝❛♥ ❤❛✈❡ ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r❤❡❛❞✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡
t♦ s♣❡❝✐❢② ✇❤❡♥ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r❤❡❛❞ ✐s ♣❛✐❞✱ ❛s ♦♥❡ ❝❛♥ ❤❛✈❡ ❛♥ ♦✈❡r❤❡❛❞ ♦♥❧② ✇❤❡♥
t✉r♥✐♥❣ ♦♥ t❤❡ ✇♦r❦❡r✱ ✇❤❡♥ t✉r♥✐♥❣ ✐t ♦✛✱ ♦r ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ ♦❢ ♠♦❞❡❀ ❛ ♣r♦❝❡ss♦r t✉r♥❡❞
♦♥ ❝❛♥ ❝♦♥s✉♠❡ ❡✈❡♥ ✇❤❡♥ ✐❞❧❡✳ ❖❢ ❝♦✉rs❡✱ ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♣t✐♦♥s ❛r❡ ♥♦t
r❡❛❧✐st✐❝✳ ❚❤✉s t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦st ♦❢ t✉♥✐♥❣ ♦♥ ❛♥❞ ♦✛ ❛ ♣r♦❝❡ss♦r ✐s ♥✉❧❧ ❜✉t ✐t ❝♦♥s✉♠❡s
❡✈❡♥ ✇❤❡♥ ✐t ✐s ✐❞❧❡ ✐s ❛❜s✉r❞✿ ♦♥❡ ❥✉st ♥❡❡❞s t♦ t✉r♥ ✐t ♦✛ ✇❤❡♥ ✐❞❧❡ t♦ ❤❛✈❡ ❛♥ ❛♣♣❛r❡♥t ❝♦st
♦❢ ③❡r♦✳ ❚❤❛t ✐s ✇❤② ✇❡ ♠❛② ♥❡❡❞ t♦ ❛❞❞ t❤❡ ❝♦♥str❛✐♥t t❤❛t ♣r♦❝❡ss♦rs ❝❛♥ ♦♥❧② ❜❡ t✉r♥❡❞
♦♥ ♦♥❝❡ ❛♥❞ ♥❡✈❡r ❜❡ t✉r♥❡❞ ♦✛ ❛❣❛✐♥✳ ▼❛♥② ♠♦r❡ ♣r♦❜❧❡♠s ❝♦♠❡ ❢r♦♠ t✐♠✐♥❣ ♦✈❡r❤❡❛❞✱ ♦r
♠❡♠♦r② ❝♦♥str❛✐♥ts✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ❧❛st ♣♦✐♥t✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ♠✉❧t✐✲❝♦r❡ ♣r♦❝❡ss♦rs✳ ■❢
❛t ❧❡❛st ♦♥❡ ❝♦r❡ ✐s t✉r♥❡❞ ♦♥✱ t❤❡♥ ♦♥❡ ♦t❤❡r ❝♦r❡ ❝❛♥ ❜❡ t✉r♥❡❞ ♦✛ ❛♥❞ st✐❧❧ s♦♠❡ ❞❛t❛ ❝❛♥ ❜❡
s❡♥t t♦ ✐ts ♠❡♠♦r②✳ ❚❤✐s ✇❛②✱ t❤❡ ❝♦r❡ ✇✐❧❧ ❤❛✈❡ ❞❛t❛ t♦ ♣r♦❝❡ss ❛s s♦♦♥ ❛s ✐t ✐s t✉r♥❡❞ ♦♥✳ ❖❢
❝♦✉rs❡✱ ♦♥❡ ❤❛s t♦ ❞❡❝❧❛r❡ ✇❤❡t❤❡r t❤❡ ❝❤♦s❡♥ ♠♦❞❡❧ t❛❦❡s ♠❡♠♦r② ❝♦♥str❛✐♥ts ✐♥t♦ ❛❝❝♦✉♥t✳

❯♥❞❡r t❤❡s❡ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧s✱ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❞❡♣❡♥❞s ♥♦✇ ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ✐♥t❡r✈❛❧ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss♦r ✐s t✉r♥❡❞ ♦♥ ✭✇❡ ♣❛② t❤❡ ♦✈❡r❤❡❛❞ ♦♥❧② ♦♥❝❡ ❞✉r✐♥❣ t❤✐s
✐♥t❡r✈❛❧✮✳ ❲❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥❡✇ ♥♦t❛t✐♦♥s t♦ ❡①♣r❡ss t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✐♥t❡r✈❛❧ t ✇❡ ❧♦♦❦ ❛t✱ ❛♥❞ ♦❢ t❤❡ ♠♦❞❡✿

Pu,i(t) = P
(1)
u,i · t + P

(2)
u,i ,

✇❤❡r❡ P
(2)
u,i ✐s t❤❡ ❡♥❡r❣② ♦✈❡r❤❡❛❞✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s t❤❛t ✇❡ ❤❛✈❡ ♥♦ ♠❡♠♦r② ❝♦♥str❛✐♥ts✳ ❚❤✉s✱ ✇❡
❝❛♥ ❛❞❛♣t t♦ t❤❡ ❝❛s❡ ✇✐t❤ ♣♦✇❡r ♦✈❡r❤❡❛❞ t❤❡ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✷ ✐♥ ♦r❞❡r
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ ♣r♦❝❡ss♦r Pu ✇❤❡♥ r✉♥♥✐♥❣ ❛t t❤r♦✉❣❤♣✉t ρu ❞✉r✐♥❣ t
t✐♠❡✲✉♥✐ts✳

■❢ t❤❡r❡ ✐s ♥♦ ♣♦✇❡r ♦✈❡r❤❡❛❞ ✇❤❡♥ s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ ♠♦❞❡s✱ t❤❡♥ t❤❡ ❢♦r♠✉❧❛ ✐s s✐♠♣❧② t❤❡
s❛♠❡ ❛s ♣r❡✈✐♦✉s❧②✿

Pu(t, ρu) = max
0≤i<mu

{

(wρu − su,i)
Pu,i+1(t)−Pu,i(t)

su,i+1 − su,i
+ Pu,i(t)

}

■♥ t❤❛t ❝❛s❡✱ t❤❡ t❤r♦✉❣❤♣✉t ρu✱ s✉♣♣♦s❡❞ t♦ ❜❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡s Pu,i0 ❛♥❞ Pu,i0+1✱ ✐s

♦❜t❛✐♥❡❞ ❜② r✉♥♥✐♥❣ t❤❡ ♠♦❞❡ Pu,i0 ❞✉r✐♥❣
t(su,i0+1 − ρuw)

su,i0+1 − su,i0

t✐♠❡✲✉♥✐ts✱ ❛♥❞ t❤❡ ♠♦❞❡ Pu,i0+1

❞✉r✐♥❣
t(ρuw − su,i0)

su,i0+1 − su,i0

t✐♠❡✲✉♥✐ts ✭t❤❡s❡ ✈❛❧✉❡s ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t✐♠❡ t❤❡ ♠♦❞❡

❛r❡ ✉s❡❞ ♣❡r t✐♠❡✲✉♥✐t ✐♥ ❙❡❝t✐♦♥ ✺✳✺✳✷✮✳

❖t❤❡r✇✐s❡✱ ✐❢ ✇❡ ❤❛✈❡ ♣♦✇❡r ♦✈❡r❤❡❛❞ ✇❤❡♥ s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ ♠♦❞❡s✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣❛r❡
t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✇❤❡♥ s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡s ✇✐t❤ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡
✉♣♣❡r ♠♦❞❡ Pu,i0+1(t)✳
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▼✉❧t✐✲❝♦r❡ ♣r♦❜❧❡♠

■♥ t❤✐s ♣❛rt✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ♦♥ ♠✉❧t✐✲❝♦r❡s ✇✐t❤♦✉t ♠❡♠♦r② ❝♦♥str❛✐♥ts✱
✇❤❡r❡ t❤❡r❡ ✐s ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦✈❡r❤❡❛❞ ♦♥❧② ✇❤❡♥ t✉r♥✐♥❣ ♦♥ t❤❡ ♣r♦❝❡ss♦r✳ ❚❤❡♥✱ ✇❡
❝❛♥ ♣r♦✈❡ ❛ ♣r♦♣❡rt② ❛❜♦✉t ♦♥❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳

▲❡♠♠❛ ✺✳✺✳ ❚❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✐♥ ✇❤✐❝❤ ❛❧❧ ♣r♦❝❡ss♦rs✱ ❡①❝❡♣t ♣♦ss✐❜❧② ♦♥❡✱ ❛r❡
✉s❡❞ ❛t ❛ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t✱ ✐✳❡✳✱ ❡✐t❤❡r t❤❡ t❤r♦✉❣❤♣✉t ❞✐❝t❛t❡❞ ❜② t❤❡✐r ❜❛♥❞✇✐❞t❤ ♦r t❤❡
t❤r♦✉❣❤♣✉t ♦❢ ♦♥❡ ♦❢ t❤❡✐r ♠♦❞❡s✳

Pr♦♦❢✳ ▲❡t S ❜❡ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✇✐t❤♦✉t t❤❛t ♣r♦♣❡rt②✳ ❲❡ ✇✐❧❧ st✉❞② S ❞✉r✐♥❣ ❛♥ ✐♥t❡r✈❛❧
♦❢ ❛r❜✐tr❛r② ❧❡♥❣t❤✱ s❛② t t✐♠❡✲✉♥✐ts✳ ❆s ✇❡ ❤❛✈❡ ♥♦ ❝♦♥tr♦❧ ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ S✱ ❡✈❡r② ♣r♦❝❡ss♦r
❝❛♥ ❜❡ t✉r♥❡❞ ♦♥ ❛♥❞ ♦✛ ❛s ♠❛♥② t✐♠❡s ❛s ♣♦ss✐❜❧❡✳ ▲❡t ∆u(t) ❜❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡
r❡❝❡✐✈❡❞ ❜② Pu ❞✉r✐♥❣ t❤❡ t t✐♠❡✲✉♥✐ts✱ ❛♥❞ Ωu(t) t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ✈♦❧✉♠❡ ♣❡r❢♦r♠❡❞ ❞✉r✐♥❣
t❤✐s ✐♥t❡r✈❛❧✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❜♦t❤ ✈♦❧✉♠❡s ❛r❡ ♥♦t ♥❡❝❡ss❛r② ❡q✉❛❧✱ ❛s ✇❡ ❝❤♦s❡ ❛♥ ❛r❜✐tr❛r②
t✐♠❡ ✐♥t❡r✈❛❧✳ ❲❡ ✇✐❧❧ ♥♦✇ ❝♦♠♣❛r❡ S ❛♥❞ S ′✱ ✇✐t❤ S ′ ❜❡✐♥❣ t❤❡ s❝❤❡❞✉❧❡ ✐❞❡♥t✐❝❛❧ t♦ S ♦✉ts✐❞❡
♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ✐♥t❡r✈❛❧ ❛♥❞ ✇❤✐❝❤✱ ❞✉r✐♥❣ t❤❛t ✐♥t❡r✈❛❧✱ s❡♥❞s t❛s❦s t♦ ♣r♦❝❡ss♦rs ❛t r❛t❡ ∆u(t)

t

❛♥❞ ✇❤❡r❡ ♣r♦❝❡ss♦rs ❝♦♠♣✉t❡ ✇✐t❤ ❛ t❤r♦✉❣❤♣✉t ♦❢ Ωu(t)
t

✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ❢♦❝✉s t♦ t❤❡ ♠♦st
❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❤r♦✉❣❤♣✉t ✐s ❧♦✇❡r t❤❛♥ t❤❡ t♦t❛❧
❝♦♠♣✉t❛t✐♦♥❛❧ t❤r♦✉❣❤♣✉t✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♠❡♠♦r② ❝♦♥t❛✐♥s✱ ❛t t✐♠❡ t = 0✱M0 t❛s❦s✳

❈♦♠♠✉♥✐❝❛t✐♦♥s ✉♥❞❡r S ′ ❛r❡ ❢❡❛s✐❜❧❡✿ ❯♥❞❡r S✱ ❡❛❝❤ ♣r♦❝❡ss♦r r❡❝❡✐✈❡❞ ❛ ✈♦❧✉♠❡ ♦❢ t❛s❦s
❡q✉❛❧s t♦ ∆u(t) ❞✉r✐♥❣ t t✐♠❡✲✉♥✐ts✱ s♦ ✐ts ❜❛♥❞✇✐❞t❤ t❤r♦✉❣❤♣✉t ✇❡r❡ ❣r❡❛t❡r t❤❛♥ ♦r
❡q✉❛❧ t♦ ∆u(t)

t
✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t S ′ ❛❧s♦ r❡s♣❡❝ts t❤❡ ❜❛♥❞✇✐❞t❤ ❝♦♥str❛✐♥ts✳ ❋♦r t❤❡

♠❛st❡r✬s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ t♦t❛❧ ✈♦❧✉♠❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞✉r✐♥❣ t❤❡ t t✐♠❡✲✉♥✐ts ✉♥❞❡r

S ✐s
p
∑

u=1

∆u(t)✱ s♦ ✇❡ ❤❛❞✿
p
∑

u=1

∆u(t) ≤ t · ❇❲✳ ❈♦♥s❡q✉❡♥t❧②✱
p
∑

u=1

∆u(t)

t
❛♥❞ S ′ r❡s♣❡❝ts

t❤❡ ❜♦✉♥❞❡❞ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r✳

❈♦♠♣✉t❛t✐♦♥s ✉♥❞❡r S ′ ❛r❡ ❢❡❛s✐❜❧❡✿ ❚♦ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❡❝❤✲
♥✐q✉❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ ❤❛✈❡ Ωu(t) ≤M0 + ∆u(t)✳ ■❢

su,i0

w
≤ Ωu(t)

t
≤ su,i0+1

w
(i0 ♠✐❣❤t ❜❡ ❡q✉❛❧ t♦ ③❡r♦),

t❤❡♥ ✇❡ ✉s❡ t❤❡ ♠♦❞❡ Pu,i0 ❞✉r✐♥❣

t1 =
t
(

su,i0+1 − Ωu(t)
t

w
)

su,i0+1 − su,i0

t✐♠❡✲✉♥✐ts✱ ❛♥❞ t❤❡ ♠♦❞❡ Pu,i0+1 ❞✉r✐♥❣

t2 =
t
(

Ωu(t)
t

w − su,i0

)

su,i0+1 − su,i0

t✐♠❡✲✉♥✐ts✱ ❛♥❞ t❤✐s s♦❧✉t✐♦♥ ✐s ❢❡❛s✐❜❧❡✳ ❋♦r t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ ♣r♦❝❡ss♦r
✐s r✉♥ ❛t ✐ts s❧♦✇❡r ♠♦❞❡ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✳ ❆❢t❡r t1 t✐♠❡✲✉♥✐ts✱
t❤❡ ♣r♦❝❡ss♦r ❤❛s st♦r❡❞ ❛ ❢r❛❝t✐♦♥ ♦❢ t❛s❦s ❡q✉❛❧ t♦✿

M0 +

(

∆u(t)

t
− su,i0

w

)

t1
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❚❤❡♥✱ ✐❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ♠❡♠♦r② M ♦❢ t❤❡ ♣r♦❝❡ss♦r ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✉♥❞❡r t❤❡
♠♦❞❡ Pu,i0+1 ❛❢t❡r t′ t✐♠❡✲✉♥✐ts ✭t′ ≤ t2✮✱ ✇❡ ❤❛✈❡✿

M = M0 +

(

∆u(t)

t
− su,i0

w

)

t1 −
(

su,i0+1

w
− ∆u(t)

t

)

t′

≥ M0 +

(

∆u(t)

t
− su,i0

w

)

t1 −
(

su,i0+1

w
− ∆u(t)

t

)

t2

= M0 +
∆u(t)

t
(t1 + t2)−

(

t1su,i0

w
+

t2su,i0+1

w

)

= M0 + ∆u(t)

(

su,i0+1 − Ωu(t)
t

w

su,i0+1 − su,i0

+
Ωu(t)

t
w − su,i0

su,i0+1 − su,i0

)

−t





su,i0

(

su,i0+1 − Ωu(t)
t

w
)

w(su,i0+1 − su,i0)
+

su,i0+1

(

Ωu(t)
t

w − su,i0

)

w(su,i0+1 − su,i0)





= M0 + ∆u(t)− t
Ωu(t)

t
= Ωu(t)− Ωu(t) = 0

❙♦ t❤❡r❡ ✐s ❛❧✇❛②s t❛s❦s ✐♥ t❤❡ ♠❡♠♦r② ♦❢ t❤❡ ♣r♦❝❡ss♦r✱ s♦ S ′ ✐s ❢❡❛s✐❜❧❡✳

S ′ ❞♦❡s ♥♦t ❝♦♥s✉♠❡ ♠♦r❡ ♣♦✇❡r t❤❛♥ S✿ ❲❡ ♦♥❧② ♣❛② ❛ ♣♦✇❡r ♦✈❡r❤❡❛❞ ❡❛❝❤ t✐♠❡ ❛ ♣r♦✲
❝❡ss♦r ✐s t✉r♥❡❞ ♦♥✱ ❛♥❞ S ′ t✉r♥❡❞ ♦♥ ♦♥❧② ♦♥❝❡ ❡❛❝❤ ♣r♦❝❡ss♦r ✉s❡❞ ❜② S✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ♣r♦❝❡ss♦r ✐s s♠❛❧❧❡r ✉♥❞❡r S ′ t❤❛♥ ✉♥❞❡r S✱ ❜❡❝❛✉s❡ t❤❡ ♣r♦❝❡ss♦rs
✉s❡ ✉♥❞❡r S ′ t❤❡ ✇❤♦❧❡ t t✐♠❡✲✉♥✐ts t♦ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ t❤❛♥ ✉♥❞❡r S✳
❖✈❡r❛❧❧✱ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ S ′ ✐s ♥♦ ❣r❡❛t❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ S✳

◆♦✇✱ ❧❡t ✉s ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❡❛❝❤ ✇♦r❦❡r ✉♥❞❡r S ′✳ ■❢ S ′ ❞♦❡s ♥♦t ❤❛✈❡ t❤❡
♣r♦♣❡rt② ♦❢ t❤❡ ❧❡♠♠❛✱ t❤❡♥ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ♣r♦❝❡ss♦rs Pm ❛♥❞ PM t❤❛t ❛r❡ ♥♦t ❛t t❤❡✐r
♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t✳ ❆s S ′ ✉s❡s t❤❡ t❡❝❤♥✐q✉❡ ♦❢ s❡❝t✐♦♥ ✺✳✺✳✷✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡s❡ t❤r♦✉❣❤♣✉t
❛r❡ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ♦♥❧② t✇♦ ♠♦❞❡s PM,iM ❛♥❞ PM,iM+1 ❢♦r PM ✭PM,iM ♠❛② ❤❛✈❡ ❛ t❤r♦✉❣❤♣✉t
♦❢ ③❡r♦✮✱ ❛♥❞ Pm,im ✱ Pm,im+1 ❢♦r Pm✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t PM ❝♦♥s✉♠❡s ♠♦r❡ ♣♦✇❡r ❛t ✐ts
t❤r♦✉❣❤♣✉t t❤❛♥ Pm ❛t ✐ts ♦✇♥✳ ❚❤✐s ♠❡❛♥s t❤❛t✿

Pm,im+1(t)−Pm,im(t)

sm,im+1 − sm,im

≤ PM,iM+1
(t)−PM,iM (t)

sM,iM+1
− sM,iM

.

❲❡ ♥♦✇ ❝♦♥str✉❝t ❛ ♥❡✇ s❝❤❡❞✉❧❡ S ′′ ❢r♦♠ S ′✱ ✇✐t❤✿

S ′′ :































ρ′′m = ρ′m + ǫ

ρ′′M = ρ′M − ǫ

ρ′′u = ρ′u ♦t❤❡r✇✐s❡

ǫ = min
{

bu

δ
− ρ′m;

sm,im+1

w
− ρ′m; ρ′M −

sM,iM

w

}

❚❤❡♥✱ ✐❢ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠❡❞ ❜② S ′′ ❛♥❞ S ′✿

p
∑

u=1

P′′
u(t) =







p
∑

u=1
u 6=m,M

P′
u(t)






+ P′′

m(t) + P′′
M (t).
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P′′
m(t) = max

i

{

(wρ′′m − sm,i)
Pm,i+1(t)−Pm,i(t)

sm,i+1 − sm,i
+ Pm,i(t)

}

= ρ′′m

(

w
Pm,im+1(t)−Pm,im(t)

sm,im+1 − sm,im

)

+

(

Pm,im(t)− sm,im

Pm,im+1(t)−Pm,im(t)

sm,im+1 − sm,im

)

= (ρ′m + ǫ)λm1 + λm2 ,

❛♥❞ P′′
M (t) = max

i

{

(wρ′′M − sM,i)
PM,i+1(t)−PM,i(t)

sM,i+1 − sM,i
+ PM,i(t)

}

= ρ′′M

(

w
PM,iM+1(t)−PM,iM (t)

sM,iM+1 − sM,iM

)

+

(

PM,iM (t)− sM,iM

PM,iM+1(t)−PM,iM (t)

sM,iM+1 − sM,iM

)

= (ρ′M − ǫ)λM1 + λM2 .

❆s P(t) ✐s st✐❧❧ s✉♣❡r✲❧✐♥❡❛r ✭✐t ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ♦❢ P✮✱ ✇❡ ❤❛✈❡✿

Pu,iu+1(t)−Pu,iu(t)

su,iu+1 − su,iu

≤ Pu,iu+k+1(t)−Pu,iu+k(t)

su,iu+k+1 − su,iu+k

❙♦✿

P′′
m(t) =

(

ρ′mλm1 + λm2

)

+ ǫλm1

= P′
m(t) + ǫλm1

P′′
M (t) =

(

ρ′MλM1 + λM2

)

− ǫλM1

= P′
M (t)− ǫλM1

ǫ(λm1 − λM1) ≤ 0

p
∑

u=1

P′′
u(t) ≤







p
∑

u=1
u 6=m,M

P′
u(t)






+ P′

m(t) + P′
M (t) =

p
∑

u=1

P′
u(t).

❚❤❡♥ S ′′ ❛❝❤✐❡✈❡s t❤❡ s❛♠❡ t❤r♦✉❣❤♣✉t t❤❛♥ S ′✱ ❛♥❞ ❞♦❡s ♥♦t ❝♦♥s✉♠❡ ♠♦r❡ ♣♦✇❡r t❤❛♥ S ′✳ ❆s
t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦r t❤❛t ❛r❡ ♥♦t ❛t ❛ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t ✐s str✐❝t❧② s♠❛❧❧❡r ✐♥ S ′′ t❤❛♥
✐♥ S ′ ❛s ❧♦♥❣ ❛s S ′ ❤❛s t✇♦ ♣r♦❝❡ss♦rs ✇❤✐❝❤ ❛r❡ ♥♦t ❛t ❛ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t✱ ♦♥❡ ❝❛♥ ✐t❡r❛t❡
t❤✐s st❡♣s ✉♥t✐❧ ♦♥❧② ♦♥❡ ♣r♦❝❡ss♦r ✐s ♥♦t s❛t✉r❛t❡❞✳ �

❘❡♠❛r❦ ✭▼❡♠♦r② ❝♦♥str❛✐♥ts✮✳ ■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❡♠♦r② ❝♦♥str❛✐♥ts✱ ❡❛❝❤ ♣r♦❝❡ss♦r ❤❛s t♦
s✇✐t❝❤ t♦ ✐ts ✉♣♣❡r ♠♦❞❡ ✇❤❡♥ ✐ts ♠❡♠♦r② ✐s ❢✉❧❧✳ ❖✉r str❛t❡❣② ✐s t❤❡♥ t♦ s✇✐t❝❤ ❛ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ t✐♠❡s✳ ❆s ✇❡ ❛r❡ ✐♥ ❛ st❡❛❞②✲st❛t❡ ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❝②❝❧✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛
♣r♦❝❡ss♦r ✇❤✐❝❤ ❤❛s t♦ ❛❝❤✐❡✈❡ ❛ t❤r♦✉❣❤♣✉t ♦❢ ρu s✉❝❤ t❤❛t

su,i0
w
≤ ρu ≤ su,i0+1

w
✳ ❲❡ s✉♣♣♦s❡ t❤❛t

t❤❡ ♠❡♠♦r② ✐s ❡♠♣t② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✱ ❛♥❞ t❤❛t t❤❡ ♠❡♠♦r② ❜♦✉♥❞ ✐s M✳ ❚❤❡♥✱ t❤❡ ❜❛♥❞✇✐❞t❤
t❤r♦✉❣❤♣✉t ✇✐❧❧ ❜❡ ρu✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t❤r♦✉❣❤♣✉t ✇✐❧❧ ❜❡ ❡✐t❤❡r

su,i0
w

♦r
su,i0+1

w
✳ ❖✉r ❣♦❛❧ ✐s

t♦ r✉♥ t❤❡ s❧♦✇❡st ♠♦❞❡ ❞✉r✐♥❣ t❤❡ ❧♦♥❣❡st ✐♥t❡r✈❛❧✳ ❆❢t❡r

t1 =
M

δ
(

ρu − su,i0
w

)

t✐♠❡✲✉♥✐ts ✉♥❞❡r t❤❡ ♠♦❞❡ Pu,i0✱ t❤❡ ♠❡♠♦r② ✇✐❧❧ ❜❡ ❢✉❧❧ ❛♥❞ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ s✇✐t❝❤ t♦ t❤❡ ♠♦❞❡
Pu,i0+1 ❞✉r✐♥❣

t2 =
M

δ
( su,i0+1

w
− ρu

)

t✐♠❡✲✉♥✐ts ✉♥t✐❧ t❤❡ ♠❡♠♦r② ✐s ❡♠♣t②✱ ❛♥❞ t♦ r❡♣❡❛t t❤✐s ♣❛tt❡r♥✳
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❲❡ tr✐❡❞ t♦ ❛❞❛♣t ♦✉r ❣r❡❡❞② s♦❧✉t✐♦♥ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦✇❡r ♦✈❡r❤❡❛❞ ✭❆❧❣♦✲
r✐t❤♠ ✶✸✮❀ ❲❡ s❛✇ ♣r❡✈✐♦✉s❧② t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞s ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧
✇❡ ❝♦♥s✐❞❡r✳ ❚❤❡ ❣r❡❛t❡r ✐t ✐s✱ t❤❡ ❧❡ss ♣♦✇❡r ♦✈❡r❤❡❛❞ ✇❡ ❤❛✈❡ t♦ ♣❛②✳ ❙♦ ♦✉r ❛❞❛♣t❡r❞ ❛❧❣♦r✐t❤♠
✇✐❧❧ s♦rt ❛❧❧ ♣r♦❝❡ss♦rs ✐♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❛t✐♦ ♦❢ t❤❡✐r ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥
❞✉r✐♥❣ d t✐♠❡✲✉♥✐ts ❛t ❣✐✈❡♥ ♠♦❞❡ ♦✈❡r t❤❡ s♣❡❡❞ ♦❢ t❤✐s ♠♦❞❡✱ d ❜❡✐♥❣ ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡
❛❧❣♦r✐t❤♠✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤✐s ✇✐t❤ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛ ♣r♦❝❡ss♦r ✇❤❡♥
✐ts t❤r♦✉❣❤♣✉t ✐s ❧✐♠✐t❡❞ ❜② ✐ts ❜❛♥❞✇✐❞t❤ ♦✈❡r t❤✐s ❜❛♥❞✇✐❞t❤✳

❆❧❣♦r✐t❤♠ ✶✸✿ ❆❞❛♣t❡❞ ●r❡❡❞② ❛❧❣♦r✐t❤♠
■♥♣✉t✿ d✿ t✐♠❡ ✐♥t❡r✈❛❧
❉❛t❛✿ t❤r♦✉❣❤♣✉t ρ t❤❛t ❤❛s t♦ ❜❡ ❛❝❤✐❡✈❡❞
❢♦r u = 1 t♦ p ❞♦
T [u]← 0❀ ✴✯ ❚❤r♦✉❣❤♣✉t ♦❢ ♣r♦❝❡ss♦r Pu ✯✴

Φ← 0❀ ✴✯ ❚♦t❛❧ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s②st❡♠ ✯✴
L ← s♦rt❡❞ ❧✐st ♦❢ t❤❡ (Puk

, ρuk
) s✉❝❤ t❤❛t

Puj,ρuj
(d)

ρuj
≤

Puj+1,ρuj+1
(d)

ρuj+1
✱ ✇✐t❤ ρuj

=
suk,ik

w
✐❢

suk,ik

w
<

buk

δ
❛♥❞

buk

δ
♦t❤❡r✇✐s❡✱ ❀

✇❤✐❧❡ Φ < ρ ❞♦
Puk,ik ← ♥❡①t(L)❀ ✴✯ ❙❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♥❡①t ❝❤❡❛♣❡st ♠♦❞❡ ✯✴
ρ′ ← T [uk]❀ ✴✯ ♣r❡✈✐♦✉s t❤r♦✉❣❤♣✉t ♦❢ Puk

✯✴
T [uk]← min {ρuk

; ρ′ + (ρ− Φ)}❀ ✴✯ ♥❡✇ t❤r♦✉❣❤♣✉t ♦❢ Puk
✯✴

✐❢ T [uk] =
buk

δ
t❤❡♥

L ← L\{Puk,j}❀✴✯ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❧♦♦❦ ❛t ❢❛st❡r ♠♦❞❡s ♦❢ Puk
✯✴

Φ← Φ + T [uk]− ρ′❀

❯♥❢♦rt✉♥❛t❡❧②✱ ♦✉r ❛❧❣♦r✐t❤♠ ✐s ♥♦ ❧♦♥❣❡r ♦♣t✐♠❛❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❛st ♣r♦❝❡ss♦r✳ ❉✉r✐♥❣ ♦✉r
s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✱ ✇❡ t♦♦❦ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss♦rs ❞✉r✐♥❣ d t✐♠❡✲✉♥✐ts✱
s♦ ✇❡ ❦♥♦✇ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❛❧❧ t❤❡ ✜rst ♣r♦❝❡ss♦rs t❤❛t ✇❡ s❡❧❡❝t❡❞✳ ❇✉t t❤❡ ❧❛st ♦♥❡ ♠❛② ❜❡
❧✐♠✐t❡❞ ❜② t❤❡ r❡♠❛✐♥✐♥❣ ❛♠♦✉♥t ♦❢ ✇♦r❦ t♦ ♣❡r❢♦r♠✱ s♦ ✐t ♠❛② ♥♦t r✉♥ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧
♦r ♠❛② ♥♦t r✉♥ ❛t ❛ ❝♦♥st❛♥t t❤r♦✉❣❤♣✉t✳ ❆♥❞ ✐❢ t❤❡ ✐♥t❡r✈❛❧ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss♦r ❤❛s
t♦ r✉♥ ✐s s♠❛❧❧❡r t❤❛♥ t❤❛t✱ t❤❡♥ t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ ♣r♦❝❡ss♦rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❛t✐♦ ♦❢ t❤❡✐r
❝♦♥s✉♠♣t✐♦♥ ♦✈❡r t❤❡✐r t❤r♦✉❣❤♣✉t ♠❛② ❝❤❛♥❣❡✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ❢♦r ❛❝❤✐❡✈✐♥❣
❛ ✈❡r② s♠❛❧❧ t❤r♦✉❣❤♣✉t✱ ✇❡ ♠❛② ♣r❡❢❡r ❛ ♣r♦❝❡ss♦r ✇✐t❤ ❛ s♠❛❧❧ ♦✈❡r❤❡❛❞ ❛♥❞ ❛ ❧❛r❣❡ ♣♦✇❡r
❝♦♥s✉♠♣t✐♦♥ ♣❡r t✐♠❡✲✉♥✐ts t❤❛♥ t❤❡ ♦♣♣♦s✐t❡✳

❚✉r♥❡❞ ♦♥ ♦♥❧② ♦♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s✉♣♣♦s❡ t❤❛t✱ ♦♥❝❡ ❛ ♣r♦❝❡ss♦r ✐s t✉r♥❡❞ ♦♥✱ ✐t ✇✐❧❧ ♥❡✈❡r ❜❡ t✉r♥❡❞
♦✛✱ ❛♥❞ t❤✉s ✇✐❧❧ ❛❧✇❛②s ❤❛✈❡ s♦♠❡ ♥♦♥ ♥✉❧❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✳ ❚❤✐s ♠♦❞❡❧ ✐s ♠♦r❡ r❡❛❧✐st✐❝✱
❜❡❝❛✉s❡ ❛ ♣r♦❝❡ss♦r ❝❛♥♥♦t ❜❡ t✉r♥❡❞ ♦✛ ❛♥❞ ♦♥ ❛t ♥♦ ❝♦st✳ ❯♥❞❡r s✉❝❤ ❝♦♥str❛✐♥ts✱ t❤❡ ♣r♦❜❧❡♠
❜❡❝♦♠❡s ◆P✲❤❛r❞✳

❉❡✜♥✐t✐♦♥ ✺✳✷ ✭▼❙✲♣♦✇❡r✮✳ ●✐✈❡♥ t✇♦ ✈❛❧✉❡s P ❛♥❞ ρ✱ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ P ❝♦♠♣♦s❡❞
♦❢ n ✇♦r❦❡rs✱ ❛♥❞ ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❢✉♥❝t✐♦♥ P✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ ❛ t♦t❛❧ t❤r♦✉❣❤♣✉t
♦❢ ❛t ❧❡❛st ρ ✇✐t❤ ❛ t♦t❛❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛t ♠♦st ❡q✉❛❧ t♦ P❄

❋✐rst ♦❢ ❛❧❧✱ ♦✉r ♣r♦❜❧❡♠ ✐s ❤❛r❞❡r t❤❛♥▼❙✲♣♦✇❡r✳ ■❢ ♦✉r ♣r♦❜❧❡♠ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡ t❤r♦✉❣❤✲
♣✉t ❣✐✈❡♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ P ♦♥ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✭r❡s♣✳ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥

te
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0



✺✳✺✳ ▼■◆■▼■❩■◆● P❖❲❊❘ ❈❖◆❙❯▼P❚■❖◆ ✶✸✼

❣✐✈❡♥ ❛ ❧♦✇❡r ❜♦✉♥❞ ρ ♦♥ t❤❡ t❤r♦✉❣❤♣✉t✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ t❤❡♥ ❢♦r ❛❧❧ ρ ≤ ρopt

✭r❡s♣✳ P ≥ P♦♣t✮ ▼❙✲♣♦✇❡r ❤❛s ❛ s❝❤❡❞✉❧❡✱ ❡❧s❡✇❤❡r❡ ✐t ❞♦❡s ♥♦t✳

❚❤❡♦r❡♠ ✺✳✻✳ ❚❤❡ ♣r♦❜❧❡♠ ▼❙✲P♦✇❡r ✐s ◆P✲❍❛r❞ ♦♥ ❛ ♣❧❛t❢♦r♠ ✇❤❡r❡ ❡✈❡r② ♣r♦❝❡ss♦r ❝❛♥
♦♥❧② ❜❡ t✉r♥❡❞ ♦♥ ♦♥❝❡✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♠❛❦❡ t❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ✷✲♣❛rt✐t✐♦♥✳
❋✐rst ♦❢ ❛❧❧✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r♦❜❧❡♠ ❜❡❧♦♥❣s t♦ ◆P✳

▲❡t I = {a1, ..., an} ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ ✷✲P❛rt✐t✐♦♥✳ ❲❡ ✇✐❧❧ ♥♦t❡ 2A =

n
∑

i=1

ai✳ ❲❡ r❡♠✐♥❞ t❤❡

r❡❛❞❡r t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ✷✲P❛rt✐t✐♦♥ ✐s t♦ ✜♥❞ ♦♥❡ s✉❜s❡t ♦❢ I ✇❤♦s❡ s✉♠ ✐s ❡q✉❛❧ t♦ A✳
▲❡t I ′ ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢▼❙✲♣♦✇❡r✳ ❲❡ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❝♦♠♣♦s❡❞ ♦❢ ❛ ♠❛st❡r ❛♥❞ n ✇♦r❦❡rs✱

❡❛❝❤ ✇♦r❦❡r ❤❛✈✐♥❣ ❛ ✉♥✐q✉❡ ♠♦❞❡ ♦❢ s♣❡❡❞ ai✱ ❛ ❜❛♥❞✇✐❞t❤ ♦❢ ai✱ ❛♥❞ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ♠❛st❡r✬s
❜❛♥❞✇✐❞t❤ ❡q✉❛❧ t♦ 2A✳ Pr♦❝❡ss♦r Pi ❛s ❛ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ ai ♣❡r t✐♠❡✲✉♥✐t ❛t ✐ts ♦♥❧②
♠♦❞❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❧❡t P = ρ = A✳

❚❤❡♥✱ ✐❢ ✇❡ ✜♥❞ ❛ s❝❤❡❞✉❧✐♥❣ ✇❤♦s❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐s A ❛♥❞ ✇❤♦s❡ t❤r♦✉❣❤♣✉t ✐s A✱
✇❡ ❤❛✈❡ ❡①❤✐❜✐t❡❞ ❛ s✉❜s❡t ♦❢ I ✇❤♦s❡ s✉♠ ✐s ❡q✉❛❧ t♦ A✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ♦♥❡ ❝❛♥ ✜♥❞ ❛
s✉❜s❡t ♦❢ I ✇❤♦s❡ s✉♠ ✐s ❡q✉❛❧ t♦ A✱ t❤❡♥ ✐t r❡♣r❡s❡♥ts ❛ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡✳ �

❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❧❡♠♠❛ ✺✳✺ ❛❧s♦ ❤♦❧❞s ❢♦r t❤✐s ♣r♦❜❧❡♠✿ ❛t ♠♦st ♦♥❡ ♣r♦❝❡ss♦r ✐s ♥♦t ✉s❡❞
❛t ❛ ♠❛①✐♠✉♠ t❤r♦✉❣❤♣✉t✳ ❋♦r t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❛❞❛♣t ♦✉r ♦r✐❣✐♥❛❧ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ s♦ t❤❛t t❤❡
❧❛st ♣r♦❝❡ss♦r t♦ ❜❡ s❡❧❡❝t❡❞ ✐s ✉s❡❞ ❛t t❤❡ t❤r♦✉❣❤♣✉t ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ♦♥❧② ✐❢
t❤✐s t❤r♦✉❣❤♣✉t ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✐ts ✜rst ♠♦❞❡✳ ❖t❤❡r✇✐s❡✱ ✐❢ ✇❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ t❤❡
♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❣✐✈❡♥ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ t❤r♦✉❣❤♣✉t✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥
♦❢ ❛❧❧ ♣r♦❝❡ss♦rs ✇❤❡♥ ❤❛✈✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛♠♦✉♥t ♦❢ ✇♦r❦ ❡q✉❛❧ t♦ t❤❡ r❡♠❛✐♥✐♥❣ t❤r♦✉❣❤♣✉t
t❤❛t ❤❛s t♦ ❜❡ ❛❝❤✐❡✈❡❞✱ ❛♥❞ ✇❡ ♣✐❝❦ t❤❡ ❜❡st s♦❧✉t✐♦♥✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ ✇❡ ✇❛♥t t♦ ♠❛①✐♠✐③❡
t❤❡ t❤r♦✉❣❤♣✉t ❣✐✈❡♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✱ t❤❡♥ ✇❡ ❞✐s❝❛r❞ ❢r♦♠ L t❤✐s
❧❛st ♣r♦❝❡ss♦r ❛♥❞ ❛❧❧ ♣r♦❝❡ss♦rs t❤❛t ✇❡r❡ ♥♦t ②❡t ❡♥r♦❧❧❡❞ ❜② t❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡♥
✇❡ ❝♦♥t✐♥✉❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛♠♦♥❣ t❤❡
❡♥r♦❧❧❡❞ ♣r♦❝❡ss♦rs t❤❡ ♣r♦❝❡ss♦rs ✭♠♦r❡ t❤❛♥ ♦♥❡ ♠❛② ❜❡ ❝❤♦s❡♥✮ t❤❛t ❝❛♥ ♠♦st ❡✣❝✐❡♥t❧② ✉s❡
t❤❡ r❡♠❛✐♥✐♥❣ ❡♥❡r❣② ❜✉❞❣❡t✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r ✇♦✉❧❞ ❤❛✈❡
✐❢ ✇❡ r❡q✉❡st ✐t t♦ ✐♥❝r❡❛s❡ ✐ts t❤r♦✉❣❤♣✉t ❜② t❤❡ ✏♠✐ss✐♥❣✑ t❤r♦✉❣❤♣✉t ✭t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ r❡q✉✐r❡❞ t❤r♦✉❣❤♣✉t ❛♥❞ t❤❡ t❤r♦✉❣❤♣✉t ❛❝❤✐❡✈❡❞ s♦ ❢❛r✮✳

✺✳✺✳✺ ❘❡❧❛t❡❞ ❲♦r❦

❙❡✈❡r❛❧ ♣❛♣❡rs ❤❛✈❡ ❜❡❡♥ t❛r❣❡t✐♥❣ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✳ ▼♦st ♦❢ t❤❡s❡ ✇♦r❦s
s✉♣♣♦s❡ t❤❛t t❤❡② ❝❛♥ s✇✐t❝❤ t♦ ❛r❜✐tr❛r② s♣❡❡❞ ✈❛❧✉❡s✳ ❍❡r❡ ✐s ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤♦s❡ ♣❛♣❡rs✿

❯♥✐t t✐♠❡ t❛s❦s✳ ❇✉♥❞❡r ✐♥ ❬✸✽❪ ❢♦❝✉s❡s ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ✉♥✐t t✐♠❡ t❛s❦s
✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ♦r t❤❡ t♦t❛❧ ✢♦✇ t✐♠❡ ♦♥ ♦♥❡ ♣r♦❝❡ss♦r✳
❍❡ ❝❤♦♦s❡s t♦ ❤❛✈❡ ❛ ❝♦♥t✐♥✉♦✉s r❛♥❣❡ ♦❢ s♣❡❡❞s ❢♦r t❤❡ ♣r♦❝❡ss♦rs✳ ❍❡ ❡①t❡♥❞s ❤✐s ✇♦r❦
❢r♦♠ ♦♥❡ ♣r♦❝❡ss♦r t♦ ♠✉❧t✐✲♣r♦❝❡ss♦rs✱ ❜✉t ✉♥❧✐❦❡ ✉s✱ ❞✐❞ ♥♦t t❛❦❡ ❛♥② ❝♦♠♠✉♥✐❝❛t✐♦♥
t✐♠❡ ✐♥t♦ ❛❝❝♦✉♥t✳ ❍✐s ❛♣♣r♦❛❝❤ ❝♦rr❡s♣♦♥❞s t♦ s❝❤❡❞✉❧✐♥❣ ♦♥ ♠✉❧t✐✲❝♦r❡ ♣r♦❝❡ss♦rs✳ ❍❡
❛❧s♦ ♣r♦✈❡s t❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ♦♥ ♠✉❧t✐✲
♣r♦❝❡ss♦rs ✇✐t❤ ❥♦❜s ♦❢ ❞✐✛❡r❡♥t ❛♠♦✉♥t ♦❢ ✇♦r❦✳

❆✉t❤♦rs ✐♥ ❬✹❪ ❝♦♥❝❡♥tr❛t❡ ♦♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ t♦t❛❧ ✢♦✇ t✐♠❡ ♦❢ ✉♥✐t t✐♠❡ ❥♦❜s ✇✐t❤ r❡❧❡❛s❡
❞❛t❡s ♦♥ ♦♥❡ ♣r♦❝❡ss♦r✳ ❆❢t❡r ♣r♦✈✐♥❣ t❤❛t ♥♦ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❛❝❤✐❡✈❡ ❛ ❝♦♥st❛♥t

te
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❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐❢ ❥♦❜ ❤❛✈❡ ❛r❜✐tr❛r② s✐③❡s✱ t❤❡② ❡①❤✐❜✐t ❛ ❝♦♥st❛♥t ❝♦♠♣❡t✐t✐✈❡ ♦♥❧✐♥❡
❛❧❣♦r✐t❤♠ ❛♥❞ s♦❧✈❡ t❤❡ ♦✤✐♥❡ ♣r♦❜❧❡♠ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❈♦♥tr❛r✐❧② t♦ ❬✸✽❪ ✇❤❡r❡ t❤❡
❛✉t❤♦rs ❣❛t❤❡r t❤❡ t❛s❦s ✐♥t♦ ❜❧♦❝❦s ❛♥❞ s❝❤❡❞✉❧❡ t❤❡♠ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ s♣❡❡❞ ✐♥ ♦r❞❡r t♦
♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥✱ ❤❡r❡ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ t❤❛t t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❜❧♦❝❦s ♥❡❡❞ t♦ ❜❡
❞❡❝r❡❛s✐♥❣ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ ❜♦t❤ t♦t❛❧ ✢♦✇ t✐♠❡ ❛♥❞ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥✳

❈♦♠♠✉♥✐❝❛t✐♦♥✲❛✇❛r❡✳ ■♥ ❬✶✹✷❪✱ t❤❡ ❛✉t❤♦rs ❛r❡ ✐♥t❡r❡st❡❞ ❛❜♦✉t s❝❤❡❞✉❧✐♥❣ t❛s❦ ❣r❛♣❤s
✇✐t❤ ❞❛t❛ ❞❡♣❡♥❞❡♥❝❡s ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ♣r♦❝❡ss♦rs
❛♥❞ t❤❡ ✐♥t❡r♣r♦❝❡ss♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡s✳ ❚❤❡② ❞❡♠♦♥str❛t❡ t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
♠✉❧t✐♣r♦❝❡ss♦r s②st❡♠s✱ t❤❡ ✐♥t❡r♣r♦❝❡ss♦r ❝♦♠♠✉♥✐❝❛t✐♦♥s ✇❡r❡ ❛♥ ✐♠♣♦rt❛♥t s♦✉r❝❡ ♦❢
❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ t❤❡✐r ❛❧❣♦r✐t❤♠ r❡❞✉❝❡s ✉♣ t♦ ✽✵✪ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛s
t❤❡② ❢♦❝✉s ♦♥ ♠✉❧t✐♣r♦❝❡ss♦r ♣r♦❜❧❡♠s✱ t❤❡② ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s✳

❉❡❛❞❧✐♥❡s✳ ▼♦st ♣❛♣❡rs ❛r❡ tr②✐♥❣ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠❡❞ ❜② t❤❡ ♣❧❛t❢♦r♠ ❣✐✈❡♥ ❛
s❡t ♦❢ ❞❡❛❞❧✐♥❡s ❢♦r ❛❧❧ t❛s❦s ♦♥ t❤❡ s②st❡♠✳ ■♥ ❬✶✶✾❪✱ t❤❡ ❛✉t❤♦rs ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠
✇❤❡r❡ t❛s❦s ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ r❡❧❡❛s❡ ❞❛t❡s✳ ❚❤❡② s❤♦✇ t❤❛t ❞✉r✐♥❣ ❡❛❝❤ t✐♠❡
✐♥t❡r✈❛❧ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ t❤❡ ❞❡❛❞❧✐♥❡s ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♦♣t✐♠❛❧
✈♦❧t❛❣❡ ✐s ❝♦♥st❛♥t✱ ❛♥❞ t❤❡② ❞❡t❡r♠✐♥❡ t❤✐s ✈♦❧t❛❣❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠✐♥✐♠✉♠ ❝♦♥st❛♥t
s♣❡❡❞ ❢♦r ❡❛❝❤ ❥♦❜✳

❬✶✵❪ ✐♠♣r♦✈❡s t❤❡ ❜❡st ❦♥♦✇♥ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡♥❡r❣② ✇❤✐❧❡ r❡s♣❡❝t✐♥❣
❛❧❧ ❞❡❛❞❧✐♥❡s✳

❬✹✻❪ ✇♦r❦s ♦♥ ❛ ♦✈❡r❧♦❛❞❡❞ ♣❧❛t❢♦r♠ ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t ♥♦ ❛❧❣♦r✐t❤♠ ❝❛♥ ✜♥✐s❤ ❛❧❧ t❤❡
❥♦❜s✮ ❛♥❞ tr② t♦ ♠❛①✐♠✐③❡ t❤❡ t❤r♦✉❣❤♣✉t✳ ❚❤❡✐r ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✐s O(1) ❝♦♠♣❡t✐t✐✈❡ ❢♦r
❜♦t❤ t❤r♦✉❣❤♣✉t ♠❛①✐♠✐③❛t✐♦♥ ❛♥❞ ❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥✳

❚❛s❦✲r❡❧❛t❡❞ ❝♦♥s✉♠♣t✐♦♥✳ ❬✺❪ ❛❞❞r❡ss❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❡r✐♦❞✐❝ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✲t✐♠❡ t❛s❦s
♦♥ ♦♥❡ ♣r♦❝❡ss♦r✱ t❤❡ ♣❡r✐♦❞ ❜❡✐♥❣ ❛ ❞❡❛❞❧✐♥❡ t♦ ❛❧❧ t❛s❦s✳ ❚❤❡ ♣❛rt✐❝✉❧❛r✐t② ♦❢ t❤✐s ✇♦r❦
✐s t❤❛t t❤❡② s✉♣♣♦s❡ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ t❛s❦ t❤❛t ✐s ❡①❡❝✉t❡❞ ♦♥ t❤❡
♣r♦❝❡ss♦r✳ ❚❤❡② ❡①❤✐❜✐t ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ s♣❡❡❞ ♦❢ ❡❛❝❤ t❛s❦✱
❛♥❞ ♣r♦✈❡❞ t❤❛t ❊❉❋ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ ❛ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡ ✇✐t❤ t❤❡s❡ ♦♣t✐♠❛❧ s♣❡❡❞
✈❛❧✉❡s✳

❉✐s❝r❡t❡ ✈♦❧t❛❣❡ ❝❛s❡✳ ■♥ ❬✽✸❪✱ t❤❡ ❛✉t❤♦rs r❡♣r❡s❡♥t t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ t❛s❦s ♦♥ ❛
s✐♥❣❧❡ ♣r♦❝❡ss♦r ✇✐t❤ ❞✐s❝r❡t❡ ✈♦❧t❛❣❡✳ ❚❤❡② ❛❧s♦ ❧♦♦❦ ❛t t❤❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❡♥❡r❣②
❝♦♥s✉♠♣t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ t❛s❦✱ ❛♥❞ ❞❡s❝r✐❜❡ ❤♦✇ t♦ s♣❧✐t t❤❡ ✈♦❧t❛❣❡ ❢♦r ❡❛❝❤ t❛s❦✳
❚❤❡② ❡①t❡♥❞ t❤❡✐r ✇♦r❦ ✐♥ ❬✶✶✵❪ t♦ ♦♥❧✐♥❡ ♣r♦❜❧❡♠s✳

■♥ ❬✶✹✼❪✱ t❤❡ ❛✉t❤♦rs ❛❞❞ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ ✈♦❧t❛❣❡ ❝❛♥ ♦♥❧② ❜❡ ❝❤❛♥❣❡❞ ❛t ❡❛❝❤ ❝②❝❧❡
♦❢ ❡✈❡r② t❛s❦✱ ✐♥ ♦r❞❡r t♦ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ❛♥❞ t❤✉s t❤❡ ❡♥❡r❣② ♦✈❡r❤❡❛❞✳
❚❤❡② ✜♥❞ t❤❛t ✉♥❞❡r s✉❝❤ ♠♦❞❡❧✱ t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ❢r❡q✉❡♥❝②✬s tr❛♥s✐t✐♦♥s ✐♥ ♦r❞❡r
t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡♥❡r❣② ♠❛② ❜❡ ❣r❡❛t❡r t❤❛♥ t✇♦✳

❙❧❛❝❦ s❤❛r✐♥❣✳ ■♥ ❬✶✹✽✱ ✶✷✷❪✱ t❤❡ ❛✉t❤♦rs ✐♥✈❡st✐❣❛t❡ ❞②♥❛♠✐❝ s❝❤❡❞✉❧✐♥❣✳ ❚❤❡② ❛r❡ ❞❡❛❧✐♥❣
✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ❉❆● t❛s❦s ❜❡❢♦r❡ ❞❡❛❞❧✐♥❡s✱ ✉s✐♥❣ ❛ s❡♠✐✲❝❧❛✐r✈♦②❛♥t ♠♦❞❡❧✳
❋♦r ❡❛❝❤ t❛s❦✱ t❤❡ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ✐s t❤❡✐r ✇♦rst✲❝❛s❡ ❡①❡❝✉t✐♦♥ t✐♠❡s✳ ❚❤❡✐r
❛❧❣♦r✐t❤♠ ♦♣❡r❛t❡s ✐♥ t✇♦ st❡♣s✿ ✜rst ❛ ❣r❡❡❞② st❛t✐❝ ❛❧❣♦r✐t❤♠ s❝❤❡❞✉❧❡s t❤❡ t❛s❦s ♦♥ t❤❡
♣r♦❝❡ss♦rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ✇♦rst✲❝❛s❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ❛♥❞ t❤❡ ❞❡❛❞❧✐♥❡✱ ❛♥❞ r❡❞✉❝❡s
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✺✳✻✳ ❈❖◆❈▲❯❙■❖◆ ✶✸✾

t❤❡ ♣r♦❝❡ss♦rs s♣❡❡❞ s♦ ❡❛❝❤ ♣r♦❝❡ss♦r ♠❡❡ts t❤❡ ❞❡❛❞❧✐♥❡✳ ❚❤❡♥✱ ✐❢ ❛ t❛s❦ ❡♥❞s s♦♦♥❡r
t❤❛♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛t✐❝ ❛❧❣♦r✐t❤♠✱ ❛ ❞②♥❛♠✐❝ s❧❛❝❦ s❤❛r✐♥❣ ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ❡①tr❛✲
t✐♠❡ t♦ r❡❞✉❝❡ t❤❡ s♣❡❡❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ t❛s❦s✳ ❚❤❡ ❛✉t❤♦rs ✐♥✈❡st✐❣❛t❡
t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ♦✈❡r❤❡❛❞ ❛♥❞ ✈♦❧t❛❣❡ ♦✈❡r❤❡❛❞ ✇❤❡♥ ❝❤❛♥❣✐♥❣ ♣r♦❝❡ss♦r s♣❡❡❞s✱
❛♥❞ ❛❞❛♣t t❤❡✐r ❛❧❣♦r✐t❤♠ ❛❝❝♦r❞✐♥❣❧②✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡② ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛♥②
❝♦♠♠✉♥✐❝❛t✐♦♥✳

✺✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ♠✉❧t✐♣❧❡ ❛♣♣❧✐❝❛✲
t✐♦♥s✱ ♠❛❞❡ ♦❢ ❝♦❧❧❡❝t✐♦♥s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧ t❛s❦s✱ ♦♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r
♣❧❛t❢♦r♠✳ ❚❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s ❤❛❞ ❞✐✛❡r❡♥t r❡❧❡❛s❡ ❞❛t❡s✳ ❲❡ ❛✐♠❡❞ ❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠
str❡t❝❤✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❧❛r❣❡st r❡❧❛t✐✈❡ s❧♦✇❞♦✇♥ ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ❞✉❡ t♦
t❤❡✐r ❝♦♥❝✉rr❡♥t ❡①❡❝✉t✐♦♥s✳ ❲❡ ❞❡r✐✈❡❞ ❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♦✛✲❧✐♥❡ s❡tt✐♥❣ ✭✇❤❡♥ ❛❧❧
❛♣♣❧✐❝❛t✐♦♥ s✐③❡s ❛♥❞ r❡❧❡❛s❡ ❞❛t❡s ❛r❡ ❦♥♦✇♥ ❜❡❢♦r❡❤❛♥❞✮✳ ❲❡ ❤❛✈❡ ❛❞❛♣t❡❞ t❤✐s ❛❧❣♦r✐t❤♠ t♦
❛♥ ♦♥❧✐♥❡ s❝❡♥❛r✐♦✱ s♦ t❤❛t ✐t ❝❛♥ r❡❛❝t ✇❤❡♥ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ r❡❧❡❛s❡❞✳

❲❡ ❤❛✈❡ ❡✈❛❧✉❛t❡❞ ✐♥ ♣r❛❝t✐❝❡ ♦✉r ♥❡✇ ❛❧❣♦r✐t❤♠s ❛❣❛✐♥st ❝❧❛ss✐❝❛❧ ❣r❡❡❞② ❤❡✉r✐st✐❝s✱ ❛♥❞
❛❧s♦ ❛❣❛✐♥st s♦♠❡ ✐♥✈♦❧✈❡❞ st❛t✐❝ ♠✉❧t✐✲❛♣♣❧✐❝❛t✐♦♥s str❛t❡❣✐❡s✳ ❚❤✐s ❡✈❛❧✉❛t✐♦♥ ✇❛s ♠❛❞❡ ❜♦t❤
t❤r♦✉❣❤ ❛❝t✉❛❧ ❡①♣❡r✐♠❡♥ts ♦♥ ❛ r❡❛❧ ❝❧✉st❡r✱ ✉s✐♥❣ ▼P■✱ ❛♥❞ t❤r♦✉❣❤ ❡①t❡♥s✐✈❡ s✐♠✉❧❛t✐♦♥s✱
❝♦♥❞✉❝t❡❞ ✇✐t❤ ❙✐♠●r✐❞✳ ❇♦t❤ t②♣❡s ♦❢ ❡✈❛❧✉❛t✐♦♥ s❤♦✇❡❞ ❛ ❣r❡❛t ✐♠♣r♦✈❡♠❡♥t ✇❤❡♥ ✉s✐♥❣ ♦✉r
❈❇❙✸▼ str❛t❡❣②✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s ❛♥ ❛✈❡r❛❣❡❞ ✇♦rs❡ ♠❛①✲str❡t❝❤ ♦♥❧② ✶✻✪ ❣r❡❛t❡r t❤❛♥ t❤❡ ♦✛✲
❧✐♥❡ ♦♣t✐♠❛❧ ♠❛①✲str❡t❝❤ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✇♦r❦ ✐s t❤❡ ✜rst ❛tt❡♠♣t t♦ ♣r♦✈✐❞❡
❡✣❝✐❡♥t s❝❤❡❞✉❧✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ♠✉❧t✐♣❧❡ ❜❛❣✲♦❢✲t❛s❦s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❛♥ ♦♥❧✐♥❡ s❝❡♥❛r✐♦✳

❋✉t✉r❡ ✇♦r❦ ✐♥❝❧✉❞❡s ❡①t❡♥❞✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ t♦ ♦t❤❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s ✭s✉❝❤ ❛s t❤❡
♦♥❡✲♣♦rt ♠♦❞❡❧✮ ❛♥❞ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ♣❧❛t❢♦r♠s ✭s✉❝❤ ❛s ♠✉❧t✐✲❧❡✈❡❧ tr❡❡s✮✳ ■t ✇♦✉❧❞ ❛❧s♦ ❜❡ ✈❡r②
✐♥t❡r❡st✐♥❣ t♦ ❞❡❛❧ ✇✐t❤ ♠♦r❡ ❝♦♠♣❧❡① ❛♣♣❧✐❝❛t✐♦♥ t②♣❡s✱ s✉❝❤ ❛s ♣✐♣❡❧✐♥❡s ♦r ❡✈❡♥ ❣❡♥❡r❛❧ ❉❆●s✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ❛ s✐♥❣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤
♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❝♦♥str❛✐♥ts✱ ♦♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✳ ❲❡ ♣r♦✈❡❞ s♦♠❡
r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ t❤r♦✉❣❤♣✉t ❛♥❞ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❛t t❤❡ ♣r♦❝❡ss♦r ❧❡✈❡❧✱ ❛♥❞ ✇❡
❞❡✈❡❧♦♣❡❞ ❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ✇❤♦❧❡ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ❢♦r t❤❡
s✐♠♣❧❡ ✐❞❡❛❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧✳ ❲❤❡♥ ✇❡ ❝❤❛♥❣❡❞ ♦✉r ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧ t♦ ❛
♠♦r❡ r❡❛❧✐st✐❝ ♦♥❡✱ ♣r♦❜❧❡♠s ❜❡❝❛♠❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❲❡ ♣r♦✈❡❞ t❤❛t s♦♠❡ ♣r♦❜❧❡♠s ❜❡❝❛♠❡
◆P✲❍❛r❞✱ ❛♥❞ ✇❡ ❤❡✉r✐st✐❝❛❧❧② ❡①t❡♥❞❡❞ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❞❡❛❧ ✇✐t❤ t❤❡s❡ ♠♦❞❡❧s✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣♦✐♥t ♦✉t t❤❛t ❙❡❝t✐♦♥ ✺✳✺ ✐s st✐❧❧ ❛♥ ♦♥❣♦✐♥❣ ✇♦r❦✳ ❆s ❢✉t✉r❡ ✇♦r❦✱ ✐t ✇♦✉❧❞
❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❞❡✈❡❧♦♣ ♦✉r st✉❞② t♦✇❛r❞s ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧s✱ ❛♥❞ ✜♥❞ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠s✳ ■t ✇♦✉❧❞ t❤❡♥ ❜❡ ♥❡❝❡ss❛r② t♦ t❡st t❤❡♠ t❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥s✳
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❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥

❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ✇❡ tr✐❡❞ t♦ ✉♥❞❡r❧✐♥❡ t❤❡ ❝❤❛❧❧❡♥❣❡s ♦❢ s❝❤❡❞✉❧✐♥❣ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s
♣❧❛t❢♦r♠s ✇✐t❤ r❡❛❧✐st✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s✳ ❊✈❡♥ ✈❡r② s✐♠♣❧❡ ♣r♦❜❧❡♠s s✉❝❤ ❛s s❝❤❡❞✉❧✐♥❣
✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧ t❛s❦s ♦♥ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s ♣r♦✈❡❞ t♦ ❜❡ ❤❛r❞ ✐♥ ♣r❛❝t✐❝❡✳ ❍♦✇❡✈❡r✱
t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♣❧❛t❢♦r♠✬s s❤❛♣❡ ✉♥❞❡r t❤❡ ♠❛st❡r✲✇♦r❦❡r ♠♦❞❡❧ ❤❡❧♣❡❞ ✉s t♦ ✜♥❞ ❣r❡❡❞②
❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛❝❤✐❡✈❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t❤r❡❡ ♣❛rts✳

❙❝❤❡❞✉❧✐♥❣ ✿ ✇❡ ♣r♦✈❡❞ s♦♠❡ ♥❡✇ r❡s✉❧ts ❢♦r ♦♥❧✐♥❡ ❛♥❞ ♦✤✐♥❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥✲
t✐❝❛❧ t❛s❦s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❋♦r t❤❡ ♦♥❧✐♥❡ s❡tt✐♥❣✱ ✇❡ ❤❛✈❡
♣r♦✈✐❞❡❞ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ s❡t ♦❢ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛♥② ❞❡t❡r♠✐♥✲
✐st✐❝ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ❢♦r ❡❛❝❤ s♦✉r❝❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❛♥❞ ❢♦r t❤r❡❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥s✳ ❋♦r t❤❡ ♦✤✐♥❡ s❡tt✐♥❣✱ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ s❡✈❡r❛❧ ♥❡✇ r❡s✉❧ts✱ ❛s ❛♥ ♦♣t✐♠❛❧
♠❛❦❡s♣❛♥✲♠✐♥✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✱ ❛♥❞ ❛♥ ◆P✲
❤❛r❞♥❡ss ♣r♦♦❢ ♦❢ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ♦♥ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳

▼❛tr✐① ♣r♦❞✉❝t ✿ ✇❡ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❡r❢♦r♠✐♥❣ ❛ ♠❛tr✐① ♣r♦❞✉❝t ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s
♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s ✇✐t❤ t❤❡ ❝♦♥str❛✐♥ts ♦❢ ❝❡♥tr❛❧✐③❡❞ ❞❛t❛ ❛♥❞ ❧✐♠✐t❡❞ ♠❡♠♦r②✳ ❆s
t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ♣r♦✈❡❞ t♦ ❜❡ ❞✐✣❝✉❧t✱ ✇❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ♠✐♥✐✲
♠✐③❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✳ ❲❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛ ♥❡✇✱ t✐❣❤t❡r✱ ❜♦✉♥❞ ❢♦r
t❤❡ ♠✐♥✐♠❛❧ ✈♦❧✉♠❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♥❡❡❞❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛♥❞ ❞❡✈❡❧✲
♦♣❡❞ ❛♥ ❡✣❝✐❡♥t ♠❡♠♦r② ❧❛②♦✉t✱ ✐✳❡✳✱ ❛♥ ❛❧❣♦r✐t❤♠ t♦ s❤❛r❡ t❤❡ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡
✇♦r❦❡rs ❛♠♦♥❣ t❤❡ t❤r❡❡ ♠❛tr✐❝❡s✳ ❲❡ ❛❧s♦ ❡①t❡♥❞❡❞ t❤✐s ❛❧❣♦r✐t❤♠ t♦ ♣r♦✈✐❞❡ ❛♥ ❡✣❝✐❡♥t
s♦❧✉t✐♦♥ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✱ ❛s ❞❡♠♦♥str❛t❡❞ ❜② ♦✉r ▼P■ ❡①♣❡r✐♠❡♥ts✳

❙t❡❛❞②✲st❛t❡ ✿ ❛s t❤❡ ❞✐✣❝✉❧t② ♦❢ s❝❤❡❞✉❧✐♥❣ ✇❛s r❡❧❛t❡❞ t♦ t❤❡ ♠❡tr✐❝ ✉s❡❞ ✭t❤❡ ♠❛❦❡s♣❛♥✮✱
✇❡ ❢♦❝✉s❡❞ ❛t ❧❛st ♦♥ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣✳ ■♥ ❛ ✜rst ♣❛rt✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠
♦❢ s❝❤❡❞✉❧✐♥❣ ♠✉❧t✐♣❧❡ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ♦♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r
♣❧❛t❢♦r♠✳ ❲❡ ❛✐♠❡❞ ❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❧❛r❣❡st r❡❧❛t✐✈❡ s❧♦✇❞♦✇♥ ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ❞✉❡
t♦ t❤❡✐r ❝♦♥❝✉rr❡♥t ❡①❡❝✉t✐♦♥✳ ❲❡ ❞❡r✐✈❡❞ ❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♦✛✲❧✐♥❡ s❡tt✐♥❣✱
❛♥❞ ✇❡ ❤❛✈❡ ❛❞❛♣t❡❞ t❤✐s ❛❧❣♦r✐t❤♠ t♦ ❛♥ ♦♥❧✐♥❡ s❝❡♥❛r✐♦✱ s♦ t❤❛t ✐t ❝❛♥ r❡❛❝t ✇❤❡♥ ♥❡✇
❛♣♣❧✐❝❛t✐♦♥s ❛r❡ r❡❧❡❛s❡❞✳ ■♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ✇❡ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡
t❤r♦✉❣❤♣✉t ♦❢ ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❣✐✈❡♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ t❤❡
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♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❣✐✈❡♥ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ t❤r♦✉❣❤♣✉t✱ ✐♥
❜♦t❤ ❝❛s❡s ♦♥ ❛ ♣❧❛t❢♦r♠ ❝♦♠♣♦s❡❞ ♦❢ ♠✉❧t✐✲♠♦❞❡s ♣r♦❝❡ss♦rs✳ ❲❡ ❞❡✈❡❧♦♣❡❞ ❛♥ ♦♣t✐♠❛❧
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ s✐♠♣❧❡ ✐❞❡❛❧ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♠♦❞❡❧✳ ❯♥❞❡r ♠♦r❡
r❡❛❧✐st✐❝ ♠♦❞❡❧s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ♦♥❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t✱ ❛♥❞ ❡①t❡♥❞❡❞ ♦✉r ❛❧❣♦r✐t❤♠✳

❆❧♦♥❣ t❤❡s❡ ❝❤❛♣t❡rs✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥✳ ■♥
❢❛❝t✱ ✐t ♠❛② ❜❡ ❛ ❜❡tt❡r ❛♣♣r♦❛❝❤ t♦ ❢♦❝✉s ♦♥ ❛♥♦t❤❡r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❡✈❡♥ ✐❢ t❤❡ r❡❛❧ ♦❜❥❡❝t✐✈❡
✐s t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝♦♠♣❧❡t✐♦♥ t✐♠❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❢♦❝✉s❡❞ ✐♥ ❈❤❛♣t❡r ✹ ♦♥ t❤❡
♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✱ ❛s ✇❡ t❤♦✉❣❤t t❤❛t ✐t ✇❛s t❤❡ ❜♦tt❧❡♥❡❝❦ ♦❢
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡✳ ❚❤✐s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✇❛s ❡❛s✐❡r t♦ st✉❞②✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠s
♦❜t❛✐♥❡❞ ❤❛❞ ❛t t❤❡ ❡♥❞ ❛ s♠❛❧❧❡r ❝♦♠♣❧❡t✐♦♥ t✐♠❡ t❤❛♥ ♦t❤❡rs✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❝❝✉rr❡❞ ✐♥
❈❤❛♣t❡r ✺ ✇❤❡♥ ✇❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ str❡t❝❤ ♦❢ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❯s✐♥❣
s✉❝❤ ❛ ♠❡tr✐❝ ❧❡❞ t♦ s♦❧✉t✐♦♥s ✇❤♦s❡ ♣❧❛t❢♦r♠ ✉t✐❧✐③❛t✐♦♥s ✇❡r❡ ❜❡tt❡r✱ ❛♥❞ s♦ t❤❡ t♦t❛❧ ❝♦♠♣❧❡✲
t✐♦♥ t✐♠❡ ✇❛s t❤❡ ❜❡st ❛♠♦♥❣ ❛❧❧ ♦t❤❡r ❛❧❣♦r✐t❤♠s✳

❲❡ ❛❧s♦ ❛ss✉♠❡❞ t❤❛t ✇❡ ❤❛❞ t❤❡ ❡①❛❝t ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞s ♦❢
t❤❡ ✇♦r❦❡rs✳ ❍♦✇❡✈❡r✱ ❛ r❡❛❧✐st ❤②♣♦t❤❡s✐s ✇♦✉❧❞ ❜❡ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ ❡st✐♠❛t✐♦♥s✱ ♠♦r❡ ♦r
❧❡ss ❛❝❝✉r❛t❡✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② tr✉❡ ❢♦r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡s✱ ❜❡❝❛✉s❡ ♦♥❡ ❤❛s t♦ s❤❛r❡ t❤❡
♣❤②s✐❝❛❧ ♥❡t✇♦r❦ ❧✐♥❦s ❛♠♦♥❣ s❡✈❡r❛❧ ❝♦♥❝✉rr❡♥t ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ♦❢t❡♥ r❡❢❡r❡❡❞ t♦
❇❖■◆❈✲❧✐❦❡ ❝♦♠♣✉t❛t✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ♠✉❧t✐♣❧❡ ❜❛❣s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧
t❛s❦s✱ ❛♥❞ ❜❡❝❛✉s❡ ♣❛rt✐❝✐♣❛t✐♥❣ ♣r♦❝❡ss♦rs ❛r❡ ♦r❣❛♥✐③❡❞ ✐♥t♦ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✳ ❍♦✇✲
❡✈❡r✱ ❇❖■◆❈ ❞♦❡s ♥♦t ❦♥♦✇ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤ ❜❡t✇❡❡♥ t❤❡ s❡r✈❡r ❛♥❞ t❤❡ ✇♦r❦❡rs✳
■♥ s✉❝❤ ❛ ❝♦♥t❡①t✱ ♦♥❡ ♠❛② ♥❡❡❞ t♦ ❝❤❛♥❣❡ ♦✉r ♣❧❛t❢♦r♠ ♠♦❞❡❧✳ ❋r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇✱ ♦♥❡ ❝❛♥ ❛❧s♦ t❤✐♥❦ ♦❢ t❤❡ s❝❡♥❛r✐♦ ♦❢ ♣❧❛t❢♦r♠s ✇❤❡r❡ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ♠❛❝❤✐♥❡s ❝❛♥
✈❛r② t❤r♦✉❣❤ t✐♠❡✱ ❛♥❞ t❤❡s❡ ♠❛❝❤✐♥❡s ♠❛② ❡✈❡♥ ❜❡ t✉r♥❡❞ ♦✛✱ ❜❡❝❛✉s❡ ♦❢ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠s✱
❛t ❛♥② t✐♠❡ ❞✉r✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣✳ ❲❤❡♥ ♦♥❡ ✇❛♥t t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜❧❡♠s✱ ❞②♥❛♠✐❝ str❛t❡❣✐❡s
❛♥❞ ❛ ♠♦r❡ ❞❡❝❡♥tr❛❧✐③❡❞ ❛♣♣r♦❛❝❤ ♠❛② ❜❡ ❛ s♦❧✉t✐♦♥✳

◆❡①t✱ ♦♥❡ ❝❛♥ r❡♠❛r❦ t❤❛t ❛❧❧ ♣r❡✈✐♦✉s st✉❞✐❡s ✇❡r❡ ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡
♠❛st❡r✲✇♦r❦❡r ♠♦❞❡❧✳ ❲❡ ♦❢t❡♥ ✐♥s✐st ♦♥ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ t✐♠❡s✱ ❜✉t ✇❡ ❤❛✈❡ ♥❡❣❧❡❝t❡❞ t❤❡ ❝♦♥t❡♥t✐♦♥ ♣r♦❜❧❡♠s ❜❡t✇❡❡♥ t❤❡ ♥❡t✇♦r❦ ❧✐♥❦s✳ ▼♦st ♦❢
t❤❡ t✐♠❡✱ ✐t ✇❛s ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✱ ❜✉t ✇❡ ❝♦✉❧❞ ❞✐s❝✉ss
✐t ❢✉rt❤❡r ✇❤❡♥ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❡❞ ♠✉❧t✐✲♣♦rt ♠♦❞❡❧✳

❙♦ ❛♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ t♦ ❛♥s✇❡r ✐s✿ ✏✐❢ ■ ❞♦ ♥♦t ❤❛✈❡ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✱ ✐✳❡✳✱ ❛ st❛r
♥❡t✇♦r❦ ❜❡t✇❡❡♥ t❤❡ r❡s♦✉r❝❡s✱ ✇❤❛t s❤♦✉❧❞ ■ ❞♦❄✑✳ ❚❤❡ q✉❡st✐♦♥ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜❡st ✇❛②
t♦ ♠❛♣ ❛ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠ ✭✐✳❡✳✱ ❛ st❛r ♥❡t✇♦r❦ ❜❡t✇❡❡♥ t❤❡ ♠❛st❡r ❛♥❞ t❤❡ ✇♦r❦❡rs✮ ❢r♦♠
❛♥② ♥❡t✇♦r❦ ❝♦♥♥❡❝t✐♦♥ ❣r❛♣❤✳ ❲❤❛t ❞♦ ✇❡ ❞♦ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❛❝❤✐♥❡s ❛r❡ ❧✐♥❦❡❞ ❜② ❛
s♣❛rs❡ ♥❡t✇♦r❦❄ ❉♦ ✇❡ ❝❤♦♦s❡ t❤❡ ♠❛st❡r ❛♥❞ t❤❡ ✇♦r❦❡rs s♦ ❛s t♦ ❡♥r♦❧❧ t❤❡ ❧❛r❣❡st ♥✉♠❜❡r ♦❢
✇♦r❦❡rs ♦♥ ❛ st❛r✲♥❡t✇♦r❦ ❝♦♠♣♦s❡❞ ♦❢ t❤❡s❡ r❡s♦✉r❝❡s s♦ t❤❛t ♥♦ ❝♦♥t❡♥t✐♦♥ ✇✐❧❧ ♦❝❝✉r ❄ ❖r ❞♦
✇❡ ❝❤❛♥❣❡ ♦✉r st❛r✲♥❡t✇♦r❦ t♦ ❛ ♠✉❧t✐✲❧❡✈❡❧ tr❡❡ ❄

❚❤❡s❡ ❛r❡ s♦♠❡ ✐♠♣♦rt❛♥t ✐ss✉❡s t♦ ✐♥✈❡st✐❣❛t❡ ✐❢ ♦♥❡ ✇❛♥ts t♦ sq✉❡❡③❡ t❤❡ ♠♦st ♦✉t ♦❢ t❤❡
✈❛r✐♦✉s r❡s♦✉r❝❡s ❛t ♦✉r ❞✐s♣♦s❛❧✳
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❆♣♣❡♥❞✐① ❆

Pr♦♦❢s ♦❢ ♦♥❧✐♥❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss

❈♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❞✐✛❡r❡♥t✲s♣❡❡❞ ♣r♦❝❡ss♦rs✱ s♦ ✇❡ ♦r❞❡r t❤❡♠ s✉❝❤ t❤❛t P1 ✐s t❤❡ ❢❛st❡st
♣r♦❝❡ss♦r ✭p1 ✐s t❤❡ s♠❛❧❧❡st ❝♦♠♣✉t✐♥❣ t✐♠❡ pi✮✱ ✇❤✐❧❡ Pm ✐s t❤❡ s❧♦✇❡st ♣r♦❝❡ss♦r✳

❚❤❡♦r❡♠ ❆✳✶✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q>1,MS | online, ri, pj , cj = c | max Ci

✇✐t❤ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❧❡ss t❤❛♥ 5
4 ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇✐t❤ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ = 5
4 − ǫ✱ ✇✐t❤

ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ A ♦♣♣♦s❡❞ t♦ ♦✉r ❛❞✈❡rs❛r②✳ ❚❤❡
♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs✱ ✇❤❡r❡ p1 = 3✱ p2 = 7✱ ❛♥❞ c = 1✳

■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A s❡♥❞s t❤❡ t❛s❦ i ❡✐t❤❡r t♦ P1✱
❛❝❤✐❡✈✐♥❣ ❛ ♠❛❦❡s♣❛♥ ❛t ❧❡❛st ❡q✉❛❧ t♦ c + p1 = 4✱ ♦r ♦♥ P2✱ ✇✐t❤ ❛ ♠❛❦❡s♣❛♥ ❛t ❧❡❛st ❡q✉❛❧ t♦
c + p2 = 8✳ ❆t t✐♠❡ t1 = c✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ i✱
❛♥❞ t❤❡ ❛❞✈❡rs❛r② r❡❛❝ts ❝♦♥s❡q✉❡♥t❧②✿

✶✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t❤❡ s❡♥❞✐♥❣ ♦❢ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳
❚❤❡ ❜❡st ♠❛❦❡s♣❛♥ ✐s t❤❡♥ t1 + c + p1 = 5✳ ❆s t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ✐s 4✱ ✇❡ ❤❛✈❡ ❛
❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ 5

4 > ρ✳ ❚❤✐s r❡❢✉t❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ ρ✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ A ♠✉st
❤❛✈❡ s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ❛t t✐♠❡ c✳

✷✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st ♣♦ss✐❜❧❡
♠❛❦❡s♣❛♥ ✐s t❤❡♥ ❡q✉❛❧ t♦ c + p2 = 8✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥✲
s❡q✉❡♥t❧②✱ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥♦t❤❡r ❝❤♦✐❝❡ t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❤❡ t❛s❦ i ♦♥ P1 ✐♥
♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ r❡s♣❡❝t ✐ts ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦✳

❆t t✐♠❡ t1 = c✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛♥♦t❤❡r t❛s❦✱ j✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❧♦♦❦✱ ❛t t✐♠❡ t2 = 2c✱ ❛t
t❤❡ ❛ss✐❣♥♠❡♥t A ♠❛❞❡ ❢♦r j✿

✶✳ ■❢ j ✐s s❡♥t ♦♥ P2✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♠♦r❡ t❛s❦✳ ❚❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥
✐s t❤❡♥ max{c + p1, 2c + p2} = max{1 + 3, 2 + 7} = 9✱ ✇❤❡r❡❛s t❤❡ ♦♣t✐♠❛❧ ✐s t♦ s❡♥❞ t❤❡
t✇♦ t❛s❦s t♦ P1 ❢♦r ❛ ♠❛❦❡s♣❛♥ ♦❢ max{c + 2p1, 2c + p1} = 7✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
t❤❡♥ 9

7 > 5
4 > ρ✳

✶✹✸
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✷✳ ■❢ j ✐s s❡♥t ♦♥ P1 t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ ❧❛st t❛s❦ ❛t t✐♠❡ t2 = 2c✳ ❚❤❡♥ t❤❡ s❝❤❡❞✉❧❡ ❤❛s t❤❡
❝❤♦✐❝❡ t♦ ❡①❡❝✉t❡ t❤❡ ❧❛st t❛s❦ ❡✐t❤❡r ♦♥ P1 ❢♦r ❛ ♠❛❦❡s♣❛♥ ♦❢ max{c + 3p1, 2c + 2p1, 3c +
p1} = max{10, 8, 6} = 10✱ ♦r ♦♥ P2 ❢♦r ❛ ♠❛❦❡s♣❛♥ ♦❢ max{c + 2p1, 2c + p1, 3c + p2} =
max{6, 5, 10} = 10✳ ❚❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ✐s t❤❡♥ 10✳ ❍♦✇❡✈❡r✱ s❝❤❡❞✉❧✐♥❣ t❤❡ ✜rst
t❛s❦ ♦♥ P2 ❛♥❞ t❤❡ t✇♦ ♦t❤❡rs ♦♥ P1 ❧❡❛❞s t♦ ❛ ♠❛❦❡s♣❛♥ ♦❢ max{c+p2, 2c+2p1, 3c+p1} =
max{8, 8, 6} = 8✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s t❤❡r❡❢♦r❡ ❛t ❧❡❛st ❡q✉❛❧ t♦ 10

8 = 5
4 > ρ✳

✸✳ ■❢ j ✐s ♥♦t s❡♥t ②❡t✱ t❤❡♥ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ ❧❛st t❛s❦ ❛t t✐♠❡ t2 = c2✳ A ❤❛s t❤❡ ❝❤♦✐❝❡
t♦ ❡①❡❝✉t❡ j ♦♥ P1✱ ❛♥❞ t♦ ❛❝❤✐❡✈❡ ❛ ♠❛❦❡s♣❛♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ♦r ♦♥ P2✳
❆♥❞ ✐t ❤❛s t❤❡♥ t❤❡ ❝❤♦✐❝❡ t♦ s❡♥❞ k ❡✐t❤❡r t♦ P2 ❢♦r ❛ ♠❛❦❡s♣❛♥ ♦❢ max{c+p1, t2+c+p2+
max{c, p2}} = max{4, 17} = 17✱ ♦r t♦ P1 ❢♦r ❛ ♠❛❦❡s♣❛♥ ♦❢ max{c + 2p1, t2 + c + p2, t2 +
2c+p1} = max{7, 10, 7} = 10✳ ❚❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ✐s t❤❡♥ ✶✵✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡
r❛t✐♦ ✐s t❤❡r❡❢♦r❡ ❛t ❧❡❛st ❡q✉❛❧ t♦ 10

8 = 5
4 > ρ✳ ❍❡♥❝❡ t❤❡ ❞❡s✐r❡❞ ❝♦♥tr❛❞✐❝t✐♦♥✳

�

❚❤❡♦r❡♠ ❆✳✷✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q>1,MS | online, ri, pj , cj = c | max (Ci − ri)

✇✐t❤ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❧❡ss t❤❛♥ 5−
√

7
2 ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇✐t❤ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ = 5−
√

7
2 − ǫ✱

✇✐t❤ ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ A ♦♣♣♦s❡❞ t♦ ♦✉r ❛❞✈❡rs❛r②✳
❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs✱ ✇❤❡r❡ p1 = 2+

√
7

3 ✱ p2 = 1+2
√

7
3 ✱ ❛♥❞ c = 1✳

■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A s❡♥❞s t❤❡ t❛s❦ i ❡✐t❤❡r t♦ P1✱
❛❝❤✐❡✈✐♥❣ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c + p1 = 5+

√
7

3 ✱ ♦r ♦♥ P2✱ ✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧

t♦ c + p2 = 4+2
√

7
3 ✳ ❆t t✐♠❡ τ = 4−

√
7

3 ✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡
s❝❤❡❞✉❧✐♥❣ ♦❢ i✱ ❛♥❞ t❤❡ ❛❞✈❡rs❛r② r❡❛❝ts ❝♦♥s❡q✉❡♥t❧②✿

✶✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t❤❡ s❡♥❞✐♥❣ ♦❢ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡
❜❡st ♣♦ss✐❜❧❡ ♠❛①✲✢♦✇ ✐s t❤❡♥ τ + c + p1 = 3✳ ❆s t❤❡ ♦♣t✐♠❛❧ ♠❛①✲✢♦✇ ✐s 5+

√
7

3 ✱ ✇❡ ❤❛✈❡

❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ 9
5+

√
7

= 5−
√

7
2 > ρ✳ ❚❤✐s r❡❢✉t❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ ρ✳ ❚❤✉s t❤❡

❛❧❣♦r✐t❤♠ A ♠✉st ❤❛✈❡ s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ❛t t✐♠❡ τ ✳

✷✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st ♣♦ss✐❜❧❡
♠❛①✲✢♦✇ ✐s t❤❡♥ ❡q✉❛❧ t♦ 4+2

√
7

3 ✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱
❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥♦t❤❡r ❝❤♦✐❝❡ t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❤❡ t❛s❦ i ♦♥ P1 ✐♥ ♦r❞❡r t♦ ❜❡
❛❜❧❡ t♦ r❡s♣❡❝t ✐ts ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦✳

❆t t✐♠❡ τ = 4−
√

7
3 ✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛♥♦t❤❡r t❛s❦✱ j✳ ❚❤❡ ❜❡st s❝❤❡❞✉❧❡ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ t♦

s❡♥❞ t❤❡ ✜rst t❛s❦ t♦ P2 ❛♥❞ t❤❡ s❡❝♦♥❞ t♦ P1 ❛❝❤✐❡✈✐♥❣ ❛ ♠❛①✲✢♦✇ ♦❢ max ≤ {c+p2, 2c+p1−τ} =

max
{

4+2
√

7
3 , 4+2

√
7

3

}

= 4+2
√

7
3 ✳ ❲❡ ❧♦♦❦ ❛t t❤❡ ❛ss✐❣♥♠❡♥t A ♠❛❞❡ ❢♦r j✿

✶✳ ■❢ j ✐s s❡♥t ♦♥ P2✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲✢♦✇ ✐s t❤❡♥ max{c + p1, 2c + p2 − τ} =

max{5+
√

7
3 , 1 +

√
7} = 1 +

√
7✱ ✇❤❡r❡❛s t❤❡ ♦♣t✐♠❛❧ ✐s 4+2

√
7

3 ✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦

✐s t❤❡♥ 5−
√

7
2 > ρ✳
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✶✹✺

✷✳ ■❢ j ✐s s❡♥t ♦♥ P1✱ t❤❡ ❜❡st ♣♦ss✐❜❧❡ ♠❛①✲✢♦✇ ✐s t❤❡♥ max{c+p1,max{c+2p1, 2c+p1}−τ} =

max{5+
√

7
3 , 1 +

√
7} = 1 +

√
7✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s t❤❡r❡❢♦r❡ ♦♥❝❡ ❛❣❛✐♥ ❡q✉❛❧ t♦

5−
√

7
2 > ρ✳

�

❚❤❡♦r❡♠ ❆✳✸✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q>1,MS | online, ri, pj , cj = c |
∑

(Ci − ri)

✇✐t❤ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ❧❡ss t❤❛♥ 2+4
√

2
7 ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇✐t❤ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ = 2+4
√

2
7 − ǫ✱

✇✐t❤ ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ A ♦♣♣♦s❡❞ t♦ ♦✉r ❛❞✈❡rs❛r②✳
❚❤❡ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ♦❢ t✇♦ ♣r♦❝❡ss♦rs✱ ✇❤❡r❡ p1 = 2✱ p2 = 4

√
2− 2✱ ❛♥❞ c = 1✳

■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A s❡♥❞s t❤❡ t❛s❦ i ❡✐t❤❡r t♦ P1✱
❛❝❤✐❡✈✐♥❣ ❛ s✉♠✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c + p1 = 3✱ ♦r ♦♥ P2✱ ✇✐t❤ ❛ s✉♠✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦
c+p2 = 4

√
2−1✳ ❆t t✐♠❡ t1 = c✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣

♦❢ i✱ ❛♥❞ t❤❡ ❛❞✈❡rs❛r② r❡❛❝ts ❝♦♥s❡q✉❡♥t❧②✿

✶✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t❤❡ s❡♥❞✐♥❣ ♦❢ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡
❜❡st s✉♠✲✢♦✇ ✐s t❤❡♥ t1 + c+ p1 = 4✳ ❆s t❤❡ ♦♣t✐♠❛❧ s✉♠✲✢♦✇ ✐s 3✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡
r❛t✐♦ ♦❢ 4

3 > ρ✳ ❚❤✐s r❡❢✉t❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ ρ✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ A ♠✉st ❤❛✈❡
s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ❛t t✐♠❡ c✳

✷✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st ♣♦ss✐❜❧❡
s✉♠✲✢♦✇ ✐s t❤❡♥ ❡q✉❛❧ t♦ c + p2 = 4

√
2 − 1✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❈♦♥s❡q✉❡♥t❧②✱ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥♦t❤❡r ❝❤♦✐❝❡ t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❤❡ t❛s❦ i ♦♥ P1

✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ r❡s♣❡❝t ✐ts ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦✳

❆t t✐♠❡ t1 = c✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛♥♦t❤❡r t❛s❦✱ j✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❧♦♦❦✱ ❛t t✐♠❡ t2 = 2c✱ ❛t
t❤❡ ❛ss✐❣♥♠❡♥t A ♠❛❞❡ ❢♦r j✿

✶✳ ■❢ j ✐s s❡♥t t♦ P2✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♠♦r❡ t❛s❦✳ ❚❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇
✐s t❤❡♥ (c + p1) + ((2c + p2)− t1) = 2 + 4

√
2✱ ✇❤❡r❡❛s t❤❡ ♦♣t✐♠❛❧ ✐s t♦ s❡♥❞ t❤❡ t✇♦ t❛s❦s

t♦ P1 ❢♦r ❛ s✉♠✲✢♦✇ ♦❢ (c + p1) + (max{2c + p1, c + 2p1} − t1) = 7✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦

✐s t❤❡♥ 2+4
√

2
7 > ρ✳

✷✳ ■❢ j ✐s s❡♥t t♦ P1 t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ ❧❛st t❛s❦ ❛t t✐♠❡ t2 = 2c✳ ❚❤❡♥ t❤❡ s❝❤❡❞✉❧❡ ❤❛s
t❤❡ ❝❤♦✐❝❡ t♦ ❡①❡❝✉t❡ t❤❡ ❧❛st t❛s❦ ❡✐t❤❡r ♦♥ P1 ❢♦r ❛ s✉♠✲✢♦✇ ♦❢ (c + p1) + (max{c +
2p1, 2c+p1}− t1)+(max{3c+p1, c+3p1}− t2) = 12✱ ♦r ♦♥ P2 ❢♦r ❛ s✉♠✲✢♦✇ ♦❢ (c+p1)+
(max{c + 2p1, 2c + p1}− t1) + ((3c + p2)− t2) = 6 + 4

√
2✳ ❚❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ✐s

t❤❡♥ 6 + 4
√

2✳ ❍♦✇❡✈❡r✱ s❝❤❡❞✉❧✐♥❣ t❤❡ s❡❝♦♥❞ t❛s❦ ♦♥ P2 ❛♥❞ t❤❡ t✇♦ ♦t❤❡rs ♦♥ P1 ❧❡❛❞s
t♦ ❛ s✉♠✲✢♦✇ ♦❢ (c + p1) + ((2c + p2)− t1) + (max{3c + p1, c + 2p1} − t2) = 5 + 4

√
2✳ ❚❤❡

❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s t❤❡r❡❢♦r❡ ❛t ❧❡❛st ❡q✉❛❧ t♦ 6+4
√

2
5+4

√
2

= 2+4
√

2
7 > ρ✳

✸✳ ■❢ j ✐s ♥♦t s❡♥❞ ②❡t✱ t❤❡♥ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ ❧❛st t❛s❦ k ❛t t✐♠❡ t2 = 2c✳ ❚❤❡♥ t❤❡
s❝❤❡❞✉❧❡ ❤❛s t❤❡ ❝❤♦✐❝❡ t♦ ❡①❡❝✉t❡ j ❡✐t❤❡r ♦♥ P1✱ ❛♥❞ ❛❝❤✐❡✈✐♥❣ ❛ s✉♠✲✢♦✇ ✇♦rs❡ t❤❛♥
t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ♦r ♦♥ P2✳ ❚❤❡♥✱ ✐t ❝❛♥ ❝❤♦♦s❡ t♦ ❡①❡❝✉t❡ t❤❡ ❧❛st t❛s❦ ❡✐t❤❡r ♦♥ P2 ❢♦r ❛
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✶✹✻ ❆PP❊◆❉■❳ ❆✳ P❘❖❖❋❙ ❖❋ ❖◆▲■◆❊ ❈❖▼P❊❚■❚■❱❊◆❊❙❙

s✉♠✲✢♦✇ ♦❢ (c + p1) + (t2 + c + p2− t1) + (t2 + c + p2 + max{c, p2}− t2) = 12
√

2 + 2✱ ♦r ♦♥
P1 ❢♦r ❛ s✉♠✲✢♦✇ ♦❢ (c+p1)+(t2 +c+p2− t1)+(max{t2 +c+p1, c+2p1}− t2) = 7+4

√
2✳

❚❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ✐s t❤❡♥ 7 + 4
√

2 ✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳
❍❡♥❝❡ t❤❡ ❞❡s✐r❡❞ ❝♦♥tr❛❞✐❝t✐♦♥✳

�

❈♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ pj = p ❜✉t ♣r♦❝❡ss♦r ❧✐♥❦s ✇✐t❤ ❞✐✛❡r❡♥t ❝❛♣❛❝✐t✐❡s✳ ❲❡ ♦r❞❡r t❤❡♠✱ s♦
t❤❛t P1 ✐s t❤❡ ❢❛st❡st ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss♦r ✭c1 ✐s t❤❡ s♠❛❧❧❡st ❝♦♠♣✉t✐♥❣ t✐♠❡ ci✮✳

❚❤❡♦r❡♠ ❆✳✹✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

P>1,MS | online, ri, pj = p, cj | max Ci

✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ 6
5 ✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
ρ = 6

5 − ǫ✱ ✇✐t❤ ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ ❛♥ ❛❞✈❡rs❛r② t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❚❤❡ ♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ✉♣ ✇✐t❤ t✇♦ ♣r♦❝❡ss♦rs P1 ❛♥❞ P2 s✉❝❤ t❤❛t p1 = p2 = p = max

{

5, 24
25ǫ

}

✱
c1 = 1 ❛♥❞ c2 = p

2 ✳
■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A ❡①❡❝✉t❡s t❤❡ t❛s❦ i✱ ❡✐t❤❡r ♦♥ P1

✇✐t❤ ❛ ♠❛❦❡s♣❛♥ ❛t ❧❡❛st ❡q✉❛❧ t♦ 1 + p✱ ♦r ♦♥ P2 ✇✐t❤ ❛ ♠❛❦❡s♣❛♥ ❛t ❧❡❛st ❡q✉❛❧ t♦ 3p
2 ✳

❆t t✐♠❡✲st❡♣ p
2 ✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ i✱ ❛♥❞

✇❤✐❝❤ ♦♥❡✿

✶✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st ♣♦s✲
s✐❜❧❡ ♠❛❦❡s♣❛♥ ✐s t❤❡♥ 3p

2 ✳ ❚❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❜❡✐♥❣ ♦❢ ♠❛❦❡s♣❛♥ 1 + p✱ ✇❡ ❤❛✈❡ ❛
❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢

ρ ≥
3p
2

1 + p
=

3

2
− 3

2(p + 1)
>

6

5

❜❡❝❛✉s❡ p ≥ 5 ❜② ❛ss✉♠♣t✐♦♥✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠
A ❝❛♥♥♦t s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P2✳

✷✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t♦ s❡♥❞ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st
♠❛❦❡s♣❛♥ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡♥ ❡q✉❛❧ t♦ 1 + p

2 + p = 1 + 3p
2 ✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡

t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♦t❤❡r ❝❤♦✐❝❡
t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P1✳

❆t t✐♠❡✲st❡♣ p
2 ✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t❤r❡❡ t❛s❦s✱ j✱ k ❛♥❞ l✳ ◆♦ s❝❤❡❞✉❧❡ ✇❤✐❝❤ ❡①❡❝✉t❡s

t❤r❡❡ ♦❢ t❤❡ ❢♦✉r t❛s❦s ♦♥ t❤❡ s❛♠❡ ♣r♦❝❡ss♦r ❝❛♥ ❤❛✈❡ ❛ ♠❛❦❡s♣❛♥ ❧♦✇❡r t❤❛♥ 1+3p ✭♠✐♥✐♠✉♠
❞✉r❛t✐♦♥ ♦❢ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❡①❡❝✉t✐♦♥ ✇✐t❤♦✉t ❞❡❧❛② ♦❢ t❤❡ t❤r❡❡ t❛s❦s✮✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r
t❤❡ s❝❤❡❞✉❧❡s ✇❤✐❝❤ ❝♦♠♣✉t❡ t✇♦ t❛s❦s ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✳ ❙✐♥❝❡ i ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✱ ✇❡ ❤❛✈❡
t❤r❡❡ ❝❛s❡s t♦ st✉❞②✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ ✇❤✐❝❤ ♦t❤❡r t❛s❦ ✭j✱ k✱ ♦r l✮ ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✶✳ ■❢ j ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✱ ❛t ❜❡st ✇❡ ❤❛✈❡✿

✭❛✮ ❚❛s❦ i ✐s s❡♥t t♦ P1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧
[1, 1 + p]✳
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✶✹✼

✭❜✮ ❚❛s❦ j ✐s s❡♥t t♦ P1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [p
2 , 1+ p

2 ] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧
[1 + p, 1 + 2p]✳

✭❝✮ ❚❛s❦ k ✐s s❡♥t t♦ P2 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [1 + p
2 , 1 + p] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡

✐♥t❡r✈❛❧ [1 + p, 1 + 2p]✳

✭❞✮ ❚❛s❦ l ✐s s❡♥t t♦ P2 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [1 + p, 1 + 3p
2 ] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡

✐♥t❡r✈❛❧ [1 + 2p, 1 + 3p]✳

❚❤❡ ♠❛❦❡s♣❛♥ ♦❢ t❤✐s s❝❤❡❞✉❧❡ ✐s t❤❡♥ 1 + 3p✳

✷✳ ■❢ k ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✭❛✮ ❚❛s❦ i ✐s s❡♥t t♦ P1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧
[1, 1 + p]✳

✭❜✮ ❚❛s❦ j ✐s s❡♥t t♦ P2 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [p
2 , p] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧

[p, 2p]✳

✭❝✮ ❚❛s❦ k ✐s s❡♥t t♦ P1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [p, 1 + p] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧
[1 + p, 1 + 2p]✳

✭❞✮ ❚❛s❦ l ✐s s❡♥t t♦ P2 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [1 + p, 1 + 3p
2 ] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡

✐♥t❡r✈❛❧ [2p, 3p]✳

❚❤❡ ♠❛❦❡s♣❛♥ ♦❢ t❤✐s s❝❤❡❞✉❧✐♥❣ ✐s t❤❡♥ 3p✳

✸✳ ■❢ l ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✭❛✮ ❚❛s❦ i ✐s s❡♥t t♦ P1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧
[1, 1 + p]✳

✭❜✮ ❚❛s❦ j ✐s s❡♥t t♦ P2 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [p
2 , p] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧

[p, 2p]✳

✭❝✮ ❚❛s❦ k ✐s s❡♥t t♦ P2 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [p, 3p
2 ] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧

[2p, 3p]✳

✭❞✮ ❚❛s❦ l ✐s s❡♥t t♦ P1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [3p
2 , 1+ 3p

2 ] ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧
[1 + 3p

2 , 1 + 5p
2 ]✳

❚❤❡ ♠❛❦❡s♣❛♥ ♦❢ t❤✐s s❝❤❡❞✉❧❡ ✐s t❤❡♥ 3p✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❧❛st t✇♦ s❝❤❡❞✉❧❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ ❛r❡ ❜❡tt❡r t❤❛♥ t❤❡ ✜rst✳ ❆❧t♦❣❡t❤❡r✱
t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛❦❡s♣❛♥ ✐s 3p✳ ❇✉t ❛ ❜❡tt❡r s❝❤❡❞✉❧❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ i ♦♥ P2✱
t❤❡♥ j ♦♥ P1✱ t❤❡♥ k ♦♥ P2✱ ❛♥❞ ✜♥❛❧❧② l ♦♥ P1✳ ❚❤❡ ♠❛❦❡s♣❛♥ ♦❢ t❤❡ ❧❛tt❡r s❝❤❡❞✉❧❡ ✐s ❡q✉❛❧
t♦ 1 + 5p

2 ✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛❧❣♦r✐t❤♠ A ✐s ♥❡❝❡ss❛r✐❧② ❧❛r❣❡r t❤❛♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❜❡st
r❡❛❝❤❛❜❧❡ ♠❛❦❡s♣❛♥ ✭♥❛♠❡❧② 3p✮ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥✱ ✇❤✐❝❤ ✐s ♥♦t ❧❛r❣❡r t❤❛♥ 1 + 5p

2 ✳
❈♦♥s❡q✉❡♥t❧②✿

ρ ≥ 3p

1 + 5p
2

=
6

5
− 12

5(5p + 2)
>

6

5
− 12

25p
≥ 6

5
− ǫ

2

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ ρ = 6
5 − ǫ ✇✐t❤ ǫ > 0✳ �

❚❤❡♦r❡♠ ❆✳✺✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

P>1,MS | online ri, pj = p, cj | max (Ci − ri)

✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ 5
4 ✳
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✶✹✽ ❆PP❊◆❉■❳ ❆✳ P❘❖❖❋❙ ❖❋ ❖◆▲■◆❊ ❈❖▼P❊❚■❚■❱❊◆❊❙❙

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
ρ = 5

4 − ǫ✱ ✇✐t❤ 0 < ǫ ≤ 1
4 ✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ ❛♥ ❛❞✈❡rs❛r② t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ✉♣ ✇✐t❤ t✇♦ ♣r♦❝❡ss♦rs P1 ❛♥❞ P2✱ s✉❝❤ t❤❛t p1 = p2 = p = 2c2 − c1✱ ❛♥❞
c1 = ǫ✱ c2 = 1✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ ✵✳ A ❡①❡❝✉t❡s t❤❡ t❛s❦ i
❡✐t❤❡r ♦♥ P1✱ ✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c1 + p✱ ♦r ♦♥ P2 ✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧
t♦ c2 + p✳

❆t t✐♠❡ st❡♣ τ = c2 − c1✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢
i✱ ❛♥❞ ✇❤✐❝❤ ♦♥❡✿

✶✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 t❤❡ ❛❞✈❡rs❛r② s❡♥❞ ♥♦ ♠♦r❡ t❛s❦✳ ❚❤❡ ❜❡st ♣♦ss✐❜❧❡ ♠❛①✲
✢♦✇ ✐s t❤❡♥ c2 + p = 3− ǫ✳ ❚❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❜❡✐♥❣ ♦❢ ♠❛①✲✢♦✇ c1 + p = 2✱ ✇❡ ❤❛✈❡
❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢

ρ ≥ c2 + p

c1 + p
=

3

2
− ǫ

2
>

5

4
− ǫ

❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ A ❝❛♥♥♦t s❝❤❡❞✉❧❡ t❤❡ t❛s❦ i ♦♥ P2✳

✷✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t♦ s❡♥❞ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st
♠❛①✲✢♦✇ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡♥ ❡q✉❛❧ t♦ τ+c1+p

c1+p
= 3−ǫ

2 ✱ ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ t❤❛♥ t❤❡
♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ❝❤♦✐❝❡ ❜✉t t♦ s❝❤❡❞✉❧❡
t❤❡ t❛s❦ i ♦♥ P1✳

❆t t✐♠❡✲st❡♣ τ ✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t❤r❡❡ t❛s❦s✱ j✱ k ❛♥❞ l✳ ◆♦ s❝❤❡❞✉❧❡ ✇❤✐❝❤ ❡①❡❝✉t❡s
t❤r❡❡ ♦❢ t❤❡ ❢♦✉r t❛s❦s ♦♥ t❤❡ s❛♠❡ ♣r♦❝❡ss♦r ❝❛♥ ❤❛✈❡ ❛ ♠❛①✲✢♦✇ ❧♦✇❡r t❤❛♥ max(c1 + 3p −
τ,max(c1, τ)+ c1 +p+max{c1, p}− τ) = 6−2ǫ✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s❝❤❡❞✉❧❡s ✇❤✐❝❤ ❝♦♠♣✉t❡
t✇♦ t❛s❦s ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✳ ❙✐♥❝❡ i ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ st✉❞②✱ ❞❡♣❡♥❞✐♥❣
✉♣♦♥ ✇❤✐❝❤ ♦t❤❡r t❛s❦ ✭j✱ k✱ ♦r l✮ ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✶✳ ■❢ j ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✭❛✮ ❚❛s❦ i ✐s s❡♥t t♦ P1 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ c1 + p = 2✳

✭❜✮ ❚❛s❦ j ✐s s❡♥t t♦ P1 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{c1+2p−τ,max{τ, c1}+c1+p−τ} = 3✳

✭❝✮ ❚❛s❦ k ✐s s❡♥t t♦ P2 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{τ, c1}+ c1 + c2 + p− τ = 3

✭❞✮ ❚❛s❦ l ✐s s❡♥t t♦ P2 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{τ, c1}+c1 +c2 +p+max{c2, p}−τ =
5− ǫ✳

❚❤❡ ♠❛①✲✢♦✇ ♦❢ t❤✐s s❝❤❡❞✉❧❡ ✐s t❤❡♥ 5− ǫ✳

✷✳ ■❢ k ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✭❛✮ ❚❛s❦ i ✐s s❡♥t t♦ P1 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ c1 + p = 2✳

✭❜✮ ❚❛s❦ j ✐s s❡♥t t♦ P2 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{τ, c1}+ c2 + p− τ = 3− ǫ✳

✭❝✮ ❚❛s❦ k ✐s s❡♥t t♦ P1 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{c1+2p, max{τ, c1}+c2+c1+p}−τ = 3✳

✭❞✮ ❚❛s❦ l ✐s s❡♥t t♦ P2 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{max{τ, c1} + c2 + 2p, max{τ, c1} +
2c2 + c1 + p} − τ = 5− 2ǫ✳

❚❤❡ ♠❛①✲✢♦✇ ♦❢ t❤✐s s❝❤❡❞✉❧✐♥❣ ✐s t❤❡♥ 5− 2ǫ✳

✸✳ ■❢ l ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿

✭❛✮ ❚❛s❦ i ✐s s❡♥t t♦ P1 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ c1 + p = 2✳
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✶✹✾

✭❜✮ t❛s❦ j ✐s s❡♥t t♦ P2 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{τ, c1) + c2 + p} = 3− ǫ✳

✭❝✮ ❚❛s❦ k ✐s s❡♥t t♦ P2 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{max{τ, c1} + c2 + 2p, max{τ, c1} +
2c2 + p} = 5− 2ǫ✳

✭❞✮ ❚❛s❦ l ✐s s❡♥t t♦ P1 ❛♥❞ ❛❝❤✐❡✈❡❞ ❛ ✢♦✇ ♦❢ max{c1+2p, max{τ, c1}+2c2+c1+p}−τ = 4✳

❚❤❡ ♠❛①✲✢♦✇ ♦❢ t❤✐s s❝❤❡❞✉❧❡ ✐s t❤❡♥ 5− 2ǫ✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❧❛st t✇♦ s❝❤❡❞✉❧❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ ❛r❡ ❜❡tt❡r t❤❛♥ t❤❡ ✜rst✳ ❆❧t♦❣❡t❤❡r✱
t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲✢♦✇ ✐s 5− 2ǫ✳ ❇✉t ❛ ❜❡tt❡r s❝❤❡❞✉❧❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ i ♦♥
P2✱ t❤❡♥ j ♦♥ P1✱ t❤❡♥ k ♦♥ P2✱ ❛♥❞ ✜♥❛❧❧② l ♦♥ P1✳ ❚❤❡ ♠❛①✲✢♦✇ ♦❢ t❤❡ ❧❛tt❡r s❝❤❡❞✉❧❡ ✐s ❡q✉❛❧
t♦ max{c2+p, max{τ, c2}+c1+p−τ,max{max{τ, c2}+c1+c2+p, c2+2p}−τ,max{max{τ, c2}+
2c1 + c2 + p, max{τ, c2}+ c1 +2p}− τ} = 4✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢ ❛❧❣♦r✐t❤♠ A ✐s ♥❡❝❡ss❛r✐❧②
❧❛r❣❡r t❤❛♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❜❡st r❡❛❝❤❛❜❧❡ ♠❛①✲✢♦✇ ✭♥❛♠❡❧② 5− 2ǫ✮ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♠❛①✲✢♦✇✱
✇❤✐❝❤ ✐s ♥♦t ❧❛r❣❡r t❤❛♥ ✹✳ ❈♦♥s❡q✉❡♥t❧②✿

ρ ≥ 5− 2ǫ

4
=

5

4
− ǫ

2

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ ρ = 5
4 − ǫ ✇✐t❤ ǫ > 0✳

�

❚❤❡♦r❡♠ ❆✳✻✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

P>1,MS | online, ri, pj = p, cj |
∑

(Ci − ri)

✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ 23/22✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
ρ = 23/22− ǫ✱ ✇✐t❤ ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ ❛♥ ❛❞✈❡rs❛r② t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❚❤❡ ♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ✉♣ ✇✐t❤ t✇♦ ♣r♦❝❡ss♦rs P1 ❛♥❞ P2✱ s✉❝❤ t❤❛t p1 = p2 = p = 3✱ ❛♥❞ c1 = 1✱
c2 = 2✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ ✵✳ A ❡①❡❝✉t❡s t❤❡ t❛s❦ i ❡✐t❤❡r ♦♥
P1✱ ✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c1 + p✱ ♦r ♦♥ P2 ✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c2 + p✳

❆t t✐♠❡ st❡♣ τ = c2✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ i✱
❛♥❞ ✇❤✐❝❤ ♦♥❡✿

✶✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ♥♦ ♠♦r❡ t❛s❦✳ ❚❤❡ ❜❡st ♣♦ss✐❜❧❡
s✉♠✲✢♦✇ ✐s t❤❡♥ c2 +p = 5✳ ❚❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❜❡✐♥❣ ♦❢ s✉♠✲✢♦✇ c1 +p = 4✱ ✇❡ ❤❛✈❡
❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢

ρ ≥ c2 + p

c1 + p
=

5

4
>

23

22
.

❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ A ❝❛♥♥♦t s❝❤❡❞✉❧❡ t❤❡ t❛s❦ i ♦♥ P2✳

✷✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t♦ s❡♥❞ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ♦t❤❡r t❛s❦s✳ ❚❤❡ ❜❡st
s✉♠✲✢♦✇ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡♥ ❡q✉❛❧ t♦ τ+c1+p

c1+p
= 6

4 ✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ✇♦rs❡ t❤❛♥ t❤❡
♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ❝❤♦✐❝❡ ❜✉t t♦ s❝❤❡❞✉❧❡
t❤❡ t❛s❦ i ♦♥ P1✳

❆t t✐♠❡✲st❡♣ τ ✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t❤r❡❡ t❛s❦s✱ j✱ k✱ ❛♥❞ l✳ ❲❡ ❧♦♦❦ ❛t ❛❧❧ t❤❡ ♣♦ss✐❜❧❡
s❝❤❡❞✉❧❡s✱ ✇✐t❤ i ❝♦♠♣✉t❡❞ ♦♥ P1✿
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✶✳ ■❢ ❛❧❧ t❛s❦s ❛r❡ ❡①❡❝✉t❡❞ ♦♥ P1 t❤❡ s✉♠✲✢♦✇ ✐s (c1 + p) + (max{c1 + 2p, max{τ, c1}+ c1 +
p− τ) + (max{c1 + 3p, max{τ, c1}+ c1 + p + max{c1, p}− τ) + (max{c1 + 4p, max{τ, c1}+
c1 + p + 2 max{c1, p} − τ) = 28✳

✷✳ ■❢ j ✐s t❤❡ ♦♥❧② t❛s❦ ❡①❡❝✉t❡❞ ♦♥ P2 t❤❡ s✉♠✲✢♦✇ ✐s (c1 + p) + (max{τ, c1}+ c2 + p− τ) +
(max{c1 + 2p, max{τ, c1} + c2 + c1 + p} − τ) + (max{c1 + 3p, max{τ, c1} + c2 + c1 + p +
max{c1, p}} − τ) = 24✳

✸✳ ■❢ k ✐s t❤❡ ♦♥❧② t❛s❦ ❡①❡❝✉t❡❞ ♦♥ P2 t❤❡ s✉♠✲✢♦✇ ✐s (c1 + p) + (max{c1 + 2p, max{τ, c1}+
c1+p−τ)+(max{τ, c1}+c1+c2+p−τ)+(max{c1+3p, max{τ, c1}+c2+2c1+p}−τ) = 23✳

✹✳ ■❢ l ✐s t❤❡ ♦♥❧② t❛s❦ ❡①❡❝✉t❡❞ ♦♥ P2 t❤❡ s✉♠✲✢♦✇ ✐s (c1+p)+(max{c1+2p, max{τ, c1}+c1+
p−τ)+(max{c1+3p, max{τ, c1}+c1+p+max{c1, p}−τ)+(max{τ, c1}+2c1+c2+p−τ) = 24✳

✺✳ ■❢ j✱k✱l ❛r❡ ❡①❡❝✉t❡❞ ♦♥ P2 t❤❡ s✉♠✲✢♦✇ ✐s (c1+p)+(max{τ, c1}+c2+p−τ)+(max{τ, c1}+
c2 + p + max{c2, p} − τ) + (max{τ, c1}+ c2 + p + 2 max{c2, p} − τ) = 28✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s❝❤❡❞✉❧❡s ✇❤✐❝❤ ❝♦♠♣✉t❡ t✇♦ t❛s❦s ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✳ ❙✐♥❝❡ i ✐s ❝♦♠♣✉t❡❞
♦♥ P1✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❝❛s❡s t♦ st✉❞②✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ ✇❤✐❝❤ ♦t❤❡r t❛s❦ ✭j✱ k✱ ♦r l✮ ✐s ❝♦♠♣✉t❡❞
♦♥ P1✿

✶✳ ■❢ j ✐s ❝♦♠♣✉t❡❞ ♦♥ P1 t❤❡ s✉♠✲✢♦✇ ✐s✿ (c1 + p)+ (max{c1 +2p, max{τ, c1}+ c1 + p− τ)+
(max{τ, c1}+ c1 + c2 + p− τ) + (max{τ, c1}+ c1 + c2 + p + max{c2, p} − τ) = 24✳

✷✳ ■❢ k ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿ (c1 + p) + (max{τ, c1}+ c2 + p− τ) + (max{c1 + 2p, max{τ, c1}+
c2 + c1 + p} − τ) + (max{τ, c1}+ c2 + p + max{c1 + c2, p} − τ) = 23✳

✸✳ ■❢ l ✐s ❝♦♠♣✉t❡❞ ♦♥ P1✿ (c1 + p) + (max{τ, c1} + c2 + p − τ) + (max{τ, c1} + c2 + p +
max{c2, p} − τ) + (max{c1 + 2p, max{τ, c1}+ 2c2 + c1 + p} − τ) = 25✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ✐s 23✳ ❇✉t ❛ ❜❡tt❡r s❝❤❡❞✉❧❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥
❝♦♠♣✉t✐♥❣ i ♦♥ P2✱ t❤❡♥ j ♦♥ P1✱ t❤❡♥ k ♦♥ P2✱ ❛♥❞ ✜♥❛❧❧② l ♦♥ P1✳ ❚❤❡ s✉♠✲✢♦✇ ♦❢ t❤❡ ❧❛tt❡r
s❝❤❡❞✉❧❡ ✐s ❡q✉❛❧ t♦ (c2 + p) + (max{τ, c2}+ c1 + p− τ) + (max{max{τ, c2}+ c1 + c2 + p, c2 +
2p} − τ + max{max{τ, c2} + 2c1 + c2 + p, max{τ, c2} + c1 + 2p} − τ} = 22✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡
r❛t✐♦ ♦❢ ❛❧❣♦r✐t❤♠ A ✐s ♥❡❝❡ss❛r✐❧② ❧❛r❣❡r t❤❛♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❜❡st r❡❛❝❤❛❜❧❡ s✉♠✲✢♦✇ ✭♥❛♠❡❧②
✷✸✮ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ s✉♠✲✢♦✇✱ ✇❤✐❝❤ ✐s ♥♦t ❧❛r❣❡r t❤❛♥ ✷✷✳ ❈♦♥s❡q✉❡♥t❧②✿

ρ ≥ 23

22

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ ρ = 23
22 − ǫ ✇✐t❤ ǫ > 0✳ �

❍❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳

❚❤❡♦r❡♠ ❆✳✼✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q>2,MS | ♦♥❧✐♥❡, ri, pj , cj | max(Ci − ri)

✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥
√

2✳
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✶✺✶

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
ρ =
√

2−ǫ✱ ✇✐t❤ ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ ❛♥ ❛❞✈❡rs❛r② t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡
♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ✉♣ ♦❢ t❤r❡❡ ♣r♦❝❡ss♦rs P1✱ P2✱ ❛♥❞ P3 s✉❝❤ t❤❛t p1 = ǫ✱ p2 = p3 =

√
2c1 − 1✱

c1 = 2(1 +
√

2)✱ c2 = c3 = 1✱ ❛♥❞ τ = (
√

2− 1)c1✳ ◆♦t❡ t❤❛t τ < c1✱ ❛♥❞ t❤❛t c1 + p1 < p2✳
■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A ❡①❡❝✉t❡s t❤❡ t❛s❦ i✱ ❡✐t❤❡r ♦♥ P1

✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c1 +p1 = c1 + ǫ✱ ♦r ♦♥ P2 ♦r P3✱ ✇✐t❤ ❛ ♠❛①✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧
t♦ c2 + p2 = c3 + p3 =

√
2c1✳

❆t t✐♠❡✲st❡♣ τ ✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ i✱ ❛♥❞
✇❤✐❝❤ ♦♥❡✿

✶✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 ♦r P3✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♦t❤❡r t❛s❦✳ ❚❤❡
❜❡st ♣♦ss✐❜❧❡ ♠❛①✲✢♦✇ ✐s t❤❡♥ c2 + p2 = c3 + p3 =

√
2c1✳ ❚❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❜❡✐♥❣ ♦❢

♠❛①✲✢♦✇ c1 + p1 = c1 + ǫ✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ c2 + p2

c1 + p1
=

√
2c1

c1 + ǫ
>
√

2− ǫ,

❛s c1 >
√

2✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ A ❝❛♥♥♦t s❝❤❡❞✉❧❡
t❛s❦ i ♦♥ P2 ♦r P3✳

✷✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t♦ s❡♥❞ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♦t❤❡r t❛s❦✳ ❚❤❡
❜❡st ♠❛①✲✢♦✇ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡♥ ❡q✉❛❧ t♦ τ + c1 + p1 =

√
2c1 + ǫ✱ ✇❤✐❝❤ ✐s ❡✈❡♥

✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♦t❤❡r ❝❤♦✐❝❡
t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P1✳

❚❤❡♥✱ ❛t t✐♠❡✲st❡♣ τ ✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t✇♦ t❛s❦s✱ j ❛♥❞ k✳ ❲❡ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ s❝❤❡❞✉❧✐♥❣
♣♦ss✐❜✐❧✐t✐❡s✿

• j ❛♥❞ k ❛r❡ s❝❤❡❞✉❧❡❞ ♦♥ P1✳ ❚❤❡♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲✢♦✇ ✐s✿

max







c1 + p1,
max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ,
max{max{c1, τ}+ c1 + p1 + max{c1, p1}, c1 + 3p1} − τ}

= 3c1 + p1 − τ

= (4−
√

2)c1 + ǫ

❛s p1 < c1✳

• ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ ❥♦❜s✱ j ❛♥❞ k✱ t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s s❝❤❡❞✉❧❡❞ ♦♥ P2 ✭♦r P3✮ ❛♥❞ t❤❡ ♦t❤❡r
♦♥❡ ♦♥ P1✳ ❚❤❡♥✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲✢♦✇ ✐s✿

max







c1 + p1,
(max{c1, τ}+ c2 + p2)− τ,
max{max{c1, τ}+ c2 + c1 + p1, c1 + 2p1} − τ}

= c1 + c2 − τ + max{p2, c1 + p1}
= 2c1
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• ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ ❥♦❜s j ❛♥❞ k t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s s❝❤❡❞✉❧❡❞ ♦♥ P1 ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥
P2 ✭♦r P3✮✳ ❚❤❡♥✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲✢♦✇ ✐s✿

max







c1 + p1,
max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ,
(max{c1, τ}+ c1 + c2 + p2)− τ}

= 2c1 − τ + max{p1, c2 + p2}
= 3c1

• ❖♥❡ ♦❢ t❤❡ ❥♦❜s j ❛♥❞ k ✐s s❝❤❡❞✉❧❡❞ ♦♥ P2 ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥ P3✳

max{c1 + p1, (max{c1, τ}+ c2 + p2)− τ, (max{c1, τ}+ c2 + c3 + p3)− τ}
= c1 + 2c2 + p2 − τ

= 2c1 + 1

• ❚❤❡ ❝❛s❡ ✇❤❡r❡ j ❛♥❞ k ❛r❡ ❜♦t❤ ❡①❡❝✉t❡❞ ♦♥ P2✱ ♦r ❜♦t❤ ♦♥ P3✱ ❧❡❛❞s t♦ ❛♥ ❡✈❡♥ ✇♦rs❡
♠❛①✲✢♦✇ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ st✉❞② ✐t✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♠❛①✲✢♦✇ ❢♦r A ✐s✿ 2c1✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ s❝❤❡❞✉❧❡❞ i ♦♥
P2✱ j ♦♥ P3✱ ❛♥❞ t❤❡♥ k ♦♥ P1✱ t❤✉s ❛❝❤✐❡✈✐♥❣ ❛ ♠❛①✲✢♦✇ ♦❢✿

max{c2 + p2, (max{c2, τ}+ c3 + p3)− τ, (max{c2, τ}+ c3 + c1 + p1)− τ}
= max{c2, τ}+ c2 + max{p2, c1 + p1} − τ

=
√

2c1

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ 2c1√
2c1

=
√

2,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳ �

❚❤❡♦r❡♠ ❆✳✽✳ ❚❤❡r❡ ✐s ♥♦ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠

Q>2,MS | ♦♥❧✐♥❡, ri, pj , cj |
∑

(Ci − ri)

✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ρ ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥
√

13−1
2 ✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦♥✲❧✐♥❡ ❛❧❣♦r✐t❤♠ A ✇❤♦s❡ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ✐s
ρ =

√
13−1
2 − ǫ✱ ✇✐t❤ ǫ > 0✳ ❲❡ ✇✐❧❧ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ ❛♥ ❛❞✈❡rs❛r② t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ♣❧❛t❢♦r♠ ✐s ♠❛❞❡ ✉♣ ♦❢ t❤r❡❡ ♣r♦❝❡ss♦rs P1✱ P2✱ ❛♥❞ P3 s✉❝❤ t❤❛t p1 = ǫ✱ p2 = p3 = τ +c1−1✱

c2 = c3 = 1✱ ❛♥❞ τ =

√
52c21+12c1+1−(6c1+1)

4 ✳ ◆♦t❡ t❤❛t τ < c1 ❛♥❞ t❤❛t✿

lim
c1→+∞

τ

c1
=

√
13− 3

2

❚❤❡r❡❢♦r❡ t❤❡ ❡①✐sts ❛ ✈❛❧✉❡ N0 s✉❝❤ t❤❛t✿

c1 ≥ N0 ⇒ c1 > ǫ ❛♥❞ τ > ǫ.
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✶✺✸

❚❤❡ ✈❛❧✉❡ ♦❢ c1 ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r ♦♥✳ ❋♦r ♥♦✇✱ ✇❡ ❥✉st ❛ss✉♠❡ t❤❛t c1 ≥ N0✳
■♥✐t✐❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s ❛ s✐♥❣❧❡ t❛s❦ i ❛t t✐♠❡ 0✳ A ❡①❡❝✉t❡s t❤❡ t❛s❦ i✱ ❡✐t❤❡r ♦♥ P1

✇✐t❤ ❛ s✉♠✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦ c1 + p1✱ ♦r ♦♥ P2 ♦r P3✱ ✇✐t❤ ❛ s✉♠✲✢♦✇ ❛t ❧❡❛st ❡q✉❛❧ t♦
c2 + p2 = c3 + p3 = τ + c1✳

❆t t✐♠❡✲st❡♣ τ ✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r A ♠❛❞❡ ❛ ❞❡❝✐s✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ i✱ ❛♥❞
✇❤✐❝❤ ♦♥❡✿

✶✳ ■❢ A s❝❤❡❞✉❧❡❞ t❤❡ t❛s❦ i ♦♥ P2 ♦r P3✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♦t❤❡r t❛s❦✳ ❚❤❡
❜❡st ♣♦ss✐❜❧❡ s✉♠✲✢♦✇ ✐s t❤❡♥ c2 + p2 = c3 + p3 = τ + c1✳ ❚❤❡ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❜❡✐♥❣
♦❢ s✉♠✲✢♦✇ c1 + p1 = c1 + ǫ✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ τ + c1

c1 + ǫ
.

❍♦✇❡✈❡r✱

lim
c1→+∞

τ + c1

c1 + ǫ
=

√
13−3
2 c1 + c1

c1
=

√
13− 1

2
.

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❡ N1 s✉❝❤ t❤❛t✿

c1 ≥ N1 ⇒ τ + c1

c1 + ǫ
>

√
13− 1

2
− ǫ

2
,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳ ❲❡ ✇✐❧❧ ♥♦✇ s✉♣♣♦s❡ t❤❛t c1 ≥ max{N0, N1}✳
❚❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ A ❝❛♥♥♦t s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P2 ♦r P3✳

✷✳ ■❢ A ❞✐❞ ♥♦t ❜❡❣✐♥ t♦ s❡♥❞ t❤❡ t❛s❦ i✱ t❤❡ ❛❞✈❡rs❛r② ❞♦❡s ♥♦t s❡♥❞ ❛♥② ♦t❤❡r t❛s❦✳ ❚❤❡
❜❡st s✉♠✲✢♦✇ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐s t❤❡♥ ❡q✉❛❧ t♦ τ + c1 + p1 = τ + c1 + ǫ✱ ✇❤✐❝❤ ✐s ❡✈❡♥
✇♦rs❡ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♦t❤❡r ❝❤♦✐❝❡
t❤❛♥ t♦ s❝❤❡❞✉❧❡ t❛s❦ i ♦♥ P1✳

❚❤❡♥✱ ❛t t✐♠❡✲st❡♣ τ ✱ t❤❡ ❛❞✈❡rs❛r② s❡♥❞s t✇♦ t❛s❦s✱ j ❛♥❞ k✳ ❲❡ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ s❝❤❡❞✉❧✐♥❣
♣♦ss✐❜✐❧✐t✐❡s✿

• ❚❛s❦s j ❛♥❞ k ❛r❡ s❝❤❡❞✉❧❡❞ ♦♥ P1✳ ❚❤❡♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ✐s✿

(c1 + p1) + (max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ)

+ (max{max{c1, τ}+ c1 + p1 + max{c1, p1}, c1 + 3p1} − τ)

= 6c1 + 3p1 − 2τ

= 6c1 − 2τ + 3ǫ

❛s p1 < c1✳

• ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ ❥♦❜s✱ j ❛♥❞ k✱ t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s s❝❤❡❞✉❧❡❞ ♦♥ P2 ✭♦r P3✮ ❛♥❞ t❤❡ ♦t❤❡r
♦♥❡ ♦♥ P1✳ ❚❤❡♥✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ✐s✿

(c1 + p1) + ((max{c1, τ}+ c2 + p2)− τ)

+ (max{max{c1, τ}+ c2 + c1 + p1, c1 + 2p1} − τ)

= 4c1 + 2 + 2p1 + p2 − 2τ

= 5c1 − τ + 1 + 2ǫ
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• ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ ❥♦❜s j ❛♥❞ k t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s s❝❤❡❞✉❧❡❞ ♦♥ P1 ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥
P2 ✭♦r P3✮✳ ❚❤❡♥✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ✐s✿

(c1 + p1) + (max{max{c1, τ}+ c1 + p1, c1 + 2p1} − τ)

+ ((max{c1, τ}+ c1 + c2 + p2)− τ)

= 5c1 + c2 + 2p1 + p2 − 2τ

= 6c1 − τ + 2ǫ

• ❖♥❡ ♦❢ t❤❡ ❥♦❜s j ❛♥❞ k ✐s s❝❤❡❞✉❧❡❞ ♦♥ P2 ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥ P3✳

(c1 + p1) + ((max{c1, τ}+ c2 + p2)− τ) + ((max{c1, τ}+ c2 + c3 + p3)− τ)

= 3c1 + 3c2 + p1 + 2p2 − 2τ

= 5c1 + 1 + ǫ

• ❚❤❡ ❝❛s❡ ✇❤❡r❡ j ❛♥❞ k ❛r❡ ❜♦t❤ ❡①❡❝✉t❡❞ ♦♥ P2✱ ♦r ❜♦t❤ ♦♥ P3✱ ❧❡❛❞s t♦ ❛♥ ❡✈❡♥ ✇♦rs❡
s✉♠✲✢♦✇ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ st✉❞② ✐t✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ s✉♠✲✢♦✇ ❢♦r A ✐s✿ 5c1 − τ + 1 + 2ǫ ✭❛s c1 > τ > ǫ✮✳ ❍♦✇❡✈❡r✱ ✇❡
❝♦✉❧❞ ❤❛✈❡ s❝❤❡❞✉❧❡❞ i ♦♥ P2✱ j ♦♥ P3✱ ❛♥❞ t❤❡♥ k ♦♥ P1✱ t❤✉s ❛❝❤✐❡✈✐♥❣ ❛ s✉♠✲✢♦✇ ♦❢✿

(c2 + p2) + ((max{c2, τ}+ c3 + p3)− τ) + ((max{c2, τ}+ c3 + c1 + p1)− τ)

= c1 + 3c2 + p1 + 2p2

= 3c1 + 2τ + 1 + ǫ.

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ r❛t✐♦ ♦❢✿

ρ ≥ 5c1 − τ + 1 + 2ǫ

3c1 + 2τ + 1 + ǫ

❍♦✇❡✈❡r✱

lim
c1→+∞

5c1 − τ + 1 + 2ǫ

3c1 + 2τ + 1 + ǫ
= lim

c1→+∞
5c1 −

√
13−3
2 c1

3c1 + 2
√

13−3
2 c1

=

√
13− 1

2

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❡ N2 s✉❝❤ t❤❛t✿

c1 ≥ N2 ⇒ 5c1 − τ + 1 + 2ǫ

3c1 + 2τ + 1 + ǫ
>

√
13− 1

2
− ǫ

2
,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s ♦♥ ρ✳
❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ✐♥✐t✐❛❧❧② ❝❤♦♦s❡ c1 ❣r❡❛t❡r t❤❛♥ max{N0, N1, N2}✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞

❝♦♥tr❛❞✐❝t✐♦♥✳ �
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❆♣♣❡♥❞✐① ❇

▼❛tr✐① ♣r♦❞✉❝t ❞❡t❛✐❧❡❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

❚❤✐s ❛♣♣❡♥❞✐① ❞❡t❛✐❧s ❛❧❧ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ▼P■ ❡①♣❡r✐♠❡♥ts ♦❢
❙❡❝t✐♦♥ ✹✳✽✳✹✳

✶✺✺
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❆♣♣❡♥❞✐① ❈

❋r♦♠ t❤❡♦r❡t✐❝❛❧ t❤r♦✉❣❤♣✉t t♦ r❡❛❧✐st✐❝

s❝❤❡❞✉❧❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ❡①♣❧❛✐♥ ❤♦✇ t❤❡ ♦♣t✐♠❛❧✐t② r❡s✉❧t ♦❢ ❙❡❝t✐♦♥ ✺✳✹✳✷ ❢♦r t❤❡ ♠♦❞❡❧ ❇▼P✲

❋❈✲❙❙ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♦t❤❡r ♠♦❞❡❧s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♠♦r❡ r❡❛❧✐st✐❝ t❤❡ ♠♦❞❡❧✱ t❤❡ ❧❡ss
t✐❣❤t t❤❡ ♦♣t✐♠❛❧✐t② ❣✉❛r❛♥t②✳ ❋♦rt✉♥❛t❡❧②✱ ✇❡ ❛r❡ ❛❧✇❛②s ❛❜❧❡ t♦ r❡❛❝❤ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t② ✿
♦✉r s❝❤❡❞✉❧❡s ❣❡t ❝❧♦s❡r t♦ t❤❡ ♦♣t✐♠❛❧ ❛s t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♣❡r ❛♣♣❧✐❝❛t✐♦♥ ✐♥❝r❡❛s❡s✳

Pr♦♣❡rt② ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ s❝❤❡❞✉❧❡

❋✐rst✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛ t♦♦❧ t❤❛t ✇✐❧❧ ♣r♦✈❡ ❤❡❧♣❢✉❧ ❢♦r t❤❡ ♣r♦♦❢s✿ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❧♦❛❞✲❜❛❧❛♥❝✐♥❣ s❝❤❡❞✉❧❡ ❛♥❞ ✐ts ♣r♦♣❡rt✐❡s✳

❖♥❡ ♣❛rt ♦❢ ❈❤❛♣t❡r ✺ ✐s ❞❡✈♦t❡❞ t♦ ❝♦♠♣❛r✐♥❣ r❡s✉❧ts ✉♥❞❡r ❞✐✛❡r❡♥t ♠♦❞❡❧s✳ ❖♥❡ ♦❢ t❤❡
♠❛❥♦r ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡s❡ ♠♦❞❡❧s ✐s ✇❤❡t❤❡r t❤❡② ❛❧❧♦✇ ✕♦r ♥♦t✕ ♣r❡❡♠♣t✐♦♥ ❛♥❞ t✐♠❡✲
s❤❛r✐♥❣✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ st✉❞② ✏✢✉✐❞✑ ♠♦❞❡❧s✱ ✇❤❡r❡ ❛ r❡s♦✉r❝❡ ✭♣r♦❝❡ss♦r ♦r ❝♦♠♠✉♥✐❝❛t✐♦♥
❧✐♥❦✮ ❝❛♥ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ✉s❡❞ ❜② s❡✈❡r❛❧ t❛s❦s✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ t♦t❛❧ ✉t✐❧✐③❛t✐♦♥ r❛t❡ ✐s ❜❡❧♦✇
♦♥❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛❧s♦ st✉❞② ✏❛t♦♠✐❝✑ ♠♦❞❡❧s✱ ✇❤❡r❡ ❛ r❡s♦✉r❝❡ ❝❛♥ ❜❡ ❞❡✈♦t❡❞ t♦ ♦♥❧②
♦♥❡ t❛s❦✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ♣r❡❡♠♣t❡❞✿ ♦♥❝❡ ❛ t❛s❦ ✐s st❛rt❡❞ ♦♥ ❛ ❣✐✈❡♥ r❡s♦✉r❝❡✱ t❤✐s r❡s♦✉r❝❡
❝❛♥♥♦t ♣❡r❢♦r♠ ♦t❤❡r t❛s❦s ❜❡❢♦r❡ t❤❡ ✜rst ♦♥❡ ✐s ❝♦♠♣❧❡t❡❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦
❝♦♥str✉❝t ❛ s❝❤❡❞✉❧❡ ✇✐t❤♦✉t ♣r❡❡♠♣t✐♦♥ ❢r♦♠ ✢✉✐❞ s❝❤❡❞✉❧❡s✱ ✐♥ ❛ ✇❛② t❤❛t ❦❡❡♣s t❤❡ ✐♥t❡r❡st✐♥❣
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❝❤❡❞✉❧❡✳ ◆❛♠❡❧②✱ ✇❡ ❛✐♠ ❛t ❝♦♥str✉❝t✐♥❣ ❛t♦♠✐❝✲♠♦❞❡❧ s❝❤❡❞✉❧❡s ✐♥
✇❤✐❝❤ t❛s❦s t❡r♠✐♥❛t❡ ♥♦t ❧❛t❡r✱ ♦r st❛rt ♥♦t ❡❛r❧✐❡r✱ t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✢✉✐❞ s❝❤❡❞✉❧❡✳

❲❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ n ❛♣♣❧✐❝❛t✐♦♥s A1, . . . , An t♦ ❜❡ s❝❤❡❞✉❧❡❞ ♦♥ t❤❡ s❛♠❡ r❡s♦✉r❝❡✱
t②♣✐❝❛❧❧② ❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② tk t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣r♦❝❡ss ♦♥❡ t❛s❦ ♦❢ ❛♣♣❧✐❝❛t✐♦♥
Ak ❛t ❢✉❧❧ s♣❡❡❞✳ ❲❡ st❛rt ❢r♦♠ ❛ ✢✉✐❞ s❝❤❡❞✉❧❡ S✢✉✐❞ ✇❤❡r❡ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ♣r♦❝❡ss❡❞
❛t ❛ r❛t❡ ♦❢ αk t❛s❦s ♣❡r t✐♠❡✲✉♥✐ts✱ s✉❝❤ t❤❛t

∑n
k=1 αk ≤ 1✳ ❋✐❣✉r❡ ❈✳✷✭❛✮ ✐❧❧✉str❛t❡s s✉❝❤ ❛

s❝❤❡❞✉❧❡✳
❋r♦♠ S✢✉✐❞✱ ✇❡ ❜✉✐❧❞ ❛♥ ❛t♦♠✐❝✲♠♦❞❡❧ s❝❤❡❞✉❧❡ S✶❉ ✉s✐♥❣ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣

❛❧❣♦r✐t❤♠ ❬✸✻✱ ✶✷❪✿ ❛t ❛♥② t✐♠❡ st❡♣✱ ✐❢ nk ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak t❤❛t ❤❛✈❡
❛❧r❡❛❞② ❜❡❡♥ s❝❤❡❞✉❧❡❞✱ t❤❡ ♥❡①t t❛s❦ t♦ ❜❡ s❝❤❡❞✉❧❡❞ ✐s t❤❡ ♦♥❡ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ q✉❛♥t✐t②
(nk+1)×tk

αk
✳ ❋✐❣✉r❡ ❈✳✷✭❜✮ ✐❧❧✉str❛t❡s t❤❡ s❝❤❡❞✉❧❡ ♦❜t❛✐♥❡❞✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤✐s s❝❤❡❞✉❧❡ ❤❛s

t❤❡ ♥✐❝❡ ♣r♦♣❡rt② t❤❛t ❛ t❛s❦ ✐s ♥♦t ♣r♦❝❡ss❡❞ ❧❛t❡r ✐♥ S✶❉ t❤❛♥ ✐♥ S✢✉✐❞✳

▲❡♠♠❛ ❈✳✶✳ ■♥ t❤❡ s❝❤❡❞✉❧❡ S✶❉✱ ❛ t❛s❦ T ❞♦❡s ♥♦t t❡r♠✐♥❛t❡ ❧❛t❡r t❤❛♥ ✐♥ S✢✉✐❞✳
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❋✐❣✉r❡ ❈✳✶✿ ●❛♥tt ❝❤❛rts ❢♦r t❤❡ ♣r♦♦❢ ✐❧❧✉str❛t✐♥❣ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ❛❧❣♦r✐t❤♠✳
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t✐♠❡

Ti

✭❛✮ ✢✉✐❞ s❝❤❡❞✉❧❡ S✢✉✐❞
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T

t✐♠❡

✭❜✮ ❛t♦♠✐❝ s❝❤❡❞✉❧❡ S✶❉

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t tk/αk ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣r♦❝❡ss ♦♥❡ t❛s❦ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐♥
S✢✉✐❞ ✭✇✐t❤ r❛t❡ αk✮✳ ❙♦

nk×tk
αk

✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣r♦❝❡ss t❤❡ ✜rst nk t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak✳

❚❤❡ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥ ✇❤✐❝❤ ❝❤♦♦s❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♠✐♥✐♠✐③✐♥❣ (nk+1)×tk
αk

❝♦♥s✐sts ✐♥ ❝❤♦♦s✐♥❣
t❤❡ t❛s❦ ✇❤✐❝❤ ✐s ♥♦t ②❡t s❝❤❡❞✉❧❡❞ ❛♥❞ ✇❤✐❝❤ t❡r♠✐♥❛t❡s ✜rst ✐♥ S✢✉✐❞✳ ❚❤✉s✱ ✐♥ S✶❉✱ t❤❡ t❛s❦s
❛r❡ ❡①❡❝✉t❡❞ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r t❡r♠✐♥❛t✐♦♥ ❞❛t❡ ✐♥ S✢✉✐❞✳ ◆♦t❡ t❤❛t ✐❢ s❡✈❡r❛❧ t❛s❦s t❡r♠✐♥❛t❡
❛t t❤❡ ✈❡r② s❛♠❡ t✐♠❡ ✐♥ S✢✉✐❞✱ t❤❡♥ t❤❡s❡ t❛s❦s ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ✐♥ ❛♥② ♦r❞❡r ✐♥ S✶❉✱ ❛♥❞ t❤❡
♣❛rt✐❛❧ ♦r❞❡r ♦❢ t❤❡✐r t❡r♠✐♥❛t✐♦♥ ❞❛t❡ ✐s st✐❧❧ ♦❜s❡r✈❡❞ ✐♥ S✶❉✳

T♦t❤❡r

d✢✉✐❞

T❜❡❢♦r❡ tki
T❜❡❢♦r❡

d✶❉

tki

❚❤❡♥✱ ❝♦♥s✐❞❡r ❛ t❛s❦ Ti ♦❢ ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥ Aki
✱ ✐ts t❡r♠✐♥❛t✐♦♥ ❞❛t❡ d✢✉✐❞ ✐♥ S✢✉✐❞✱ ❛♥❞

✐ts t❡r♠✐♥❛t✐♦♥ ❞❛t❡ d✶❉ ✐♥ S✶❉✳ ❲❡ ❝❛❧❧ S❜❡❢♦r❡ t❤❡ s❡t ♦❢ t❛s❦s ✇❤✐❝❤ ❛r❡ ❡①❡❝✉t❡❞ ❜❡❢♦r❡ Ti

✐♥ S✶❉✳ ❇❡❝❛✉s❡ S✶❉ ❡①❡❝✉t❡s t❤❡ t❛s❦s ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡✐r t❡r♠✐♥❛t✐♦♥ ❞❛t❡ ✐♥ S✢✉✐❞✱ S❜❡❢♦r❡
✐s ♠❛❞❡ ♦❢ t❛s❦s ✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ Ti ✐♥ S✢✉✐❞✱ ❛♥❞ ♣♦ss✐❜❧② s♦♠❡ t❛s❦s ❝♦♠♣❧❡t❡❞ ❛t
t❤❡ s❛♠❡ t✐♠❡ ❛s Ti ✭❛t t✐♠❡ d✢✉✐❞✮✳ ❲❡ ❞❡♥♦t❡ ❜② T❜❡❢♦r❡ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣r♦❝❡ss t❤❡ t❛s❦s
✐♥ S❜❡❢♦r❡✳

■♥ S✶❉✱ ✇❡ ❤❛✈❡ d✶❉ = T❜❡❢♦r❡ + tki
✇❤❡r❡❛s ✐♥ S✢✉✐❞✱ ✇❡ ❤❛✈❡ d✢✉✐❞ = T❜❡❢♦r❡ + tki

+ T♦t❤❡r

✇❤❡r❡ T♦t❤❡r ✐s t❤❡ t✐♠❡ s♣❡♥t ♣r♦❝❡ss✐♥❣ t❛s❦s ❢r♦♠ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ t❤❛♥ Ak ❛♥❞ ✇❤✐❝❤ ❛r❡
♥♦t ❝♦♠♣❧❡t❡❞ ❛t t✐♠❡ d✢✉✐❞✱ ♦r t❛s❦s ❝♦♠♣❧❡t✐♥❣ ❛t t✐♠❡ d✢✉✐❞ ❛♥❞ s❝❤❡❞✉❧❡❞ ❧❛t❡r t❤❛♥ Ti ✐♥
S✶❉✳ ❙✐♥❝❡ T♦t❤❡r ≥ 0✱ ✇❡ ❤❛✈❡ d✶❉ ≤ d✢✉✐❞✳ �

❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt② ✐s ✉s❡❢✉❧ ✇❤❡♥ ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t ❛♥ ❛t♦♠✐❝✲♠♦❞❡❧ s❝❤❡❞✉❧❡✱ t❤❛t
✐s ❛ s❝❤❡❞✉❧❡ ✇✐t❤♦✉t ♣r❡❡♠♣t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❛s❦ r❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ♥♦ ❧❛t❡r t❤❛♥ ✐♥ ❛ ✢✉✐❞
s❝❤❡❞✉❧❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ ❡♥s✉r❡ t❤❛t ♥♦ t❛s❦ ✇✐❧❧ st❛rt ❡❛r❧✐❡r ✐♥ ❛♥ ❛t♦♠✐❝✲
♠♦❞❡❧ s❝❤❡❞✉❧❡ t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✢✉✐❞ s❝❤❡❞✉❧❡✳ ❍❡r❡ ✐s ❛ ♣r♦❝❡❞✉r❡ t♦ ❝♦♥str✉❝t ❛ s❝❤❡❞✉❧❡
✇✐t❤ t❤❡ ❧❛tt❡r ♣r♦♣❡rt②✳

✶✳ ❲❡ st❛rt ❛❣❛✐♥ ❢r♦♠ ❛ ✢✉✐❞ s❝❤❡❞✉❧❡ S✢✉✐❞✱ ♦❢ ♠❛❦❡s♣❛♥ M ✳ ❲❡ tr❛♥s❢♦r♠ t❤✐s s❝❤❡❞✉❧❡
✐♥t♦ ❛ s❝❤❡❞✉❧❡ S−1

✢✉✐❞ ❜② r❡✈❡rs✐♥❣ t❤❡ t✐♠❡✿ ❛ t❛s❦ st❛rt✐♥❣ ❛t t✐♠❡ d ❛♥❞ ✜♥✐s❤✐♥❣ ❛t
t✐♠❡ f ✐♥ S✢✉✐❞ ✐s s❝❤❡❞✉❧❡❞ t♦ st❛rt ❛t t✐♠❡ M − f ❛♥❞ t♦ t❡r♠✐♥❛t❡ ❛t M − d ✐♥ S−1

✢✉✐❞✱
❛♥❞ ✐s ♣r♦❝❡ss❡❞ ❛t t❤❡ s❛♠❡ r❛t❡ ❛s ✐♥ S✢✉✐❞✳ ◆♦t❡ t❤❛t t❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦
♣r❡❝❡❞❡♥❝❡ ❝♦♥str❛✐♥ts ❜❡t✇❡❡♥ t❛s❦s✳

te
l-0

05
30

13
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 v
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on
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 - 

27
 O

ct
 2

01
0



✶✻✺

✷✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ❛❧❣♦r✐t❤♠ ♦♥ S−1
✢✉✐❞✱ ❧❡❛❞✐♥❣

t♦ t❤❡ s❝❤❡❞✉❧❡ S−1
✶❉ ✳ ❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✱ ✇❡ ❦♥♦✇ t❤❛t ❛ t❛s❦ T ❞♦❡s ♥♦t

t❡r♠✐♥❛t❡ ❧❛t❡r ✐♥ S−1
✶❉ t❤❛♥ ✐♥ S−1

✢✉✐❞✳

✸✳ ❋✐♥❛❧❧②✱ ✇❡ tr❛♥s❢♦r♠ S−1
✶❉ ❜② r❡✈❡rt✐♥❣ t❤❡ t✐♠❡ ♦♥❡ ❧❛st t✐♠❡✿ ✇❡ ♦❜t❛✐♥ t❤❡ s❝❤❡❞✉❧❡

S−2
✶❉ ✳ ❆ t❛s❦ st❛rt✐♥❣ ❛t t✐♠❡ d ❛♥❞ ✜♥✐s❤✐♥❣ ❛t t✐♠❡ f ✐♥ S−1

✶❉ st❛rts ❛t t✐♠❡ M − f ❛♥❞
✜♥✐s❤❡s ❛t t✐♠❡ M − d ✐♥ S−2

✶❉ ✳ ◆♦t❡ t❤❛t S−1
✶❉ ♠❛② ❤❛✈❡ ❛ ♠❛❦❡s♣❛♥ s♠❛❧❧❡r t❤❛t M ✭✐❢

t❤❡ r❡s♦✉r❝❡ ✇❛s ♥♦t t♦t❛❧❧② ✉s❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❝❤❡❞✉❧❡ S✢✉✐❞✮✳ ■♥ t❤✐s ❝❛s❡✱ ♦✉r ♠❡t❤♦❞
❛✉t♦♠❛t✐❝❛❧❧② ✐♥tr♦❞✉❝❡s ✐❞❧❡ t✐♠❡ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❝❤❡❞✉❧❡✱ t♦ ❛✈♦✐❞ t❤❛t ❛ t❛s❦ ✐s
st❛rt❡❞ t♦♦ ❡❛r❧②✳

▲❡♠♠❛ ❈✳✷✳ ❆ t❛s❦ ❞♦❡s ♥♦t st❛rt s♦♦♥❡r ✐♥ S−2
✶❉ t❤❛♥ ✐♥ S✢✉✐❞✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ t❛s❦ T ✱ ❝❛❧❧ f1 ✐ts t❡r♠✐♥❛t✐♦♥ ❞❛t❡ ✐♥ S−1
✢✉✐❞✱ ❛♥❞ f2 ✐ts t❡r♠✐♥❛t✐♦♥ ❞❛t❡ ✐♥

S−1
✶❉ ✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ❈✳✶✱ ✇❡ ❦♥♦✇ t❤❛t f2 ≤ f1✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ r❡✈❡rt❡❞ s❝❤❡❞✉❧❡s✱

t❤❡ st❛rt✐♥❣ ❞❛t❡ ♦❢ t❛s❦ T ✐♥ S✢✉✐❞ ✐s M − f1✳ ❙✐♠✐❧❛r❧②✱ ✐ts st❛rt✐♥❣ ❞❛t❡ ✐♥ S−2
✶❉ ✐s M − f2 ❛♥❞

✇❡ ❤❛✈❡ M − f2 ≥M − f1✳ �

◗✉❛s✐✲♦♣t✐♠❛❧✐t② ❢♦r ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧s

❍❡r❡ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t❤❡ ♦♣t✐♠❛❧✐t② r❡s✉❧t ♦❢ ❙❡❝t✐♦♥ ✺✳✹✳✷ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♦t❤❡r ♠♦❞✲
❡❧s✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ❞❡❧❛② ✐♥❞✉❝❡❞ ❜② ❡❛❝❤ ♠♦❞❡❧ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ✢✉✐❞ ♠♦❞❡❧✿ st❛rt✐♥❣
❢r♦♠ ❛ s❝❤❡❞✉❧❡ ♦♣t✐♠❛❧ ✉♥❞❡r t❤❡ ✢✉✐❞ ♠♦❞❡❧ ✭❇▼P✲❋❈✲❙❙✮✱ ✇❡ tr② t♦ ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ ✇✐t❤
❝♦♠♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ✉♥❞❡r ❛ ♠♦r❡ ❝♦♥str❛✐♥❡❞ s❝❡♥❛r✐♦✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❝❤❡❞✉❧❡ S1✱ ✇✐t❤ str❡t❝❤ S✱ ✈❛❧✐❞ ✉♥❞❡r t❤❡ t♦t❛❧❧② ✢✉✐❞ ♠♦❞❡❧
✭❇▼P✲❋❈✲❙❙✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤✐s s❝❤❡❞✉❧❡ ❤❛s ❜❡❡♥ ❜✉✐❧t ❢r♦♠
❛ ♣♦✐♥t ✐♥ P♦❧②❤❡❞r♦♥ ✭K✮ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✹✳✷✿ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

r❛t❡s ✭ρ(k)
u (tj , tj+1) ❛♥❞ ρ

(k)
M→u(tj , tj+1)✮ ❛r❡ ❝♦♥st❛♥t ❞✉r✐♥❣ ❡❛❝❤ ✐♥t❡r✈❛❧✱ ❛♥❞ ❛r❡ ❞❡✜♥❡❞ ❜②

t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥t ✐♥ P♦❧②❤❡❞r♦♥ ✭K✮✳
❲❡ ❛ss❡ss t❤❡ ❞❡❧❛② ✐♥❞✉❝❡❞ ❜② ❡❛❝❤ ♠♦❞❡❧✳ ●✐✈❡♥ t❤❡ str❡t❝❤ S✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛ ❞❡❛❞❧✐♥❡

d(k) ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak✳ ❇② ♠♦✈✐♥❣ t♦ ♠♦r❡ ❝♦♥str❛✐♥❡❞ ♠♦❞❡❧s✱ ✇❡ ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦
❡♥s✉r❡ t❤❛t t❤❡ ✜♥✐s❤✐♥❣ t✐♠❡ ▼❙(k) ✐s s♠❛❧❧❡r t❤❛♥ d(k)✳ ❲❡ ❝❛❧❧ ❧❛t❡♥❡ss ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak t❤❡
q✉❛♥t✐t② max{0,▼❙(k) − d(k)}✱ t❤❛t ✐s t❤❡ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ❞✉❡ ❞❛t❡ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ✐ts
r❡❛❧ t❡r♠✐♥❛t✐♦♥✳ ❖♥❝❡ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ ♠❛①✐♠✉♠ ❧❛t❡♥❡ss ❢♦r ❡❛❝❤ ♠♦❞❡❧✱ ✇❡ s❤♦✇ ❤♦✇
t♦ ♦❜t❛✐♥ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t②✳

❲✐t❤♦✉t s✐♠✉❧t❛♥❡♦✉s st❛rt✿ t❤❡ ❇▼P✲❋❈ ♠♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ❇▼P✲❋❈ ♠♦❞❡❧✱ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧ ♦♥❧② ❜② t❤❡ ❢❛❝t
t❤❛t ❛ t❛s❦ ❝❛♥♥♦t st❛rt ❜❡❢♦r❡ ✐t ❤❛s ❜❡❡♥ t♦t❛❧❧② r❡❝❡✐✈❡❞ ❜② ❛ ♣r♦❝❡ss♦r✳

❚❤❡♦r❡♠ ❈✳✶✳ ❋r♦♠ s❝❤❡❞✉❧❡ S1✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ S2 ♦❜❡②✐♥❣ t❤❡ ❇▼P✲❋❈ ♠♦❞❡❧ ✇❤❡r❡

t❤❡ ♠❛①✐♠✉♠ ❧❛t❡♥❡ss ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s max
1≤u≤p

n
∑

k=1

w(k)

s
(k)
u

✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ s❝❤❡❞✉❧❡ S1✱ ✈❛❧✐❞ ✉♥❞❡r t❤❡ ✢✉✐❞ ♠♦❞❡❧ ✭❇▼P✲❋❈✲❙❙✮✱ ✇❡ ❛✐♠ ❛t ❜✉✐❧❞✐♥❣
S2 ✇✐t❤ ❛ s✐♠✐❧❛r str❡t❝❤ ✇❤❡r❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ t❛s❦ ❝❛♥♥♦t st❛rt ❜❡❢♦r❡ t❤❡ ❡♥❞ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❲❡ ✜rst ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ ❛s ❢♦❧❧♦✇s✱ ❢♦r ❡❛❝❤ ♣r♦❝❡ss♦r Pu ✭1 ≤
u ≤ p✮✿

te
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✶✻✻ ❆PP❊◆❉■❳ ❈✳ ❋❘❖▼ ❚❍❊❖❘❊❚■❈❆▲ ❚❍❘❖❯●❍P❯❚ ❚❖ ❘❊❆▲■❙❚■❈ ❙❈❍❊❉❯▲❊

✶✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s t♦ Pu ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ S1❀

✷✳ ❇② ❝♦♠♣❛r✐s♦♥ t♦ S1✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦♥ Pu ❛r❡ s❤✐❢t❡❞ ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak✿ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✜rst t❛s❦ ♦❢ Ak ✐s ♥♦t r❡❛❧❧② ♣❡r❢♦r♠❡❞ ✭Pu ✐s ❦❡♣t ✐❞❧❡ ✐♥st❡❛❞ ♦❢
❝♦♠♣✉t✐♥❣ t❤✐s t❛s❦✮✱ ❛♥❞ ✇❡ r❡♣❧❛❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❛s❦ i ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❛s❦ i− 1✳

❇❡❝❛✉s❡ ♦❢ t❤❡ s❤✐❢t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ❧❛st t❛s❦ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ♥♦t ❡①❡❝✉t❡❞ ✐♥ t❤✐s
s❝❤❡❞✉❧❡ ❛t t✐♠❡ d(k)✳ ❲❡ ❝♦♠♣❧❡t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ S2 ❜② ❛❞❞✐♥❣ s♦♠❡ ❞❡❧❛② ❛❢t❡r ❞❡❛❞❧✐♥❡
d(k) t♦ ♣r♦❝❡ss t❤✐s ❧❛st t❛s❦ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛t ❢✉❧❧ s♣❡❡❞✱ ✇❤✐❝❤ t❛❦❡s ❛ t✐♠❡ w(k)

s
(k)
u

✳ ❆❧❧ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ♦♥ ♣r♦❝❡ss♦r Pu ✭✐♥ t❤❡ ♥❡①t t✐♠❡✲✐♥t❡r✈❛❧s✮ ❛r❡ s❤✐❢t❡❞ ❜② t❤✐s ❞❡❧❛②✳
❚❤❡ ❧❛t❡♥❡ss ❢♦r ❛♥② ❛♣♣❧✐❝❛t✐♦♥ Ak ♦♥ ♣r♦❝❡ss♦r Pu ✐s ❛t ♠♦st t❤❡ s✉♠ ♦❢ t❤❡ ❞❡❧❛②s ❢♦r

❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ t❤✐s ♣r♦❝❡ss♦r✱
∑n

k=1
w(k)

s
(k)
u

✱ ❛♥❞ t❤❡ t♦t❛❧ ❧❛t❡♥❡ss ♦❢ Ak ✐s ❜♦✉♥❞❡❞ ❜② t❤❡

♠❛①✐♠✉♠ ❧❛t❡♥❡ss ❜❡t✇❡❡♥ ❛❧❧ ♣r♦❝❡ss♦rs✿

❧❛t❡♥❡ss(k) ≤ max
1≤u≤p

n
∑

k=1

w(k)

s
(k)
u

❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ s❝❤❡❞✉❧❡ S2 ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❈✳✷ ✭♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✮✳ �

❋✐❣✉r❡ ❈✳✷✿ ❊①❛♠♣❧❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ s❝❤❡❞✉❧❡ S2 ❢♦r ❇▼P✲❋❈ ♠♦❞❡❧ ❢r♦♠ ❛ s❝❤❡❞✉❧❡
S1 ❢♦r ❇▼P✲❋❈✲❙❙ ♠♦❞❡❧✳ ❲❡ ♣❧♦t ♦♥❧② t❤❡ ❝♦♠♣✉t✐♥❣ r❛t❡✳ ❊❛❝❤ ❜♦① ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ ♦♥❡ t❛s❦✳

ρ

r(0)

✶

✵

d(0)
t

✶ ✷ ✸ ✹ ✺ ✻ ✽✼ ✾ ✶✵ ✶✶

✭❛✮ ❙❝❤❡❞✉❧❡ S1 ✭❇▼P✲❋❈✲❙❙ ♠♦❞❡❧✮

���
���
���
��� ����

ρ

r(0)

✶

✵

d(0)
t

✶ ✷ ✸ ✹ ✺
✶✶

✻ ✼ ✽ ✶✵✾

✭❜✮ ❙❝❤❡❞✉❧❡ S2 ✭❇▼P✲❋❈ ♠♦❞❡❧✮

❆t♦♠✐❝ ❡①❡❝✉t✐♦♥ ♦❢ t❛s❦s✿ t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧

❲❡ ♥♦✇ ♠♦✈❡ t♦ t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧✱ ✇❤❡r❡ ❛ ❣✐✈❡♥ ♣r♦❝❡ss♦r ❝❛♥♥♦t ❝♦♠♣✉t❡ s❡✈❡r❛❧ t❛s❦s ✐♥
♣❛r❛❧❧❡❧✱ ❛♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ t❛s❦ ❝❛♥♥♦t ❜❡ ♣r❡❡♠♣t❡❞✿ ❛ st❛rt❡❞ t❛s❦ ♠✉st ❜❡ ❝♦♠♣❧❡t❡❞
❜❡❢♦r❡ ❛♥② ♦t❤❡r t❛s❦ ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞✳

❚❤❡♦r❡♠ ❈✳✷✳ ❋r♦♠ s❝❤❡❞✉❧❡ S1✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ S3 ♦❜❡②✐♥❣ t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧ ✇❤❡r❡
t❤❡ ♠❛①✐♠✉♠ ❧❛t❡♥❡ss ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s

max
1≤u≤p

2n×
n
∑

k=1

w(k)

s
(k)
u

.
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✶✻✼

Pr♦♦❢✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛ s❝❤❡❞✉❧❡ S1 ✈❛❧✐❞ ✉♥❞❡r t❤❡ ✢✉✐❞ ♠♦❞❡❧ ✭❇▼P✲❋❈✲❙❙✮✱ ✇❡ ✇❛♥t t♦
❜✉✐❧❞ S3✱ ✈❛❧✐❞ ✐♥ ❇▼P✲❆❈✳ ❲❡ t❛❦❡ ❤❡r❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲
❜❛❧❛♥❝✐♥❣ s❝❤❡❞✉❧❡s✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ♦❢ S−2

✶❉ ✳ ❙❝❤❡❞✉❧❡ S3 ✐s ❜✉✐❧t ❛s ❢♦❧❧♦✇s✿

✶✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ❦❡♣t ✉♥❝❤❛♥❣❡❞❀

✷✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥s t❛❦✐♥❣ ♣❧❛❝❡ ✐♥ S1 ♦♥ ♣r♦❝❡ss♦r Pu ❞✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧
[tj , tj+1]✳ ❆ r❛t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♠❛② ❜❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✢✉✐❞
s❝❤❡❞✉❧❡✳ ❲❡ ✜rst ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak t♦ ❜❡ ❝♦♠♣✉t❡❞
✐♥ S3✿

nu,j,k =
⌊

ρ(k)
u (tj , tj+1)× (tj+1 − tj)

⌋

.

❚❤❡ ✜rst nu,j,k t❛s❦s ♦❢ Ak s❝❤❡❞✉❧❡❞ ✐♥ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1] ♦♥ Pu ❛r❡ ♦r❣❛♥✐③❡❞ ✉s✐♥❣
t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t♦ ❜✉✐❧❞ S−2

✶❉ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ s❡❝t✐♦♥✳

✸✳ ❚❤❡♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ s❤✐❢t❡❞ ❛s ❢♦r S2✿ ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ✜rst t❛s❦ ♦❢ Ak ✐s ♥♦t r❡❛❧❧② ♣❡r❢♦r♠❡❞ ✭t❤❡ ♣r♦❝❡ss♦r ✐s ❦❡♣t ✐❞❧❡ ✐♥st❡❛❞ ♦❢ ❝♦♠♣✉t✐♥❣
t❤✐s t❛s❦✮✱ ❛♥❞ ✇❡ r❡♣❧❛❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❛s❦ i ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❛s❦ i− 1✳

▲❡♠♠❛ ❈✳✷ ♣r♦✈❡s t❤❛t✱ ❞✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1]✱ ♦♥ ♣r♦❝❡ss♦r Pu✱ ❛ ❝♦♠♣✉t❛t✐♦♥ ❞♦❡s ♥♦t
st❛rt ❡❛r❧✐❡r ✐♥ S3 t❤❛♥ ✐♥ S1✳ ❆s S1 ♦❜❡②s t❤❡ t♦t❛❧❧② ✢✉✐❞ ♠♦❞❡❧ ✭❇▼P✲❋❈✲❙❙✮✱ ❛ ❝♦♠♣✉t❛t✐♦♥
♦❢ S1 ❞♦❡s ♥♦t st❛rt ❡❛r❧✐❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ s♦ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❛s❦
i ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐♥ S1 ❞♦❡s ♥♦t st❛rt ❡❛r❧✐❡r t❤❛♥ t❤❡ ✜♥✐s❤ t✐♠❡ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢♦r
t❛s❦ i − 1 ♦❢ Ak✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ s❤✐❢t✐♥❣ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤✐s ♣r♦✈❡s t❤❛t ✐♥ S3✱ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ t❛s❦ ❞♦❡s ♥♦t st❛rt ❡❛r❧✐❡r t❤❛♥ t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥✱
♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✳

❇❡❝❛✉s❡ ♦❢ t❤❡ r♦✉♥❞✐♥❣ ❞♦✇♥ t♦ t❤❡ ❝❧♦s❡st ✐♥t❡❣❡r✱ ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r Pu✱ ❛t ❡❛❝❤ t✐♠❡✲
✐♥t❡r✈❛❧✱ S3 ❝♦♠♣✉t❡s ❛t ♠♦st ♦♥❡ t❛s❦ ❧❡ss t❤❛♥ S1 ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ♠♦r❡ t❛s❦
❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ♥♦t ♣❡r❢♦r♠❡❞ ✐♥ S3 ❞✉❡ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s❤✐❢t✳ ❖♥ t❤❡
✇❤♦❧❡✱ ❛s t❤❡r❡ ❛r❡ ❛t ♠♦st 2n−1 t✐♠❡✲✐♥t❡r✈❛❧s✱ ❛t ♠♦st 2n t❛s❦s ♦❢ Ak r❡♠❛✐♥ t♦ ❜❡ ❝♦♠♣✉t❡❞
♦♥ Pu ❛t t✐♠❡ d(k)✳ ❚❤❡ ❞❡❧❛② ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s✿

❧❛t❡♥❡ss(k) ≤ max
1≤u≤p

2n×
n
∑

k=1

×w(k)

s
(k)
u

.

�

❚❤✐s ✐s ♦❜✈✐♦✉s❧② ♥♦t t❤❡ ♠♦st ❡✣❝✐❡♥t ✇❛② t♦ ❝♦♥str✉❝t ❛ s❝❤❡❞✉❧❡ ❢♦r t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧✿
✐♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤ ♣r♦❝❡ss♦r ✐s ✐❞❧❡ ❞✉r✐♥❣ ❡❛❝❤ ✐♥t❡r✈❛❧ ✭❜❡❝❛✉s❡ ♦❢ t❤❡ r♦✉♥❞✐♥❣ ❞♦✇♥✮✳ ■t
✇♦✉❧❞ ❝❡rt❛✐♥❧② ❜❡ ♠♦r❡ ❡✣❝✐❡♥t t♦ s♦♠❡t✐♠❡s st❛rt ❛ t❛s❦ ❡✈❡♥ ✐❢ ✐t ❝❛♥♥♦t ❜❡ t❡r♠✐♥❛t❡❞
❜❡❢♦r❡ t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧✳ ❚❤✐s ✐s ✇❤② ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ♦❢ s❡❝t✐♦♥ ✺✳✹✳✹✱ ✇❡ ✐♠♣❧❡♠❡♥t❡❞
♦♥ ❡❛❝❤ ✇♦r❦❡r ❛ ❣r❡❡❞② s❝❤❡❞✉❧❡ ✇✐t❤ ❊❛r❧✐❡st ❉❡❛❞❧✐♥❡ ❋✐rst P♦❧✐❝② ✐♥st❡❛❞ ♦❢ t❤✐s ❝♦♠♣❧❡①
❝♦♥str✉❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ❤❛s ❛♥ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧
str❡t❝❤✱ ✉♥❧✐❦❡ ♦t❤❡r ❣r❡❡❞② str❛t❡❣✐❡s✳

❆s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r❡✈✐♦✉s s❝❤❡❞✉❧❡s ❛r❡ ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧✱ ✇❤❡♥ ❛♣♣❧✐❝❛t✐♦♥s
❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s✳ ❚♦ ❡st❛❜❧✐s❤ s✉❝❤ ❛♥ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t②✱ ✇❡ ❤❛✈❡
t♦ ♣r♦✈❡ t❤❛t t❤❡ ❣❛♣ ❝♦♠♣✉t❡❞ ❛❜♦✈❡ ❣❡ts s♠❛❧❧❡r ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ❣❡ts ❧❛r❣❡r✳ ❆t
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✜rst s✐❣❤t✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ st✉❞② t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ str❡t❝❤ ✇❤❡♥ Π(k) ✐s ❧❛r❣❡ ❢♦r ❡❛❝❤
❛♣♣❧✐❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ s✐♠♣❧② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✐♥ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤♦✉t
❝❤❛♥❣✐♥❣ t❤❡ r❡❧❡❛s❡ ❞❛t❡s ❛♥❞ t❤❡ t❛s❦s ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✇✐❧❧ ❧♦♦❦ t♦t❛❧❧②
❞✐✛❡r❡♥t✿ ❛♥② s❝❤❡❞✉❧❡ ✇✐❧❧ r✉♥ ❢♦r ❛ ✈❡r② ❧♦♥❣ t✐♠❡✱ ❛♥❞ t❤❡ t✐♠❡ s❡♣❛r❛t✐♥❣ t❤❡ r❡❧❡❛s❡ ❞❛t❡s
✇✐❧❧ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥ ❢r♦♥t ♦❢ t❤❡ ✇❤♦❧❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ s❝❤❡❞✉❧❡✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ♥♦t ♠❡❛♥✐♥❣❢✉❧
❢♦r ♦✉r st✉❞②✳

❚♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠✱ ✇❡ r❛t❤❡r ❝❤❛♥❣❡ t❤❡ ❣r❛♥✉❧❛r✐t② ♦❢ t❤❡
t❛s❦s✿ ✇❡ s❤♦✇ t❤❛t ✇❤❡♥ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s♠❛❧❧✲s✐③❡ t❛s❦s✱
t❤❡♥ t❤❡ ♠❛①✐♠❛❧ str❡t❝❤ ✐s ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ✢✉✐❞ ♠♦❞❡❧✳ ❚♦ t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❣r❛♥✉❧❛r✐t② g✱ ❛♥❞ ✇❡ r❡❞❡✜♥❡ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ✇✐t❤ t❤✐s ♥❡✇ ✈❛r✐❛❜❧❡✿

Π(k)
g =

Π(k)

g
, w(k)

g = g × w(k) ❛♥❞ δ(k)
g = g × δ(k).

❲❤❡♥ g = 1✱ ✇❡ ❣❡t ❜❛❝❦ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❲❤❡♥ g < 1✱ t❤❡r❡ ❛r❡ ♠♦r❡ t❛s❦s ❜✉t t❤❡②
❤❛✈❡ s♠❛❧❧❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ s✐③❡✳ ❋♦r ❛♥② g✱ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞
❝♦♠♣✉t❛t✐♦♥ ❛♠♦✉♥t ♣❡r ❛♣♣❧✐❝❛t✐♦♥ ✐s ❦❡♣t t❤❡ s❛♠❡✱ t❤✉s ✐t ✐s ♠❡❛♥✐♥❣❢✉❧ t♦ ❝♦♥s✐❞❡r t❤❡
♦r✐❣✐♥❛❧ r❡❧❡❛s❡ ❞❛t❡s✳

❖✉r ❣♦❛❧ ✐s t♦ st✉❞② t❤❡ ❝❛s❡ g → 0✳ ◆♦t❡ t❤❛t ✉♥❞❡r t❤❡ t♦t❛❧❧② ✢✉✐❞ ♠♦❞❡❧ ✭❇▼P✲❋❈✲❙❙✮✱
t❤❡ ❣r❛♥✉❧❛r✐t② ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✭♦r t❤❡ str❡t❝❤✮✳ ■♥❞❡❡❞✱ t❤❡ ✢✉✐❞ ♠♦❞❡❧ ❝❛♥
❜❡ s❡❡♥ ❛s t❤❡ ❡①tr❡♠❡ ❝❛s❡ ✇❤❡r❡ g = 0✳ ❚❤❡ ♦♣t✐♠❛❧ str❡t❝❤ ✉♥❞❡r t❤❡ ❇▼P✲❋❈✲❙❙ S♦♣t ❞♦❡s
♥♦t ❞❡♣❡♥❞ ♦♥ g✳

❚❤❡♦r❡♠ ❈✳✸✳ ❲❤❡♥ t❤❡ ❣r❛♥✉❧❛r✐t② ✐s s♠❛❧❧✱ t❤❡ s❝❤❡❞✉❧❡ ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ❢♦r t❤❡ ❇▼P✲❋❈
✭r❡s♣❡❝t✐✈❡❧② ❇▼P✲❆❈✮ ♠♦❞❡❧ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧ ❢♦r t❤❡ ♠❛①✐♠✉♠ str❡t❝❤✱ t❤❛t ✐s

lim
g→0
S = S♦♣t

✇❤❡r❡ S ✐s t❤❡ str❡t❝❤ ♦❢ t❤❡ ❇▼P✲❋❈ ✭r❡s♣✳ ❇▼P✲❆❈✮ s❝❤❡❞✉❧❡✱ ❛♥❞ S♦♣t t❤❡ str❡t❝❤ ♦❢ t❤❡
♦♣t✐♠❛❧ ✢✉✐❞ s❝❤❡❞✉❧❡✳

Pr♦♦❢✳ ❚❤❡ ❧❛t❡♥❡ss ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ❇▼P✲❋❈ ♠♦❞❡❧✱ ❛♥❞ ❢♦r t❤❡ ❇▼P✲❆❈
♠♦❞❡❧✱ ❜❡❝♦♠❡s s♠❛❧❧❡r ✇❤❡♥ t❤❡ ❣r❛♥✉❧❛r✐t② ✐♥❝r❡❛s❡✿ ❢♦r t❤❡ ❇▼P✲❋❈ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡

❧❛t❡♥❡ss(k) ≤ max
1≤u≤p

n
∑

k=1

w
(k)
g

s
(k)
u

−−−−→
g→0

0.

❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧✱

❧❛t❡♥❡ss(k) ≤ max
1≤u≤p

2n×
n
∑

k=1

w
(k)
g

s
(k)
u

−−−−→
g→0

0.

❚❤✉s✱ ✇❤❡♥ g ❣❡ts ❝❧♦s❡ t♦ ✵✱ t❤❡ str❡t❝❤ ♦❜t❛✐♥❡❞ ❜② t❤❡s❡ s❝❤❡❞✉❧❡s ✐s ❝❧♦s❡ t♦ S♦♣t✳ �

❖♥❡✲♣♦rt ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ♠♦❞✐❢② t❤❡ ♣r❡✈✐♦✉s st✉❞② t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✳
❲❡ ❝❛♥♥♦t s✐♠♣❧② ❡①t❡♥❞ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✢✉✐❞ ♠♦❞❡❧ t♦ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ✭❛s ✇❡
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✶✻✾

❤❛✈❡ ❞♦♥❡ ❢♦r t❤❡ ♦t❤❡r ♠♦❞❡❧s✮ s✐♥❝❡ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r ♠♦❞❡❧✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ♥♦t t❤❡
s❛♠❡✳ ❆❝t✉❛❧❧②✱ t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ❧✐♠✐ts t❤❡ t✐♠❡ s♣❡♥t ❜② ❛ ♣r♦❝❡ss♦r ✭❤❡r❡ t❤❡ ♠❛st❡r✮ t♦
s❡♥❞ ❞❛t❛ ✇❤❡r❡❛s t❤❡ ♠✉❧t✐♣♦rt ♠♦❞❡❧ ❧✐♠✐ts ✐ts ❜❛♥❞✇✐❞t❤ ❝❛♣❛❝✐t②✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢②
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥str❛✐♥ts✳ ❈♦♥str❛✐♥t ✭✺✳✶✵✮ ♦❢ ❙❡❝t✐♦♥ ✺✳✹✳✷ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
♦♥❡✳

∀1 ≤ j ≤ 2n− 1,

p
∑

u=1

n
∑

k=1

ρ
(k)
M→u(tj , tj+1)

δ(k)

bu
≤ 1 ✭✺✳✶✵✲❜✮

◆♦t❡ t❤❛t t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❈♦♥str❛✐♥t ✭✺✳✶✵✮ ✐s t❤❛t✱ ♥♦✇✱ ✇❡ ❜♦✉♥❞ t❤❡ t✐♠❡ ♥❡❡❞❡❞
❜② t❤❡ ♠❛st❡r t♦ s❡♥❞ ❛❧❧ ❞❛t❛ ✐♥st❡❛❞ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❞❛t❛ ✐ts❡❧❢✳ ❚❤❡ s❡t ♦❢ ❝♦♥str❛✐♥ts
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧✱ ❢♦r ❛ ♠❛①✐♠✉♠ str❡t❝❤ S✱
❛r❡ ❣❛t❤❡r❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P♦❧②❤❡❞r♦♥ ✭K1✮✿

{

ρ
(k)
M→u(tj , tj+1), ρ

(k)
u (tj , tj+1), ∀k, u, j s✉❝❤ t❤❛t 1 ≤ k ≤ n, 1 ≤ u ≤ p, 1 ≤ j ≤ 2n− 1

✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts ✭✺✳✸✮, ✭✺✳✼✮, ✭✺✳✺✮, ✭✺✳✻✮, ✭✺✳✹✮, ✭✺✳✽✮, ✭✺✳✾✮, ✭✺✳✶✵✲❜✮, ❛♥❞ ✭✺✳✶✶✮
✭K1✮

❆s ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✷✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦✐♥t ✐♥ t❤❡ ♣♦❧②❤❡❞r♦♥ ✐s ❧✐♥❦❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ s❝❤❡❞✉❧❡ ✇✐t❤ str❡t❝❤ S✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ♥♦ ✢✉✐❞ ♠♦❞❡❧ ✇❤✐❝❤ ❝♦✉❧❞ ♣❡r❢❡❝t❧② ❢♦❧❧♦✇ t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧✐♥❡❛r ❝♦♥str❛✐♥ts✳ ❚❤✉s ✇❡ ♦♥❧② t❛r❣❡t ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t②✳

❚❤❡♦r❡♠ ❈✳✹✳

✭❛✮ ■❢ t❤❡r❡ ❡①✐sts ❛ s❝❤❡❞✉❧❡ ✈❛❧✐❞ ✉♥❞❡r t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ✇✐t❤ str❡t❝❤ S1✱ t❤❡♥ P♦❧②❤❡✲
❞r♦♥ ✭K1✮ ✐s ♥♦t ❡♠♣t② ❢♦r S1✳

✭❜✮ ❈♦♥✈❡rs❡❧②✱ ✐❢ P♦❧②❤❡❞r♦♥ ✭K1✮ ✐s ♥♦t ❡♠♣t② ❢♦r t❤❡ str❡t❝❤ ♦❜❥❡❝t✐✈❡ S2✱ t❤❡♥ t❤❡r❡ ❡①✐sts

❛ s❝❤❡❞✉❧❡ ✈❛❧✐❞ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ ♦♥❡✲♣♦rt ♠♦❞❡❧ ✇✐t❤ ♣❛r❛♠❡t❡rs Π
(k)
g ✱ δ

(k)
g ✱ ❛♥❞

w
(k)
g ✱ ❛s ❞❡✜♥❡❞ ♣r❡✈✐♦✉s❧②✱ ✇❤♦s❡ str❡t❝❤ S ✐s s✉❝❤ t❤❛t

lim
g→0
S = S2.

Pr♦♦❢✳ ✭❛✮ ❚♦ ♣r♦✈❡ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② s❝❤❡❞✉❧❡ ✇✐t❤ str❡t❝❤
S1✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ♣♦✐♥t ✐♥ P♦❧②❤❡❞r♦♥ ✭K1✮✳ ●✐✈❡♥ s✉❝❤ ❛ s❝❤❡❞✉❧❡✱ ✇❡ ❞❡♥♦t❡ ❜②

A
(k)
M→u(tj , tj+1) t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak s❡♥t ❜② t❤❡ ♠❛st❡r t♦ ♣r♦❝❡ss♦r

Pu ❞✉r✐♥❣ ✐♥t❡r✈❛❧ [tj , tj+1]✳ ◆♦t❡ t❤❛t t❤✐s ♠❛② ❜❡ ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r ✐❢ t❤❡r❡ ❛r❡ ♦♥❣♦✐♥❣

tr❛♥s❢❡rs ❛t t✐♠❡s tj ❛♥❞✴♦r tj+1✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡♥♦t❡ ❜② A
(k)
u (tj , tj+1) t❤❡ t♦t❛❧ ✭r❛t✐♦♥❛❧✮

♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak ♣r♦❝❡ss❡❞ ❜② Pu ❞✉r✐♥❣ ✐♥t❡r✈❛❧ [tj , tj+1]✳ ❚❤❡♥ ✇❡ ❝♦♠♣✉t❡✿

ρ
(k)
M→u(tj , tj+1) =

A
(k)
M→u(tj , tj+1)

tj+1 − tj
❛♥❞ ρ(k)

u (tj , tj+1) =
A

(k)
u (tj , tj+1)

tj+1 − tj
.

❆s ✐♥ t❤❡ ✢✉✐❞ ❝❛s❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ st❛t❡ ♦❢ t❤❡ ❜✉✛❡rs ❜❛s❡❞ ♦♥ t❤❡s❡ q✉❛♥t✐t✐❡s✿

B(k)
u (tj) =

∑

ti+1≤tj

A
(k)
M→u(ti, ti+1)−A(k)

u (ti, ti+1)

❲❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ❛❧❧ ❝♦♥str❛✐♥ts ✭✺✳✸✮✱✭✺✳✹✮✱ ✭✺✳✺✮✱ ✭✺✳✻✮✱ ✭✺✳✼✮✱ ✭✺✳✽✮✱ ✭✺✳✾✮✱ ❛♥❞ ✭✺✳✶✵✲❜✮

❛r❡ s❛t✐s✜❡❞✳ ❱❛r✐❛❜❧❡s B
(k)
u (tj)✱ ρ

(k)
M→u(tj , tj+1)✱ ❛♥❞ ρ

(k)
u (tj , tj+1) ❞❡✜♥❡ ❛ ♣♦✐♥t ✐♥ P♦❧②✲

❤❡❞r♦♥ ✭K1✮✳

te
l-0

05
30

13
1,

 v
er

si
on

 1
 - 

27
 O

ct
 2

01
0
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✭❜✮ ❋r♦♠ ❛ ♣♦✐♥t ✐♥ P♦❧②❤❡❞r♦♥ ✭K1✮✱ ✇❡ ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ ✇❤✐❝❤ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧✱
❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❉✉r✐♥❣ ❡❛❝❤ ✐♥t❡r✈❛❧ [tj , tj+1]✱ ❢♦r ❡❛❝❤ ✇♦r❦❡r Pu✱ ✇❡
♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳

✶✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❛ ✢✉✐❞✲♠♦❞❡❧ s❝❤❡❞✉❧❡ Sf ❢♦❧❧♦✇✐♥❣ ❡①❛❝t❧② t❤❡ r❛t❡s ❞❡✜♥❡❞ ❜② t❤❡

♣♦✐♥t ✐♥ t❤❡ ♣♦❧②❤❡❞r♦♥✿ t❤❡ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ s❡♥t ✇✐t❤ r❛t❡ ρ
(k)
M→u(tj , tj+1)

❛♥❞ ♣r♦❝❡ss❡❞ ❛t r❛t❡ ρ
(k)
u (tj , tj+1)✳

✷✳ ❲❡ tr❛♥s❢♦r♠ ❜♦t❤ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❝❤❡❞✉❧❡ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s❝❤❡❞✉❧❡ ✉s✐♥❣
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❲❡ ✜rst ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢
t❛s❦s t❤❛t ❝❛♥ ❜❡ s❡♥t ✐♥ t❤❡ ♦♥❡✲♣♦rt s❝❤❡❞✉❧❡✿

n❝♦♠♠u,j,k =
⌊

ρ
(k)
M→u(tj , tj+1)× (tj+1 − tj)

⌋

.

❚❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ Pu ✐♥ t❤✐s t✐♠❡✲✐♥t❡r✈❛❧ ✐s ❜♦✉♥❞❡❞
❜♦t❤ ❜② t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♣r♦❝❡ss❡❞ ✐♥ t❤❡ ✢✉✐❞✲♠♦❞❡❧ s❝❤❡❞✉❧❡✱ ❛♥❞ ❜② t❤❡ ♥✉♠❜❡r
♦❢ t❛s❦s r❡❝❡✐✈❡❞ ❞✉r✐♥❣ t❤✐s t✐♠❡✲✐♥t❡r✈❛❧ ♣❧✉s t❤❡ ♥✉♠❜❡r ♦❢ r❡♠❛✐♥✐♥❣ t❛s❦s✿

n❝♦♠♣u,j,k = min

{

⌊

ρ(k)
u (tj , tj+1)× (tj+1 − tj)

⌋

, n❝♦♠♠u,j,k +

j−1
∑

i=1

(

n❝♦♠♠u,i,k − n❝♦♠♣u,i,k

)

}

❚❤❡ ✜rst n❝♦♠♠u,j,k t❛s❦s s❡♥t ✐♥ s❝❤❡❞✉❧❡ Sf ❛r❡ ♦r❣❛♥✐③❡❞ ✇✐t❤ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ❛❧❣♦r✐t❤♠ ✐♥t♦ S✶❉✱ ✇❤✐❧❡ t❤❡ ❧❛st n❝♦♠♣u,j,k t❛s❦s ❡①❡❝✉t❡❞ ✐♥ s❝❤❡❞✉❧❡

Sf ❛r❡ ♦r❣❛♥✐③❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❛❞✲❜❛❧❛♥❝✐♥❣ ❛❧❣♦r✐t❤♠ S−2
✶❉ ✳

✸✳ ❚❤❡♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ s❤✐❢t❡❞✿ ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡
✜rst t❛s❦ ♦❢ Ak ✐s ♥♦t r❡❛❧❧② ♣❡r❢♦r♠❡❞ ✭t❤❡ ♣r♦❝❡ss♦r ✐s ❦❡♣t ✐❞❧❡ ✐♥st❡❛❞ ♦❢ ❝♦♠♣✉t✐♥❣
t❤✐s t❛s❦✮✱ ❛♥❞ ✇❡ r❡♣❧❛❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❛s❦ i ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❛s❦ i−1✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ s❝❤❡❞✉❧❡ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❈✳✷
❢♦r t❤❡ ❇▼P✲❆❈ ♠♦❞❡❧✿ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❛ t❛s❦ ❞♦❡s ♥♦t st❛rt ❡❛r❧✐❡r ✐♥ S−2

✶❉ t❤❛♥ ✐♥
Sf ✱ ❛♥❞ ♥♦ ❧❛t❡r ✐♥ S✶❉ t❤❛♥ ✐♥ Sf t♦ ♣r♦✈❡ t❤❛t t❤❡ ❞❛t❛ ♥❡❡❞❡❞ ❢♦r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛
❣✐✈❡♥ t❛s❦ ❛r❡ r❡❝❡✐✈❡❞ ✐♥ t✐♠❡✳

❆t t✐♠❡ d(k)✱ s♦♠❡ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ❛r❡ st✐❧❧ ♥♦t ♣r♦❝❡ss❡❞✱ ❛♥❞ s♦♠❡ ♠❛② ❡✈❡♥ ♥♦t ❜❡
r❡❝❡✐✈❡❞ ②❡t✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Lk t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡✲✐♥t❡r✈❛❧s ❜❡t✇❡❡♥ r(k) ❛♥❞ d(k)✱ t❤❛t
✐s t✐♠❡✲✐♥t❡r✈❛❧s ✇❤❡r❡ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak ♠❛② ❜❡ ♣r♦❝❡ss❡❞ ✭Lk ≤ 2n− 1✮✳ ❇❡❝❛✉s❡
♦❢ t❤❡ r♦✉♥❞✐♥❣ ♦❢ t❤❡ ♥✉♠❜❡rs ♦❢ t❛s❦s s❡♥t✱ ❛t ♠♦st ♦♥❡ t❛s❦ ✐s ♥♦t tr❛♥s♠✐tt❡❞ ✐♥ ❡❛❝❤
✐♥t❡r✈❛❧✱ ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥✳ ❆t t✐♠❡ d(k)✱ ✇❡ t❤✉s ❤❛✈❡ ❛t ♠♦st Lk t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥
Ak t♦ ❜❡ s❡♥t t♦ ❡❛❝❤ ♣r♦❝❡ss♦r Pu✳ ❲❡ ❤❛✈❡ t♦ s❡r✐❛❧✐③❡ t❤❡ s❡♥❞✐♥❣ ♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤
t❛❦❡s ❛ t✐♠❡ ❛t ♠♦st

n
∑

u=1

Lk × δ(k)

bu

❚❤❡♥✱ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s r❡♠❛✐♥✐♥❣ t♦ ❜❡ ♣r♦❝❡ss❡❞ ♦♥ ♣r♦❝❡ss♦r Pu ✐s ✉♣♣❡r ❜♦✉♥❞❡❞
❜② 2Lk + 1✿ ❛t ♠♦st Lk ❛r❡ r❡❝❡✐✈❡❞ ❧❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ r♦✉♥❞✐♥❣ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s
r❡❝❡✐✈❡❞✱ ❛t ♠♦st Lk t❛s❦s ❛r❡ r❡❝❡✐✈❡❞ ❜✉t ♥♦t ❝♦♠♣✉t❡❞ ❜❡❝❛✉s❡ ✇❡ ❛❧s♦ r♦✉♥❞ t❤❡ ♥✉♠❜❡r
♦❢ t❛s❦s ♣r♦❝❡ss❡❞✱ ❛♥❞ ♦♥❡ ♠♦r❡ t❛s❦ ♠❛② ❛❧s♦ r❡♠❛✐♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s❤✐❢t✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✭❛t ❢✉❧❧ s♣❡❡❞✮ ♦❢ ❛❧❧ t❤❡s❡ t❛s❦s t❛❦❡s ❛t ♠♦st ❛ t✐♠❡ (2Lk + 1)w(k)
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✶✼✶

♣r♦❝❡ss♦r Pu✳ ❖✈❡r❛❧❧✱ t❤❡ ❞❡❧❛② ✐♥❞✉❝❡❞ ♦♥ ❛❧❧ ♣r♦❝❡ss♦rs ❢♦r ✜♥✐s❤✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ Ak ❝❛♥
❜❡ ❜♦✉♥❞❡❞ ❜②✿

n
∑

u=1

Lk × δ(k)

bu
+ max

1≤u≤p
(2Lk + 1)× w(k)

s
(k)
u

.

❆s Lk ≤ 2n− 1✱ t❤❡ ❧❛t❡♥❡ss ♦❢ ❛♥② ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s t❤✉s✿

❧❛t❡♥❡ss(k) ≤
∑

k

(

n
∑

u=1

(2n− 1)× δ(k)

bu
+ max

1≤u≤p
(4n− 1)× w(k)

s
(k)
u

)

.

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❈✳✸✱ ✇❤❡♥ t❤❡ ❣r❛♥✉❧❛r✐t② ❜❡❝♦♠❡s s♠❛❧❧✱ t❤❡ str❡t❝❤ ♦❢ t❤❡
♦❜t❛✐♥❡❞ s❝❤❡❞✉❧❡ ❜❡❝♦♠❡s ❛s ❝❧♦s❡ t♦ S2 ❛s ✇❡ ✇❛♥t✳ �
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✐t② ♦♥ ♠❛st❡r✲s❧❛✈❡ ♦♥✲❧✐♥❡ s❝❤❡❞✉❧✐♥❣✳ ❘❡s❡❛r❝❤ r❡♣♦rt ▲■P ✷✵✵✺✲✺✶✱ ▲❛❜♦r❛t♦✐r❡ ❞❡
❧✬✐♥❢♦r♠❛t✐q✉❡ ❞❡ ♣❛r❛❧❧é❧✐s♠❡ ✭▲■P✮✱ ➱❝♦❧❡ ♥♦r♠❛❧❡ s✉♣ér✐❡✉r❡ ❞❡ ▲②♦♥✱ ❋r❛♥❝❡✱ ❖❝t♦❜❡r
✷✵✵✺✳ ❆❧s♦ ❛✈❛✐❧❛❜❧❡ ❛s ■◆❘■❆ r❡s❡❛r❝❤ r❡♣♦rt ✺✼✸✷✳

❬❈✸❪ ❏❡❛♥✲❋r❛♥ç♦✐s P✐♥❡❛✉ ❏❛❝❦ ❉♦♥❣❛rr❛✱ ❩❤✐❛♦ ❙❤✐ ❨✈❡s ❘♦❜❡rt✱ ❛♥❞ ❋ré❞ér✐❝ ❱✐✈✐❡♥✳ ❘❡✲
✈✐s✐t✐♥❣ ♠❛tr✐① ♣r♦❞✉❝t ♦♥ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s✳ ❘❡s❡❛r❝❤ r❡♣♦rt✱ ▲❛❜♦r❛t♦✐r❡ ❞❡
❧✬✐♥❢♦r♠❛t✐q✉❡ ❞❡ ♣❛r❛❧❧é❧✐s♠❡ ✭▲■P✮✱ ➱❝♦❧❡ ♥♦r♠❛❧❡ s✉♣ér✐❡✉r❡ ❞❡ ▲②♦♥✱ ❋r❛♥❝❡✱ ◆♦✈❡♠✲
❜❡r ✷✵✵✻✳ ❆❧s♦ ❛✈❛✐❧❛❜❧❡ ❛s ■◆❘■❆ r❡s❡❛r❝❤ r❡♣♦rt ✻✵✺✸✳

❬❈✹❪ ❆♥♥❡ ❇❡♥♦✐t✱ ▲♦r✐s ▼❛r❝❤❛❧✱ ❏❡❛♥✲❋r❛♥ç♦✐s P✐♥❡❛✉✱ ❨✈❡s ❘♦❜❡rt✱ ❛♥❞ ❋ré❞ér✐❝ ❱✐✈✐❡♥✳
❖✤✐♥❡ ❛♥❞ ♦♥❧✐♥❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ❝♦♥❝✉rr❡♥t ❜❛❣s✲♦❢✲t❛s❦s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳
❘❡s❡❛r❝❤ r❡♣♦rt✱ ▲❛❜♦r❛t♦✐r❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡ ❞❡ ♣❛r❛❧❧é❧✐s♠❡ ✭▲■P✮✱ ➱❝♦❧❡ ♥♦r♠❛❧❡
s✉♣ér✐❡✉r❡ ❞❡ ▲②♦♥✱ ❋r❛♥❝❡✱ ❉❡❝❡♠❜❡r ✷✵✵✼✳ ❆❧s♦ ❛✈❛✐❧❛❜❧❡ ❛s ■◆❘■❆ r❡s❡❛r❝❤ r❡♣♦rt
✻✹✵✶✳
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❆♣♣❡♥❞✐① ❋

◆♦t❛t✐♦♥s

❚❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ✉♥❢♦rt✉♥❛t❡❧② ♥♦t ✉♥✐❢♦r♠ ❢r♦♠ ♦♥❡ ❝❤❛♣t❡r t♦ ❛♥♦t❤❡r✱
❜❡❝❛✉s❡ t❤❡② ❞❡♣❡♥❞ ♦♥ ♦✉r ❝❤♦✐❝❡ ♦❢ ♠♦❞❡❧✳ ❚❤❡ ♥♦t❛t✐♦♥s ❛r❡ ❛❧s♦ s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦❤❡r❡♥t
✇✐t❤ t❤❡ r❡❢❡r✐♥❣ ❧✐tt❡r❛t✉r❡✳ ❍❡r❡ ✐s ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ ❛❧❧ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞✳

❉❡✜♥✐t✐♦♥ ❋✳✶ ✭⌊x⌋ ❛♥❞ ⌈x⌉✮✳ ❋♦r x ✐♥ R✱ ❧❡ts ⌊x⌋ ❜❡ t❤❡ ✐♥t❡❣❡r ✐♥ Z ✈❡r✐❢②✐♥❣✿

⌊x⌋ ≤ x < ⌊x⌋+ 1,

❛♥❞ ⌈x⌉ ❜❡ t❤❡ ✐♥t❡❣❡r ✐♥ Z s✉❝❤ ❛s✿

⌈x⌉ − 1 < x ≤ ⌈x⌉,

❍❡r❡ ❛r❡ t❤❡ ✈❛r✐♦✉s ♣❧❛t❢♦r♠ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧s ✉♥❞❡r st✉❞②✿

✲ ❇▼P✲❋❈✲❙❙ ✐s t❤❡ ❇♦✉♥❞❡❞ ▼✉❧t✐♣♦rt ✭❙❡❝t✐♦♥ ✷✳✹✳✷✮ ✇✐t❤ ❋❧✉✐❞ ❈♦♠♣✉t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✸✳✷✮
❛♥❞ ❙②♥❝❤r♦♥♦✉s ❙t❛rt ♠♦❞❡❧ ✭❙❡❝t✐♦♥ ✷✳✸✳✹✮❀

✲ ❇▼P✲❋❈ ✐s t❤❡ ❇♦✉♥❞❡❞ ▼✉❧t✐♣♦rt ✭❙❡❝t✐♦♥ ✷✳✹✳✷✮ ✇✐t❤ ❋❧✉✐❞ ❈♦♠♣✉t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✸✳✷✮
♠♦❞❡❧❀

✲ ❇▼P✲❆❈ ✐s t❤❡ ❇♦✉♥❞❡❞ ▼✉❧t✐♣♦rt ✭❙❡❝t✐♦♥ ✷✳✹✳✷✮ ✇✐t❤ ❆t♦♠✐❝ ❈♦♠♣✉t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✸✳✸✮
♠♦❞❡❧❀

✲ ❖P✲❆❈ ✐s t❤❡ ❖♥❡✲P♦rt ✭❙❡❝t✐♦♥ ✷✳✹✳✷✮ ✇✐t❤ ❆t♦♠✐❝ ❈♦♠♣✉t❛t✐♦♥ ✭❙❡❝t✐♦♥ ✷✳✸✳✸✮ ♠♦❞❡❧✳

❲❡ ❞❡s❝r✐❜❡ ♦✉r s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ α | β | γ✿
• α ❞❡♥♦t❡s t❤❡ ♣❧❛t❢♦r♠✳ ❲❡ ✉s❡ 1 ✇❤❡♥ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✱ P ❢♦r ♣❧❛t✲
❢♦r♠s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ♣r♦❝❡ss♦rs✱ Q ❢♦r ♣❧❛t❢♦r♠s ✇✐t❤ ❞✐✛❡r❡♥t✲s♣❡❡❞ ❜✉t ✉♥✐❢♦r♠ ♣r♦❝❡s✲
s♦rs ❛♥❞ R ❢♦r ✉♥r❡❧❛t❡❞ ♣r♦❝❡ss♦rs✳ ❲❡ ✉s❡▼❙ t♦ ✐♥❞✐❝❛t❡ t❤❛t ✇❡ ✇♦r❦ ♦♥ ♠❛st❡r✲✇♦r❦❡r
♣❧❛t❢♦r♠s✳
• β ❞❡♥♦t❡s ❛❧❧ t❤❡ ♣❧❛t❢♦r♠ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥str❛✐♥ts✳ ❚❤✐s ✐s ✇❤❡r❡ ✇❡ ✐♥❞✐❝❛t❡ ✐❢ ✇❡
❤❛✈❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠ ♦r ❛ ❝♦♠♣✉t❛t✐♦♥✲❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠✳
❲❡ ❝❛♥ ❛❧s♦ ♣r❡❝✐s❡ ✇❤❡t❤❡r ♦r ♥♦t ✇❡ ❤❛✈❡ t❛s❦s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s ♦r ❞❡❛❞❧✐♥❡s✳ ■❢ t❤✐s
✜❡❧❞ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❝♦♥str❛✐♥✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡❧❡❛s❡ ❞❛t❡s✱ t❤❡♥ t❤❡
♣r♦❜❧❡♠ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✇✐t❤♦✉t r❡❧❡❛s❡ ❞❛t❡s✳
• γ ❞❡♥♦t❡s t❤❡ ♦❜❥❡❝t✐✈❡✳ ❆❧♦♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡❛❧ ✇✐t❤ s❡✈❡r❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✿

✕ t❤❡ ♠❛❦❡s♣❛♥ ♦r t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ♠❛① Ci❀

✶✽✼
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✶✽✽ ❆PP❊◆❉■❳ ❋✳ ◆❖❚❆❚■❖◆❙

✕ t❤❡ ♠❛①✲✢♦✇ ♦r ♠❛①✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡ ♠❛① (Ci − ri)❀
✕ t❤❡ s✉♠✲✢♦✇

∑

(Ci − ri)❀
✕ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤ ♠❛① Ci−ri

MS∗(i) ❀

✕ t❤❡ ❛✈❡r❛❣❡ str❡t❝❤
∑ Ci−ri

MS∗(i) ✳

❲❡ ❛❧✇❛②s ❝♦♥s✐❞✐❡r t❤❡ ♠❛st❡r✲✇♦r❦❡r ♠♦❞❡❧✳ ❚❤❡ ♠❛st❡r ✐s ❞❡♥♦t❡❞ P0 ❛♥❞ t❤❡ ✇♦r❦❡rs
P1, . . . , Pm✳

❈❤❛♣t❡r ✸

✲ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs ♦❢ t❤❡ ♣❧❛t❢♦r♠❀
✲ cu ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❜② t❤❡ ♠❛st❡r t♦ s❡♥❞ ❛ t❛s❦ t♦ Pu❀
✲ pu ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❜② Pu t♦ ❡①❡❝✉t❡ ❛ t❛s❦❀
✲ ri ✐s t❤❡ r❡❧❡❛s❡ t✐♠❡ ♦❢ t❛s❦ i❀
✲ Ci ❞❡♥♦t❡s t❤❡ ❡♥❞ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❛s❦ i ✉♥❞❡r t❤❡ t❛r❣❡t s❝❤❡❞✉❧❡✳

❈❤❛♣t❡r ✹

❲❡ ❞❡s❝r✐❜❡ t❤❡ ♣❧❛t❢♦r♠ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿
✲ p ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs ♦❢ t❤❡ ♣❧❛t❢♦r♠❀
✲ ✇❡ ❛r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♣r♦❞✉❝t C = C +A×B✳ ▼❛tr✐① A ✐s ♦❢ s✐③❡ r × t✱ B ✐s ♦❢ s✐③❡ s × t

❛♥❞ C ♦❢ s✐③❡ r × s✳ ❆❧❧ t❤r❡❡ ♠❛tr✐❝❡s ❛r❡ s♣❧✐t ✐♥t♦ ❜❧♦❝❦s ♦❢ s✐③❡ q × q❀
✲ wu ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ ♦❢ Pu❀
✲ cu ✐s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣❡❡❞ ♦❢ t❤❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ♠❛st❡r ❛♥❞ Pu❀
✲ mu r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ♦❢ ♠❛tr✐❝❡s ♦❢ s✐③❡ q×q t❤❛t ❝❛♥ ❤♦❧❞ ✐♥t♦ t❤❡ ♠❡♠♦r②
♦❢ Pu✳

❉✉r✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿
✲ α ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜✉✛❡rs ✉s❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ A❀
✲ β ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜✉✛❡rs ✉s❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ B❀
✲ γ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜✉✛❡rs ✉s❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ C✳

❖✉r ❤♦♠♦❣❡♥❡♦✉s ❛❧❣♦r✐t❤♠ ✇✐❧❧ ✉s❡✿
✲ µ2 ❜❧♦❝❦s ❢♦r ❡❧❡♠❡♥ts ♦❢ C✱ µ ❜❧♦❝❦s ❢♦r ❡❧❡♠❡♥ts ♦❢ B✱ ❛♥❞ ✶ ❜❧♦❝❦ ❢♦r ❡❧❡♠❡♥ts ♦❢ A✱

µ2 + µ + 1 ≤ m❀
✲ P ♣r♦❝❡ss♦rs ✐❢ t❤❡ ♠❛tr✐① ✐s ❜✐❣ ❡♥♦✉❣❤✱ ❛♥❞ t❤❡ ♣❧❛t❢♦r♠ ❢❛st ❡♥♦✉❣❤❀
✲ Q ♦t❤❡r✇✐s❡✳

❈❤❛♣t❡r ✺

❍❡r❡ ❛r❡ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✿
✲ A(k) r❡♣r❡s❡♥ts t❤❡ kth ❛♣♣❧✐❝❛t✐♦♥❀
✲ w(k) r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♥❡❡❞ ♦❢ A(k)❀
✲ δ(k) ✐s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ♦❢ A(k)❀
✲ Π(k) r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❛♥t t❛s❦s ♦❢ A(k)❀
✲ r(k) ✐s t❤❡ r❡❧❡❛s❡ ❞❛t❡ ♦❢ A(k)❀
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✶✽✾

✲ S ✐s t❤❡ ❛❝t✉❛❧ str❡t❝❤ t❤❛t ✇❡ ✇❛♥t t♦ ❛❝❤✐❡✈❡❀
✲ S♦♣t ✐s t❤❡ ♠✐♥✐♠❛❧ ♠❛①✲str❡t❝❤ ♦❢ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ♦✉r ♣❧❛t❢♦r♠❀
✲ d(k) ✐s t❤❡ ❞❡❛❞❧✐♥❡s ♦❢ A(k) t❤❛t ✇❡ ❤❛✈❡ t♦ ❛❝❤✐❡✈❡ ❛ str❡t❝❤ S❀
✲ ti r❡♣r❡s❡♥ts ❡✐t❤❡r ❛ r❡❧❡❛s❡ ❞❛t❡ ♦r ❛ ❞❡❛❞❧✐♥❡❀
✲ C(k) r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ A(k)❀
✲ ▼❙(k) ✐s t❤❡ ✢♦✇ ♦❢ A(k)❀
✲ ▼❙∗(k) ✐s t❤❡ ✢♦✇ ♦❢ A(k) ✐❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❛s ❛❧♦♥❡ ♦♥ t❤❡ ♣❧❛t❢♦r♠✳

❲❡ ❞❡s❝r✐❜❡ t❤❡ ♣❧❛t❢♦r♠ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿
✲ p r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs ♦❢ t❤❡ ♣❧❛t❢♦r♠
✲ bu r❡♣r❡s❡♥ts t❤❡ ❜❛♥❞✇✐❞t❤ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ♠❛st❡r t♦ Pu❀
✲ ❇❲ r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ♦✉t❣♦✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡ ♠❛st❡r❀
✲ s(k)

u r❡♣r❡s❡♥ts t❤❡ s♣❡❡❞ ♦❢ ✇♦r❦❡r Pu t♦ ♣r♦❝❡ss ❛ t❛s❦ ♦❢ A(k)✳

❲✐t❤ s✉❝❤ ♥♦t❛t✐♦♥s✱ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ s❡♥❞ ❛ t❛s❦ ♦❢ A(k) t♦ Pu ✇♦✉❧❞ ❜❡
δ(k)

bu
✱ ✇❤✐❧❡ t❤❡ t✐♠❡

♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ ✐t ♦♥ Pu ✇♦✉❧❞ ❜❡
w(k)

s
(k)
u

✳

❲❡ ✉s❡ s❡✈❡r❛❧ ♥♦t❛t✐♦♥ t♦ ❡①♣r❡ss ♦✉r ♣r♦❜❧❡♠ ✇✐t❤ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✿
✲ ρ(k)

u (tj, tj+1) ❞❡♥♦t❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ t❤r♦✉❣❤♣✉t ♦❢ ✇♦r❦❡r Pu ❞✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧
[tj , tj+1] ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak ❝♦♠♣✉t❡❞ ❜② Pu

♣❡r t✐♠❡✲✉♥✐ts❀
✲ ρ

(k)
M→u(tj, tj+1) ❞❡♥♦t❡s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❤r♦✉❣❤♣✉t ❢r♦♠ t❤❡ ♠❛st❡r t♦ t❤❡ ✇♦r❦❡r

Pu ❞✉r✐♥❣ t✐♠❡✲✐♥t❡r✈❛❧ [tj , tj+1] ❢♦r ❛♣♣❧✐❝❛t✐♦♥ Ak✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢
Ak s❡♥t t♦ Pu ♣❡r t✐♠❡✲✉♥✐ts❀

✲ B(k)
u (tj) ❞❡♥♦t❡s t❤❡ ✭❢r❛❝t✐♦♥❛❧✮ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak st♦r❡❞ ✐♥ ❛ ❜✉✛❡r ♦♥

Pu ❛t t✐♠❡ tj ❀
✲ A(k)

u (tj, tj+1) ❞❡♥♦t❡s t❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ Ak ♣r♦❝❡ss❡❞ ❜② Pu ❞✉r✐♥❣ ✐♥t❡r✈❛❧
[tj , tj+1]❀

✲ A
(k)
M→u(tj, tj+1) ❞❡♥♦t❡s t❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ Ak s❡♥t ❜② t❤❡ ♠❛s✲

t❡r t♦ ♣r♦❝❡ss♦r Pu ❞✉r✐♥❣ ✐♥t❡r✈❛❧ [tj , tj+1]✳

❉✉r✐♥❣ t❤❡ ♣❛rt ❛❜♦✉t ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥❡✇ ♥♦t❛t✐♦♥s✿
✲ A ✐s t❤❡ ✉♥✐q✉❡ ❛♣♣❧✐❝❛t✐♦♥ t❤❛t ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛rt❀
✲ mu ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❢r❡q✉❡♥❝✐❡s ♦❢ Pu❀
✲ Pu,i ❞❡♥♦t❡s t❤❛t t❤❡ ♣r♦❝❡ss♦r Pu ✐s r✉♥♥✐♥❣ ❛t t❤❡ it❤ ♠♦❞❡❀
✲ su,i ❞❡♥♦t❡s t❤❡ s♣❡❡❞ ♦❢ ♣r♦❝❡ss♦r Pu ❛t t❤❡ it❤ ♠♦❞❡❀
✲ ρu,i ❞❡♥♦t❡s t❤❡ t❤r♦✉❣❤♣✉t ♦❢ Pu,i❀
✲ Pu ❞❡♥♦t❡s t❤❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♣❡r t✐♠❡✲✉♥✐t ♦❢ Pu❀

✲ Ku,i ❞❡♥♦t❡s t❤❡ ✐♥st❛♥t❛♥❡♦✉s ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ♦❢ Pu

(

Pu,i w

su,i
= ρu,iKu,i

)

✳
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❆❜str❛❝t✿
❚❤❡ r❡s✉❧ts s✉♠♠❛r✐③❡❞ ✐♥ t❤✐s ❞♦❝✉♠❡♥t ❞❡❛❧ ✇✐t❤ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s
♦♥ ❧❛r❣❡ s❝❛❧❡ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s✱ ✇❤❡♥ r❡❛❧✐st✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s ❛r❡ ✉t✐✲
❧✐③❡❞✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♠❛✐♥ ♣❛rts✿ ✶✮ P❛r❛❧❧❡❧
❛❧❣♦r✐t❤♠s✿ ✇❡ ✉♥❞❡r❧✐♥❡ t❤❡ ❞✐✣❝✉❧t② ♦❢ s❝❤❡❞✉❧✐♥❣ ✐❞❡♥t✐❝❛❧ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s ♦♥
❤❡t❡r♦❣❡♥❡♦✉s ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠s ✉s✐♥❣ t❤❡ ♦♥❡✲♣♦rt ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧✳ ❲❡
❧♦♦❦ ❛t s❡✈❡r❛❧ s♦✉r❝❡s ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❛s ✇❡❧❧ ❛s s❡✈❡r❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s❀ ✷✮ ▼❛tr✐①
♣r♦❞✉❝t✿ ✇❡ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ t❤❛t ✐s ♥❡❡❞❡❞ ❢♦r ♠❛tr✐① ♠✉❧✲
t✐♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❡♠♦r② ❝♦♥str❛✐♥ts ❛♥❞ ✇❤❡♥ ❞❛t❛ ✐s ❝❡♥tr❛❧✐③❡❞✱ ❛♥❞ ✇❡
❞❡✈❡❧♦♣ ❛ ♠❡♠♦r② ❧❛②♦✉t ✇❤♦s❡ ♣❡r❢♦r♠❛♥❝❡ ✐s ❝❧♦s❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧♦✇❡r ❜♦✉♥❞ ♦♥
t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡✳ ❲❡ ❡①t❡♥❞ t❤✐s ❛❧❣♦r✐t❤♠ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s❀ ✸✮
❙❝❤❡❞✉❧✐♥❣✿ ❧♦ts ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❝♦♥st✐t✉t❡❞ ♦❢ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t
✐❞❡♥t✐❝❛❧ t❛s❦s✳ ❲❡ ❢♦❝✉s ♦♥ st❡❛❞②✲st❛t❡✱ ❛♥❞ ♣r♦✈❡ ❤♦✇ t♦ ♠✐♥✐♠✐③❡ t❤❡ s❧♦✇❞♦✇♥ ♦❢
♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❤❡♥ s❡✈❡r❛❧ ❛r❡ ❞❡♣❧♦②❡❞✱ ❛♥❞ ❤♦✇ t♦ ♠✐♥✐♠✐③❡ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥
✇❤❡♥ ♦♥❧② ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ♣r❡s❡♥t✳

❑❡②✇♦r❞s✿

❙❝❤❡❞✉❧✐♥❣✱ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠♦❞❡❧s✱ ♠❛st❡r✲✇♦r❦❡r ♣❧❛t❢♦r♠✳

❘és✉♠é ✿
▲❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡tt❡ t❤ès❡ ♣♦rt❡♥t s✉r ❞✐✈❡rs❡s t❡❝❤♥✐q✉❡s ❞✬♦r❞♦♥♥❛♥❝❡✲
♠❡♥t ❞❡ tâ❝❤❡s ✐♥❞é♣❡♥❞❛♥t❡s ♣♦✉r ❞❡s ♣❧❛t❡s✲❢♦r♠❡s ❞❡ t②♣❡ ♠❛îtr❡✲❡s❝❧❛✈❡s ❞✐s✲
tr✐❜✉é❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❧♦rsq✉❡ ❧❡s t❡♠♣s ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❞❡s tâ❝❤❡s s♦♥t ♣r✐s
❡♥ ❝♦♠♣t❡ ♣❛r ❞❡s ♠♦❞è❧❡s ré❛❧✐st❡s✳ ▲❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡ ❝❡tt❡ t❤ès❡ s❡ s✐t✉❡♥t à tr♦✐s
♥✐✈❡❛✉① ✿ ✶✮ ❆❧❣♦r✐t❤♠✐q✉❡ P❛r❛❧❧è❧❡ ✿ ♥♦✉s ❛✈♦♥s ♠♦♥tré ❧❛ ❝♦♠♣❧❡①✐té ❞✬♦r❞♦♥♥❛♥❝❡r
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♣ét✐t✐♦♥ ♣♦✉r ❧❡s r❡ss♦✉r❝❡s ❞❡ ❝❛❧❝✉❧✱ ❡t ❝♦♠♠❡♥t ♠✐♥✐♠✐s❡r ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡ ❧❛
♣❧❛t❡✲❢♦r♠❡ ❧♦rsq✉✬✉♥❡ s❡✉❧❡ ❛♣♣❧✐❝❛t✐♦♥ ❡st ❞é♣❧♦②é❡✳
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