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TOWARDS ASYMPTOTIC COMPLETENESS OF TWO-PARTICLE
SCATTERING IN LOCAL RELATIVISTIC QFT

WOJCIECH DYBALSKI AND CHRISTIAN GERARD

ABSTRACT. We consider the problem of existence of asymptotic observables in local relativistic
theories of massive particles. Let p; and p2 be two energy-momentum vectors of a massive
particle and let A be a small neighbourhood of p1 + p2. We construct asymptotic observables
(two-particle Araki-Haag detectors), sensitive to neutral particles of energy-momenta in small
neighbourhoods of p; and p2. We show that these asymptotic observables exist, as strong
limits of their approximating sequences, on all physical states from the spectral subspace of
A. Moreover, the linear span of the ranges of all such asymptotic observables coincides with
the subspace of two-particle Haag-Ruelle scattering states with total energy-momenta in A.
The result holds under very general conditions which are satisfied, for example, in A(b%. The
proof of convergence relies on a variant of the phase-space propagation estimate of Graf.

1. INTRODUCTION

The question of a complete particle interpretation of quantum theories is of fundamental
importance for our understanding of physics. The solution of this problem in non-relativistic
quantum mechanics, obtained in [En78, SiSo87, Gr90, De93] for a large class of physically relevant
Hamiltonians, requires the convergence of suitably chosen time-dependent families of observables.
The existence of these limits, called asymptotic observables, relies on the method of propagation
estimates [SiSo87, Gr90], which is a refined variant of the Cook method. This technique was later
adapted to non-relativistic QFT in [DG99] which initiated a systematic study of the problem
of asymptotic completeness in this context [DG00, FGS02, FGS04, DM12]. In the present work
we implement the method of propagation estimates in local relativistic quantum field theories
of massive particles. We obtain the existence of certain asymptotic observables which can be
interpreted as two-particle detectors. Our results, stated in Theorems 2.6 and 2.7 below, hold in
any massive theory satisfying the Haag-Kastler axioms, for example in A¢3. Our work sheds a
new light on the problem of asymptotic completeness in such theories, which is widely open to
date.

The problem of existence of asymptotic observables in the framework of algebraic quantum
field theory (cf. Subsection 2.1) was first studied in the seminal work of Araki and Haag [AH67]
and later by Enss in [En75]. These authors considered families of observables of the form

(1.1) Cy = /h (%) C(t,z)dx = eitH/h (%) C(x)dxe H

where C' denotes a suitable (almost local) observable, C(t,z) its translation in space-time by
(t,z) € R4 H is the full Hamiltonian of the relativistic theory and h € C§°(R%). They were
able to show that products of such observables

(1.2) Qnt=Crt...Cnp,

associated with functions h;, ¢« = 1, ..., n, with mutually disjoint supports, converge, as ¢t — +o0,
on suitably chosen domains of Haag-Ruelle scattering states® (cf. Section 6). The limit Q;F can
be interpreted as a coincidence arrangement of detectors which is sensitive to states containing
a configuration of n particles, with velocities in the supports of the functions hq, ..., h,.
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IWe consider only the limit ¢ — +oo and outgoing scattering states in this paper as the case t — —oo is
completely analogous.
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An important advance was made by Buchholz, who proved, for a sufficiently large class of
observables C, the following bound:

(1.3) sup [|CIA(U)]] < o0,
teR

where 1A (U) is the projection on states whose energy-momentum belongs to a bounded Borel
set A. (See [Bu90] and Lemma 3.3 below). This a priori estimate is a foundation of the theory of
particle weights [BPS91, Po04a, Po04b, Dy10, DT11b, DT11a] and it implies, in particular, that
the sequences @), converge on all Haag-Ruelle scattering states of bounded energy. However,
the question of their convergence on the orthogonal complement of the subspace of scattering
states, which is of crucial importance for the problem of a complete particle interpretation of the
theory (cf. Chapter 6 of [Hal), remained unanswered to date.

In this paper we give a solution of this problem in the case of n = 2 for Araki-Haag de-
tectors (1.2) sensitive to massive neutral particles. More precisely, let p1,ps be two energy-
momentum vectors of massive particles. We choose almost local observables By, Bs whose
energy-momentum transfers belong to small neighbourhoods of —p1, —po, respectively, and set
Cy := B{ By, Cy := B3By. Now let A be a small neighbourhood of p; + p2. Our main result is
the existence of

(1.4) Q3 (A) =s5—lim_C1,Car1a(U).

Moreover, we show that the union of the ranges of all the operators Q;r (A), constructed as above,
coincides with the subspace of two-particle Haag-Ruelle scattering states, whose total energy-
momenta belong to A. This latter result, stated precisely in Thm. 2.7 below, can be interpreted
as a weak variant of two-particle asymptotic completeness. We point out that this generalized
concept of complete particle interpretation does not imply the conventional one.

To illustrate this point, let us give a simple example of a theory which satisfies our general
assumptions from Subsect. 2.1 and is not asymptotically complete in the conventional sense:
Let O — A(O) be the net of local algebras of massive scalar free field theory acting on the Fock
space F and let U be the corresponding unitary representation of translations. Let O — Aq (O)
be a subnet generated by even functions of the fields acting on the subspace F,, C F spanned
by vectors with even particle numbers and let us set Uy = Ul|x,,. Then the net A(Q) =
A(0O) ® Ay (0), acting on F ® Fe, and equipped with the unitary representation of translations
U=U® Usy, satisfies the assumptions from Subsect. 2.1 but is not asymptotically complete
in the conventional sense. In fact, the subspace Q ® Fe,, where € is the Fock space vacuum,
is orthogonal to all the Haag-Ruelle scattering states of the theory (except for the vacuum).
In physical terms, this subspace describes ‘pairs of oppositely charged particles’, whose mass
hyperboloids do not appear in the vacuum sector. Due to the choice of the energy-momentum
transfers of B;, the asymptotic observables Q;r (A) annihilate such pairs of charged particles and,
as stated in Thm. 2.7 below, only neutral particles remain in their ranges.

We would like to stress that our result applies to concrete interacting quantum field theories,
as for example the A¢3 model. This theory is known to possess a lower and upper mass gap at
small coupling constants A, but its particle aspects are rather poorly understood. Asymptotic
completeness is only known for total energies from the intervals [0,3m — ] and [3m +¢,4m — €],
where m is the particle mass and € — 0 as A — 0 [GJS73, SZ76, CD82]. Since we can choose
the region A in (1.4) outside of these intervals, our result provides new information about the
asymptotic dynamics of this theory.

Let us now describe briefly the main ingredients of the proof of existence of the limit (1.4):
Let Q2,(A) be the approximants on the r.h.s. of (1.4). Exploiting locality and the disjointness

of supports of hy, ho one can write
(1 5) ngt(A) = fhl (%) hg (%) B’f(t,:cl)BS (t,SCQ)Bl (t,SCl)BQ(t,SCQ)]lA(U)dl'ldSCQ
' +O(t72),

where O(t~°°) is a term tending to zero in norm faster than any inverse power of ¢. In the next
step we exploit our assumptions on the energy-momentum transfers of By, Bs, which give for
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any U € Ran 1A (U):
(1.6) Bl (ﬁ, wl)BQ(ﬁ, xg)\lf = Q(Q|Bl (t, .Tl)BQ(t, .Tg)‘l’),

due to the presence of the lower mass-gap. Thus we obtain
(17) QQﬁt(A)‘IJ == /Ht (1‘1, Z'Q)Ft(.fcl, .CCQ)BiK (t, zl)B§ (t, ZL'Q)QdZL‘leL'Q + O(t_oo),

where

Fy(a1,22) = (QBi(t, 1) Ba(t, 22)9), Hy (a1, 22) := ha (%) hs (%) .

We note that by replacing Hy(zq, 22)Fi(21,22) in the first term on the r.h.s. of (1.7) with
g1(t,x1)g2(t, z2), where g1, g2 are positive energy solutions of the Klein-Gordon equation, one
would obtain a Haag-Ruelle scattering state (cf. Thm. 6.5). While such replacement is not
possible at finite times, it turns out that it can be performed asymptotically. In fact, Thm. 4.1
below, reduces the problem of strong convergence of t — Q2 ¢(A) to the existence of the following
limit in the norm topology of L?(R24):
(1.8) F, := lim *P)H, F,,
t—o0

where T = (x1,22) € R??, &(D;) = w(Dy,) + w(D,,) and w(k) = vk2 +m? is the dispersion
relation of the massive particles under study.

A large part of our paper is devoted to the proof of existence of the limit (1.8). In the first step,
taken in Lemma 4.2, we show that F; satisfies the following inhomogeneous evolution equation

(1.9) O Fy = —iw(Dz)Fy + (R),,

where, using locality, we show that the term (R), satisfies |[H(R),|l2 = O(t~°), for any H(Z) :=
H (Z) with H € C§°(R??) vanishing near the diagonal {z; = z2}. Given (1.9), we prove the
existence of the limit (1.8) by extending the method of propagation estimates to inhomogeneous
evolution equations.

An important step is to obtain a large velocity estimate, for which the usual quantum me-
chanical proof does not apply, since in our case all propagation observables must vanish near the
diagonal. Instead we use a relativistic argument, based on the fact that hyperplanes {t = v -z}
for |v| > 1 are space-like (see Lemma 5.1). Another key ingredient is a phase-space propagation
estimate, whose proof follows closely the usual quantum mechanical one. One new aspect, to
which we will come back below, is the fact that the convex Graf function R must now vanish near
the diagonal. By combining the two propagation estimates in Prop 5.5, we obtain the existence
of the limit (1.8) and therefore the convergence of Araki-Haag detectors (1.4).

It is a natural question if the convergence of ()5, + can also be shown for n # 2 by the methods
described above. Perhaps surprisingly, this does not seem to be the case for n = 1, since it is
difficult to filter out possible ‘pairs of charged particles’ using only one detector (cf. the discussion
above). However, the situation looks much better for n > 2. Here the initial steps of our analysis
can be carried out and difficulties arise only at the level of the phase-space propagation estimate:
The Graf function R must vanish not only near the diagonal x; = x5, but also near all the other
collision planes x1 = z3, x2 = z3 etc. Since R is supposed to be convex in some ball around the
origin it must be zero in a neighbourhood of the convex hull of the collision planes restricted to
this ball. Thus a large and physically interesting part of the configuration space is out of reach of
the phase-space propagation estimate for n > 2. It seems to us that new propagation estimates
have to be developed to handle this problem.

We would like to point out that our analysis is closely related to quantum-mechanical scat-
tering theory for dispersive systems (see e.g. [Ge91, Zi97]). A simple example of a dispersive
system is the following Hamiltonian

(1.10) Hq =
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where V € S(R?). We note that the corresponding Schrodinger equation has the form

n
(1.11) 00y =—i» w(Dp )Wy =1y V(wi —a;)¥,

i=1 i<j
where ¥, = e7"Haw, W e L2 ((R?)*"). For n = 2 equation (1.11) has a form of the evolution
equation (1.9) with F} = ¥, and (R), = —iV (21 — x2) ¥, which satisfies |G (R),|2 = O(t™>°) as
a consequence of the rapid decay of the potential. In the light of our discussion of equation (1.9),
it is not a surprise that asymptotic completeness holds for dispersive systems for n = 2, (which
is actually a well known fact). However, the case n > 2 is still open and requires new ideas.

Our paper is organized as follows: In Sect. 2 we recall the framework of local relativistic

quantum field theory and state precisely our results. In Sect. 3 we introduce some notation
and terminology and collect the main properties of particle detectors. In Sect. 4 we reduce the
problem of convergence of the families of observables (1.4) to the existence of the limit (1.8)
and derive the inhomogeneous evolution equation (1.9). In Sect. 5 we prove the convergence in
(1.8) by showing large velocity and phase-space propagation estimates. In Sect. 6 we recall some
basic facts on the Haag-Ruelle scattering theory in the two-particle case. The proof of Thm. 2.7,
which gives a weak form of two-particle asymptotic completeness, is presented in Sect. 7. In
Appendix A we state some generalizations of standard abstract arguments to the inhomogeneous
evolution equations. They are used in Section 5.

Acknowledgment: W.D. would like to thank Detlev Buchholz for pointing out to him the
problem of existence of particle detectors in relativistic QFT and numerous interesting discus-
sions. W.D. is also grateful for stimulating discussions with Jacob Schach Mgller, Alessan-
dro Pizzo and Wojciech De Roeck concerning the problem of existence of asymptotic observables
in non-relativistic QFT. W.D. acknowledges financial support of the German Research Founda-
tion (DFG) within the stipend DY107/1-1 and hospitality of the Hausdorff Research Institute
for Mathematics, Bonn.

2. FRAMEWORK AND RESULTS

In this section we recall the conventional framework of local quantum field theory and formu-
late precisely our main results.

2.1. Nets of local observables. As usual in the Haag-Kastler framework of local quantum
field theory, we consider a net

O A(O) C B(H)

of von Neumann algebras attached to open bounded regions of Minkowski space-time R'*¢,
which satisfies the assumptions of isotony, locality, covariance w.r.t. translations, positivity of
energy, uniqueness of the vacuum and cyclicity of the vacuum.

The assumption of isotony says that A(O1) C A(Os) if O1 C Oz. It allows to define the
C*-inductive limit of the net, which will be denoted by A. Locality means that A(O;) C A(O2)
if O1 and O, are space-like separated. To formulate the remaining postulates, we assume that
there exists a strongly continuous unitary representation of translations

RS (t,2) = U(t,x) =: H=2P) on H.
We also introduce the group of automorphisms of A induced by U:
at.0(B) == B(t,x) := U(t,z)BU*(t,x), B €A, (t,x) € R4
The assumption of covariance says that
(2.1) at.2(A(O)) = A(O + (t,x)), ¥V open bounded O and (t,z) € R4,

We will need a restrictive formulation of positivity of energy, suitable for massive theories. We
denote by H,,, := {(E,p) € R1*¢ : E = /p2 + m2} the mass hyperboloid of a particle of mass
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m >0 and set G, == {(E,p) € R™*? . F > \/p? + u2}. We assume that:
2.2) i) SpU={0}UH,, UG, for some m < p < 2m,
' it) Ny (U) = [2)(Q], Q cyclic for A.

The unit vector  will be called the vacuum vector, we denoted by SpU C R'*¢ the spectrum
of (H,P) and by la(U) the spectral projection on a Borel set A C R!. Part i) in (2.2)
encodes positivity of energy and the presence of an upper and lower mass-gap. Part ii) covers
the uniqueness and cyclicity of the vacuum.

2.2. Relevant classes of observables. In this subsection we introduce some classes of observ-
ables, which enter into the formulation of our main results. First, we recall the definition of
almost local operators.

Definition 2.1. B € A is almost local if there exists a family A, € A(O,), where O, = {x €
R4 . |z| < r} is the double cone of radius r centered at 0, s.t. |B — A,| € O({r)=>).

To introduce another important class — the energy-decreasing operators — we need some defi-
nitions: If B € A, we denote by B its Fourier transform:

(2.3) B(E,p) := (2m)~(1+d)/2 / e EP O B (¢ ) dtd,
defined as an operator-valued distribution. We denote by supp(é) C R4 the support of E,
called the energy-momentum transfer of B. We recall the following well-known properties:
) awa(B)(E,p) = PO B(E,p),
(2.4) ii) supp(B*) = —supp(B),

_ _ 1+d
iti) BIaA(U) ]lAJrsupp(B)(U)B]lA(U)’ V Borel sets A C R

Now we are ready to define the energy-decreasing operators:

Definition 2.2. B € A is encrgy decreasing if supp(B)NVy = 0, where Vi := {(E,p) : E > |p|}
is the closed forward light cone.

In the rest of the paper we will work with the following set of observables:
Definition 2.3. We denote by Lo C A the subspace spanned by B € A such that:
i) B is energy decreasing, supp(é) 18 compact,
ii) RY4 3> (t,2) — B(t,z) € A is C* in norm,
iii) 0, B(t,x) is almost local for all o € N**4.
Note that if i) and 4) hold, then 9f", B(t, r) is energy decreasing for any o € N'*4. Note also

that if A € A(O) and f € S(R'*T?) with suppf compact and suppf NV, = ) then
(2.5) B = (27)"(1+d)/2 / f(t, )A(t, z)dtdx

belongs to Lo by (2.4) i), since B(E, p) = jA’(E,p)E(E,p). (See (3.1) below for definition of fA)

2.3. Results. For any By, By € Ly and hy, hy € C5°(RY) with disjoint supports we define the
approximating families of one-particle detectors:

(2.6) Cu ;:/m (%) (BiBy)(t,21)dzy, Coy ::/h2 (%) (B3 Bo)(t, v2)dxs

which have appeared already in (1.1) above. We note that in view of Lemma 3.3, stated below,
sup,er ||Ci ¢ 15 (U)]| < 00, i = 1,2, for any bounded Borel set A.
Now for any open bounded subset A C Gay, we define the two-particle detectors:

(27) ngt(A> = Cl,tCQ,t]lA(U>-
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Our main result is the strong convergence of Q2 +(A) as ¢t — oo if the extension of A is smaller
than the mass-gap (i.e., (A — A)NSpU = {0}) and (By, B2) is A—admissible in the following

sense:

Definition 2.4. Let A C R'*? be an open bounded set and By, By € Lo. We say that (By, Bo)
is A—admissible if

~

(2.8) (—supp(B;)) NSpU C Hyy, i=1,2,
(2.9) —(supp(B1) + supp(Bz)) C A,
(2.10) (A + supp(B1) + supp(B3)) N SpU c {0}.

Remark 2.5. In Lemma 7.4, it is shown that if A C Ga,, is an open bounded set s.t. (A —
A)NSpU c {0} and —supp(B1), —supp(Bz) are sufficiently small neighbourhoods of vectors
P1,D2 € Hy, s.t. p1 # P2 and p1 + P2 € A then (B, Ba) is A—admissible.

Theorem 2.6. Let A C Ga,, be an open bounded set such that (A — A)NSpU = {0}. Let
Bi, By € Lo be A—admissible and suppose that hi, hy € C(R?) have disjoint supports. Then
there exists the limit

(211) Q;(A) =S8— tlim Cl,tCQ,t]lA(U),

where C; 4 are defined in (2.6) for By, hi, i = 1,2. The range of Q3 (A) belongs to Ia(U)HS,
where H;r is the subspace of two-particle Haag-Ruelle scattering states defined in Thm. 6.5.

Proof. Follows immediately from Theorems 4.1 and 5.5. O

Thm. 2.6 is complemented by Thm. 2.7, stated below, which says that any two-particle
scattering state can be prepared with the help of Araki-Haag detectors. This weak variant
of two-particle asymptotic completeness ensures, in particular, that sufficiently many asymptotic
observables (2.11) are non-zero. The proof is given in Sect. 7.

Theorem 2.7. Let A C Ga,, be an open bounded set such that (A — A)NSpU = {0}. Let J
be the collection of quadruples « = (B1, Ba, h1, he) satisfying the conditions from Thm. 2.6 and
let Q3 ,(A) be the limit (2.11) corresponding to c.. Then

(2.12) IA(U)H5 = Span{Ran Q3 ,(A) : a € J}.

3. PREPARATIONS

In this section we introduce some notation and collect some properties of particle detectors.

3.1. Notation.
- By z,z1, 22 we denote elements of R?. We set & = (21, x2) to denote elements of R2d,
- we write K € R'*? if K is a compact subset of R!*9.
- we set (z) := (1+22)2 for z € R? and w(p) = (p? + m?2)z for p € R%
- the momentum operator i~V will be denoted by D,.
- we denote by (t,z) or (FE,p) the elements of R!T<.
- if f: R4 — C we will denote by f; : RY — C the function fi(-) := f(¢, -).
- we denote by S(R!*%) the Schwartz class in R*9, If f € S(R'T?) we define its (unitary)
Fourier transform:

(3.1) F(B,p) = (2m)(1+D/2 / AE) £(1 ) dtda,
so that

(3:2) f(t, ) = (2m)~ (D2 / e =) F(B, p)dEdp.

Note the different sign in the exponent in comparison with (2.3).
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If f € S(RY) we set:

o~

F(p) = (2m)~/2 / e f(2)de,

and

~

Fla) = 22 [ &7 pip)ip.
- If B is an observable, we write B™) to denote either B or B*. We will also set
B, := B(t,0), B(z) := B(0,z) so that B(t,z) = B(x).
3.2. Auxiliary maps ag. For B € A, f € S(R?) we set:
B(f) := /B(x)f(z)dz,

so that B*(f) = B(f)*. Clearly, if By, By € A are almost local, then

(3.3) I[Bi(21), Ba(x2)]|| < Cn (w1 —22)™", ¥V N €N,
This immediately implies that
(3.4) I[B1(f1), B2(f2)]l] < CN/|f1(ZE1)|<ZE1 — 22) "N fa(xo)|dz1dra, f1, fo € S(RY).

Now we introduce auxiliary maps which will be often used in our investigation:

Definition 3.1. We denote by ap : H — S’ (RY;H) the linear operator defined as:
ap¥(z) := B(z)¥, z € RY

Clearly ap : H — S'(R% H) is continuous and

(3-5) B(f) = (Ix @ (f|) oap, f € S(R),

where (13 ® (f|) : S'(R%H) — H is defined on simple tensors by

(3.6) My @ (NPT RT)=T(f)¥, ¥eH,TecS R.

By duality a% : S(RY;H) — H is continuous and

(3.7) B*(f)=apo(Iu®|f)), f€SRY).

The group of space translations
7y U (z) = U(z —y), y €RY,

is a strongly continuous group on S'(R%; ), and its generator is D, i.e., 7, = e WPe Tt is easy
to check the following identity:

(3.8) apoe WP = e W (DatP) o gy e RY
We collect now some properties of ap.

Lemma 3.2. Let B € A. Then:
(1) For any Borel set A C R1t4:

apla(U) = (1
alo(Ia(U)® ﬂS(Rd)) = 1

Areun(p) ) @ Lsi(rey) 0 apla(U),
2o (U)as 0 (La(U) ® Is(ra))-
(2) For any f € S(R?) one has f(D,)ap = ap, for
By = (2w~ [ F(=y)B(0,y)dy = (2m)~*D/2 [ f(=p) B(E, p)dBdp,
Bj(E.p) = f(~p)B(E,p).
(3) If SUPP(E) is compact and f € C™(R?) then the above properties also hold.
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Proof. (1) follows from (2.4). (2) and (3) follow from the identity:
e_iy‘DmaB = aB(O,—y)a Yy e ]Rdv
which is a rephrasing of (3.8). O
If B € Ly, then ap has much stronger properties. In particular, for A € R'*? the operator

apla(U) maps H into L?(R%H) ~ H ® L?(RY), see Lemma 3.4 below. This is a consequence
of the following important property of energy-decreasing operators, proven in [Bu90].

Lemma 3.3. Let B € A be energy-decreasing with supp(é) € R gnd A € R be some
bounded Borel set. Let Y C R be a subspace and let dy be the Lebesque measure on' Y. Then
there exists ¢ > 0 such that for any F' € Y, one has:

(3.9) || /F (B*B)(y)1a(U)dy]| < c / I[B*, B(w)]|ldy.

F—-F

Note that if B is in addition almost local and Y is spacelike, then the function Y 3 y —
I[B*, B(y)]|| vanishes faster than any inverse power of |y| as |y| — oo, hence we can take FF =Y
in (3.9). We will usually apply this lemma with ¥ = {0} x R In view of this lemma, it is
convenient to introduce the subspace of vectors with compact energy-momentum spectrum:

H(U):={T cH : U=1aU)T, AcRT}.
We note the following simple fact:
Lemma 3.4. Assume that A € R™? and let B € Lo. Then
apla(U) : H — H ® L*(RY) is bounded.

Remark 3.5. Considering ap as a linear operator from H to H ® L?(R%) with domain H.(U),
we see that H ® S(R?) C Dom a’, hence ap is closable.

Proof. Tt suffices to note that

1a(U)a} 0 apla(U) = / 1(U)(B* B)(2) 15 (U)da,

R4

and use Lemma 3.3. O
3.3. Particle detectors. In this subsection we make contact with the particle detectors Cj
introduced in (2.6).
Definition 3.6. Let B € Ly. For h € B(L*(R?)) we set:

Np(h) :==ap o (ly ® h)oap, Dom Np(h) =H.(U).
Denoting by h(z,y) the distributional kernel of h we have the following expression for Nz (h),

(3.10) Ngp(h) = /B*(m)h(x,y)B(y)dxdy,

which makes sense as a quadratic form identity on H.(U). If h is the operator of multiplication
by the function x — h(x), then Ng(h) can be written as

Np(h) = /(B*B)(z)h(x)dx.
Setting h¢(z) := h (£), we see that C; defined in (2.6) equals Np, (h:), where B; = B(t,0). The
following lemma is a direct consequence of Lemmas 3.2 and 3.4.

Lemma 3.7. We have:
(1) INs(M)AAU)l B3 < Bl B12RY):
(2) VAeRYL Np(h)Ia(U) = 1, (U)Ng(h)Ia(U), for some Ay € R,
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3.4. Auxiliary maps ap, B,. We start with the following definition which is meaningful due
to Lemma 3.4:

Definition 3.8. If By, By € Lg, then we can define the linear operator:
He(U) — H @ L2(R?, dxydas),
(3.11) s n,
W aBl,Bg\II = (aBl & ﬂLZ(Rd)) o a,BZ\II_
Formally we have
ap,,B, Y (w1, 22) = Bi(x1)Ba(x2)V.

We note the following lemma, which is a direct consequence of Lemmas 3.2 and 3.4.

Lemma 3.9. Assume A C R'™? is compact and let By, By € Ly. Then:
(1) ap, B, IA(U) : H — H ® L*(R?*, dr1dxs) is bounded,
(2) for any A € R one has:

ap, B, UA(U) = (HA+Supp(§l)+supp(§2)(U) & ]1L2(R2d)) oap,, B, Ia(U),
a%17B2 o (HA(U) ® ]le(de)) = ]lA—Supp(El)—Supp(éz)(U)a*B17B2 o (]IA(U) & ]1L2(R2d)).

For later use we state in Lemma 3.10 below a simple consequence of almost locality. To
simplify the formulation of this result, we introduce the following functions for N > d:

(3.12) gn(k) = /e_ik‘””(:n)_Nd:E.
Clearly

O gn(k) € O((k)™P), VpeN, |a| <N —[d],
and the operator on L?(R%) with kernel (z — y)~" equals gy (Dy).

Lemma 3.10. Let A € R B, € Ly, h; € C°(RY), i = 1,2. We denote by h; € B(L?(R?))
the operator of multiplication by h;. Then for any N € N one has:

(3.13)

[ (N5, (h1)oNB, (ha)—a%, p,o(Ix@hi®ha)oap, B,)Ua(U)| < Cn.a By, |hign (Da)hal pr2ray)-

Remark 3.11. In applications we will often estimate the operator norm on the r.h.s. of (3.13)
by the Hilbert-Schmidt norm || - |lus.

Proof. Let R be the operator in the Lh.s. of (3.13). By Lemmas 3.7, 3.9 R = 1a,(U)R1a,(U)
for some A; € R1t?. For u; € H we have

|(u1|Ruz)|

| [(Ma, (U)ur| B (1)) [Bi (1), Bs (22)]Ba(w2)hi (1) ha(22)1a, (U)uz) 3 dridas)|

C [ Bi(z1)a, (U)usll3]| Ba(w2) U, (U)ug||l#|ha|(x1) | ha|(x2) (21 — 2) N daydas.
(

By Lemma 3.7 we know that v;(z) = || Bi(#)1a, (U)uilly € L*(R?) with [|v]|p2ray < Ciluil%.
Therefore

IN

|(u1|Ruz2)l3 < Cll[halgn (Da)lhelll Bz ray)llu ozl
Writing h; = |h;|sign(h;) and using that the operator of multiplication by sgn(h;) is unitary, we
obtain the lemma. O

4. AN INTERMEDIATE CONVERGENCE ARGUMENT
For B € Ly and h € C§°(R?) we set:
(4.1) he(z) == h (%) , Ng(h,t) := N, (hy).

Recalling the notation & = (21, r2), we also define &(Dz) = w(D,,) +w(D,,), acting on L?(R2%).
The following theorem is an important step in the proofs of Thms. 2.6 and 2.7. It essentially
allows to reduce their proofs to arguments adapted from non-relativistic scattering theory.



hal-00752083, version 3 - 20 Nov 2012

10 WOJCIECH DYBALSKI AND CHRISTIAN GERARD

Theorem 4.1. Let A C R4 be a bounded open set, By, Bo € Ly with (By, By) A—admissible
and let h1, ha € C§°(R?) have disjoint supports. Let

(42) Ht(l'l, 1'2) = hlyt(zl)hgﬁt(xg)
and set for ¥ € A (U)H:
(43) Ft = (<Q| ® ﬂLz(de)) ] aBl’B2e_itH\IJ S LQ(RQd),

so that
Fy(x1, 29) = (QBy(t, 1) Bo(t, 22) W), (z1,1) € R

Assume that:

(4.4) Fy = tlim P2 H, Fy erists.
—00

Then

(45) tliglo ]\fB1 (hl,t)NBQ(hg,t)‘If

exists and belongs to Ia(U)Hy .
Proof. Applying Lemma 3.10 and noting that ||hy :gn(Dz)ha|las € Ot4N), we get:
Np, (h1,t)Np,(het)Ia(U) = ap, B, © (I @ Hy) oap, g, Ia(U) + Ot ).

By (2.10) and Lemma 3.9 we have:

aB, B, Ia(U) = a(lfoy (U) ® I72(Reay) © ap, B, 1Ia(U) = (|N(Q ® ]le(de)) oap, B, Ia(U),
using (2.2). Therefore we have:
(46) e?tHNB1 (h1,t)Np, (.h~2,t)e_itH\I/ =y 5 (VQHF,) +O(t™>)

= dflay p (Q@e DI, ) 4 ot0).

Set
Si: LAR*) 5 Fs ea}y 5 (Q@e @PIF) e H.

By Lemma 3.9 the family S; is uniformly bounded in norm. Moreover if g1, g2 are two positive
energy KG solutions with disjoint velocity supports (see Subsect. 6.1 for terminology) and
f1, f2 € S(R?) are their initial data, then

Si(f1 @ f2) = Bik,t(gl)BS,t(W)Qa

where the Haag-Ruelle creation operators B} ,(g;) are defined in Subsect. 6.2. From Thm. 6.5 we
know that lim;—, o St (f1 ® f2) exists. By linearity and density, using the uniform boundedness of
St, we conclude that lim;_, ., S¢F' exists for any F' € L?(R?4). By (4.6) this implies the existence
of the limit in (4.5). The approximation argument above implies that this limit belongs to H; .
The fact that it belongs to the range of 1a(U) follows from the A—admissibility of (B, B2).O

The proof of the existence of the limit (4.4) will be given in the next section. As a preparation,
we collect some properties of the vectors F; € L2(R??). The most important property is that F}
solves a Schrédinger equation with Hamiltonian @(D;) and a source term (R), whose L? norm
outside of the diagonal decreases very fast when ¢ — +oo.

Lemma 4.2. Let F; be defined in (4.3). Then:
(1) Fy is uniformly bounded in L?(R??),
(2) t = Fy € L3(R?%) is O with

O Fy = —io(Dz)Fy + (R),,

where |H (2) (R) |l 12(r2ay € O(t=°) for any H e C5°(R?%) with suppH N {z; = 25} = 0.
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Proof. We have Fi(z1,z2) = (Q|B1(t, 1) Ba(t, z2)¥)y and from Lemma 3.9 we know that F is
uniformly bounded in L?(R?¢). Moreover, since ¥ € H.(U), we see that t — F, € L?(R?*?) is C*
with:

OhF, = (Q|Bi(t,x1)Ba(t, 22) V)3 + (B (¢, 21)Ba(t, 22) V)
= (QB1(t,21)Ba(t, 22) )3 + (UBa(t, 22)Bi(t, 1) V)3
+HQU[B1(t,21), Ba(t, 22)] W),
where B; := 0sBi (s, 0)‘520 are again almost local by the definition of £;. We have for any ® € H:
(QUB;(t,25)®)3 = (g0 (U)Bj(t, z;)®)n = (QB;(t, zj) g, (U)P)y
= (Q|Bj(z)e @ P)d)y = e L) (Q| By (a5)®),
using (2.4), (2.8) and finally (3.8). Differentiating this identity we obtain
(QUB;(t,2;)@)n = ~iw(Da, )(QUB; (¢, 2) @) .
Therefore we get:
O F; = —iw(Dy,)(Q|B1(t,x1)Ba(t, 22) W)y — iw(Dy, )(Q|Ba(t, x2)B1(t, x1)¥)y
+H(QU[Bi(t, 1), Ba(t, 22)] V)
= w(Dzl)(Q|Bl(t x1)Ba(t, x2) W)y — iw(Dy, )(Q|B1(t, x1)Ba(t, x2)¥)y
—1w(Dy, ) (Q[Ba(t, w2), By (t, 1) W)a + (Q[Bi(t, 1), Ba(t, 22)] )
= —i@(Dz)Fi + (R)y,
for
(R), = —iw(Da,)(Q[B2(t, z2), Bi(t,21)]®)n + ([Bi(t, 1), Ba(t, 22)] V)
= (R) + 1 <R>2 t
Since B is almost local, we have ||[By(t,z1), Ba(t, 22)]|| € O((z1 — x2)~ N) uniformly in ¢ and
|H (R )o.tll2(R2ay € O(t7°°) because of the support properties of H,(z):=H (2).

To estimate (R), ; we write it as (Q|[w(Dx,)B2(t, z2), B1(t,21)]¥)y. By Lemma 3.2 (2) we
see that w(Dy,)Ba(t, x2) = Ca(t, x2), where

o~

(27) d/2/f B(0,z)dx, f € S(Rd) (—p) = w(p) near supp(ég).

Therefore Cy is almost local and ||[Ca(t, 22), B1(t, 21)]|| € O({x1 — 22)~"). The same argument
as above shows that ||H¢(R), ,[|p2(r2e) € O(t™%°). O

5. NON-RELATIVISTIC SCATTERING WITH SOURCE TERMS

In this section we give the proof of the existence of the limit

F, = lim &™“WaH,F,,
t—+oo
appearing in Thm. 4.1. The proof is obtained by adapting to our situation the standard ar-
guments based on propagation estimates. The main difference with the usual scattering theory
is that F} solves a Schrodinger equation with a source term. This implies that one has to use
propagation observables supported in regions where the source term is small, in our case outside
the diagonal in R??. The necessary abstract arguments are collected in Appendix A.
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5.1. Large velocity estimates. In this subsection we prove large velocity estimates. Note that
we do not prove them directly for F}, but use instead a general argument based on Lemma 3.3,
locality and the fact that the hyperplanes {t = v -z} for |v| > 1 are space-like.

Lemma 5.1. Let B € Ly, A @ R"4 and 1 < ¢ < C. Then,
e m z —itH dt 2
(€ U UNE(Leere « expzizoy (T )Ia@)e W) T < erl W), v e,
1

where x in the formula above denotes the corresponding multiplication operator on L*(R?).

Proof. Set z = (z',2') € R? where z! € R is the first component of z. We can find constants
¢; > 1 and rotations R; € SO(R?) such that

{z : ¢c<|2|<C} C vazl{z Do < |(Riz)' < CH

So it suffices to prove the lemma with 1, . .<|.j<c} replaced with 1y, . .<|(rz)1|<cy for ¢ > 1,
R € SO(RY). We parametrize the set S = {z : ¢; < |(Rz)!| < C} by coordinates (y!,y’) with
y! = (Rz)! so that it equals S = {(y*, ') : ¢ < |y*| < C}. We have:

L= [ Np(ls (§))e 4t = [ 4 [ra 1s($)(B*B)(t,y)dy
= [dt fcc dv [qa_1 (B*B)(t, tv,y)dy’ = fcc dv [qa(B*B)(t, tv,y')dtdy’.
We now apply Lemma 3.3 to the subspace Y, = {(t,tv,y’) : t€ R, ¢ € R} forc<v < C

which yields:

c
(5.1) (1A (D) ITIA(D)] < C"/ dv /Rd |[B*, B(t,tv,y)]||dtdy’.

Since B is almost local, there exist B, € A(O,) with ||B — B,|| € O({r)~™). Therefore
I1B™, B(t, to,y )]l < C{r)™" +|I[By, Br(t, to,y )]l

Set u-u = a2~ for u = (t,2) € R If vy, 03 € O, and uy = vy + (t,tv,3), uz = vo, then
u=u; —ug = (t,tv,y") + w, for w € O, — O, C Oq,. It follows that

u-w=(]* = 1) + |y + O)({t) + () + O(r).

Using that ¢ > 1, we conclude that there exists 0 < § < 1 such that if (r) = §({¢) + (3')) then O,
and O, + (t,tv,y’) are spacelike separated for any (¢,y') € R?s.t. t2+ |y/|> > 1 and ¢ < v < C.
Therefore ||[B*, B(t,tv,y')]|| € O((t) + (y')) "™, and the integral in the r.h.s. of (5.1) is finite. O

To proceed we need the following definitions: For 0 < r; < 9 and € > 0 we set:
Crl,rg = {j S de i1 < |i'| < 7’2}7 Cr = CO,T; De = {i' S R2d : |1'1 - 1'2| < 6}-
Let us now prove the following corollary of Lemma 5.1:

Proposition 5.2. Let /2 <r <1/, ¢ >0 and let F; be defined in (4.3). Then

+oo T
[ Jeon ()
1

where T in the formula above denotes the corresponding multiplication operator on L%(R2?).

2 dt

— < oo,
L2(R2d) t

Proof. Set ¥ = (x1,22) € R?*\. By a covering argument, it suffices to prove the lemma with
I \p. (&) replaced with hy(z1)he(x2), where h; € C5°(R?) are supported near some points
y; € R? with (y1,92) € Cpv\Dc and d(supphi,supphs) > 0. Set Hy(Z) = h1(%)ho(%2). By
(4.3) we have:

(Ft|HtFt)L2(R2'i) = /

R2d

—j * * —i X X
(e~ | B (20) BY (1) By (1) Ba (2)e " tH W), by (71) ho (72) dz:ds.
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Since |(y1,92)| > V2, necessarily |y;| > 1 either for i = 1 or i = 2, and we can assume that
supph; C {y € R? : |y| > 1}. If this holds for i = 2 then

(Ft|HtFt)L2(R2d) < Cf(e’itH\Il|B§(zg)Bg(zg)efitH\Il)th(%)d:cg
< Cle™WINE, (ha(F))e W)y,

where x denotes the corresponding multiplication operator on R%. Then we apply Lemma 5.1.
If the above property holds for 4 = 1 then using almost locality as in the proof of Lemma 3.10
we obtain that

(Ft|HtFt)L2(R2d)

Jraa (€7 HW|BY (1) By (22) Bz (2) B (1) W) 3 hy () ha (% )dzrds + O(t)
Jra(Bi(a1)e 7 TWINp, (ha(F)) Bi(x1)e W) g hy (5-)day + Ot ~>)
C(e™"MWINp, (h1(%))e™ ™ W)3 + O(t™),

using that hy, ho have disjoint supports. We complete the proof as before. O

IN

5.2. Phase-space propagation estimates. We start with a geometrical consideration related
to a well-known construction of Graf [Gr90].

Lemma 5.3. Let K € R?*)\Dy. Then there exist /2 < r < 1/, ¢1,¢2,€ > 0 and a function
R € C§°(R??) vanishing near Do such that

(5.2) V2R(Z) > el (Z) — e2lle, b, ().

Proof. Set & = (r1,2) € R?4 y = %(ml +xz2), v = %(ml — 23). We choose /2 < r < 7/ such
that K C C, and set

9(Z) = (u? + pv* — o) F(2),
for F >0, F € C§g°(Cy), F'=11in C,, where r <7y <7} <7'. The constants ¢, 8 > 0 will be
determined later. Note that g is convex in C,,, hence

Ro(7) = sup{g, 0}(%)
is convex in C,, (but not smooth). We first fix ¢ = r’? so that Ro(Z) = 0 for & € D, for some

€ > 0 tending to 0 when 3 — +o0o. We choose then 3 >> 1 such that K C {# € R*? : Ry(%) > 0}
and set € = eg. By the continuity of Ry we also obtain:

(5.3) Kc () {#: Ro(z—2) >0}
|| <e’

(5.4) DypC [ {& + Ro(a — &) =0},
7| <e’

for some € < 1.
We now choose n > 0, n € C§°(Cer) with [ n(Z)di =1 and set:

R(%) := /n(:E’)RO(:E — #)di' = nx Ro(%).
Clearly R € C$°(R??) and R is convex in C,., hence
(5.5) V2R(#) >0, # € C,.
By relation (5.3), R =n% g on K, hence
(5.6) V2R(%) > 1, & € K,

for some ¢; > 0. In C,.,», V2R is bounded, and outside of C,/, V2R(Z) > 0 since R(Z) = 0 there
by construction. By (5.5), (5.6) we obtain (5.2). O
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Proposition 5.4. Let F; be defined in (4.3) and K € R?*¥\ Dy. Then

A NCICERIE

— < 00.
Proof. We will apply Lemma A.1 to H = L2(R??), u(t) = F;, H = &(Dz) and

L2(R24)
M({t) =R (%) -3 (VR (%) - (% - vcu(Dj)) 4 h.c.) .

Recall that DM (t) denotes the associated Heisenberg derivative. By standard pseudo-differential
calculus we obtain that:

DM(t)= +(%£—-Va(Dz)) V2R(%)-(£-Va(Dz))+O0(t72)
> S (§ - Va(D) Ik (§) - (§ - Vo(Dz)) — $le, , (§) +0(),

(5.7)

where O(t7?) denotes a term with norm O(¢~2?) and we have used Lemma 5.3 in the second
line. Since R is supported away from the diagonal, we obtain by Lemma 4.2 and pseudo-
differential calculus that |[|[M(t)(R),|| € L'(RT,dt), where we recall that 0,F; =: —i@(Dz)F; +
(R),. Lemma 4.2 also gives that sup, |[|[F}|| < oco. The negative term in the r.h.s. of (5.7) is
controlled by Proposition 5.2. Applying Lemma A.1 we obtain the desired result.O

5.3. Existence of the intermediate limit.
Theorem 5.5. Let Fy, H; be defined in (4.3). Then the limit

Fy = lim eita’(Df”)HtFt exists.
t—+oo

Proof. All the norms and scalar products in this proof are in the sense of L2(R??). We proceed
as in the proof of [DG97, Prop. 4.4.5]. Set first H(Z) = hy(x1)ha(22) and

M(t)=H <%> - (% - va(Di)) . VH <§> .

By pseudo-differential calculus, we obtain that

. DM(t) = (5~ Va(Ds)) - V2H () - (£ - Va(Ds) + O(t2),
IM@E)(R), I 1 M*()(R), || € L' (RT, dt),

where in the second line we use that H is supported away from the diagonal. Note that the

following analog of Prop. 5.4 is well-known and easy to prove by mimicking the arguments in

[DGI7, Prop. 4.4.3]:

(5.9) /1+OO ’nK <%) (% - va(pi)) e ite(Da)y,

for any K € R2?\{0}. Combining this estimate with the one in Prop. 5.4, we obtain by
Lemma A.3 that

2 at
7 S Cllul?, u € L*(R*?),

lim e P2) M (1) F, exists.

t— o0
Therefore the proposition follows if we show that

lim (f - va(m)) . VH <f) F, =0,
t—oo \ t t
or equivalently

. z - ~ ([ T -
(510) tl}+mm(Ft| <? - VCLJ(D:E)) G <?> <? - VW(D1)> Ft)LZ(RZd) = 0,
for G = H1, H € C°(R*"\Dy) and H > 0. Tt suffices to prove that the limit in (5.10) exists,

since it will then be equal to 0 by Prop. 5.4. To this end, we apply Lemma A.2 with

M(t) = <% - va(m)) G (%) <§ - va(m)) .
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Again [|M(t)(R), ||, | M*(1)(R),|| € L*(R*, dt
DM(t) = ~Va(Dy)) G (%) (§ — Va(Dz))

e

~—

and by pseudo-differential calculus we have:

—~

e N )
R o8

—~

(
= ¢ (§ = Va(Da)) Ik (£) Ak (F) (F — V@(Dz)) + O ),
S W

for a compact set K C R2%\ Dy and A(t)
Prop. 5.4 and Lemma A.2. O

6. HAAG-RUELLE SCATTERING THEORY

In this section we recall some basic facts concerning the Haag-Ruelle scattering theory.

6.1. Positive energy solutions of the Klein-Gordon equation.
Definition 6.1. Let f € S(R?), such that f has compact support. The function

g(t,x) = g:(x) for g: = e—itW(Dm)f’
which solves (8152 —Ay)g+ m2g =0, will be called a positive energy KG solution.

Proposition 6.2. There hold the following facts:
(1) Let h € C*(RY). Then

s— lim e*(P)p (%) e~ twDe) = p(Vw(D,)).

t—too

(2) Let x1,x2 € C®(RY) be bounded with all derivatives and having disjoint supports. Let
f € S(RY) be s.t. f has compact support. Then

T —itw(Dy —0o0
e (F) 7P xa( VD)) s ey € O(E).

Proof. (1) is obvious. For (2) see [RS3]. O
The following notion of velocity support will be useful later on.
Definition 6.3. Let A € H,,. We set
Vel(A) := {Vw(p) : peR?, (w(p),p) € A}.
Clearly if A; and Ay are disjoint, then so are Vel(A;) and Vel(Asq). If ¢ is a positive energy KG

solution with initial data f, then suppg C H,, and Vel(suppg) = {Vw(p) : p € suppf} can be
called the velocity support of g, as illustrated by Prop. 6.2 (2).

6.2. Haag-Ruelle scattering theory. Let B € Ly satisfy (2.8), i.e.,

~

—supp(B)NSpU C H,,.

Let now g be a positive energy KG solution. The Haag-Ruelle creation operator is given by
{B{(gt)}ter, that is,

Bi(o) = [ g(t.0)B" (t. )i
Note that since e~ (P=) preserves S(R?) the integral is well defined.

Lemma 6.4. The following properties hold:
(1) Bf(g) = B*(£) = (2m)Y2f(P)BQ, if g = e (Do) f.
(2) Let A € R'™t4, f € L2(RY). Then |[B® (f)Ia(U)|| < ca, Bl fll2ray-
(3) 9:B;(g¢) = B (g¢) + Bf (1), where B = 0,B(s, 0)js=0 € Lo and g = 0;g is a positive energy
KG solution with the same velocity support as g.
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Proof. We use the notation from Subsect. 3.2. We have
Bi(g) = (@il ®1)oap 2= (G © Do (1e ™) 0 ap.9.

By (2.8) and (2.4) iii) we have ap+-Q = (1® 1, (U)) o ap«§, hence

(1®etf)oap- Q=1 ")) oap.Q.
From (3.8) we obtain that:
(6.1) (I@e ) oap.Q=(¥P> @1)0ap-Q, y € RY
which implies that

(1@ ™)) o0 ap.Q = (e™P2) @ 1) 0 ap-Q,
using that w(p) = w(—p). Hence
Bi(g)Q= (@ ®@1)o (P2 @1)oap-Q= (e PG 1)oap-Q
= ({(fl®@l)oap-Q= B*(f)Q.

The fact that B*(f)Q = (27)%2f(P)B*() is immediate. Statement (2) follows from Lemma 3.4,
using (3.5) for B and (3.7) for B*. In the case of B* we also use Lemma 3.2 (1) and the fact
that supp(B) is compact. (3) is a trivial computation. O

The following result is a special case of the Haag-Ruelle theorem [Hab58, Ru62]. For the
reader’s convenience we give an elementary proof which combines ideas from [BF82, Ar99, Dy05]
and exploits the bound (2) in Lemma 6.4.

Theorem 6.5. Let By, By € Lo satisfy (2.8). Let g1,g2 be two positive energy KG solutions
with disjoint velocity supports. Then:
(1) There exists the two-particle scattering state given by

(6.2) Ut = tlggo BT,t(gl,t)Bg,t(gzt)Q-
(2) The state ¥+ depends only on the single-particle vectors ¥; = B (i)Y, and therefore we
can write ¥+ = U, O;t U,. Given two such vectors U and UT one has:
(6.3) (THUH) = (U] 0) (W[ W) + (U1 |W2) (V2| W),
(6.4) Ult,2) (W, % W) = (Ut 2)¥1) % (U(t,2)Ws), (t,2) € RM*,
Before giving the proof of the theorem, let us explain how to obtain two-particle scatter-

ing states from arbitrary one-particle states, thereby defining the (outgoing) two-particle wave
operator. Let

Hp = g, (U)H,
be the space of one-particle states. For W1, Uy € H we set
1
V2

Proposition 6.6. There exists a unique isometry

Wit Hon @5 Hon — H

U@y = —= (V1 @V + V@ V) € HRsH.

with the following properties:

out

(1) If Uy, Uy are as in Thm. 6.5, then Wy (W1@,Us) = ¥y x Uy,
(2) U(t, ) oWy = Wit o (U (t,2) @ Un(t,x)), (t,2) € R where we denote by Uy, (t, ) the
restriction of U(t, ) to H.
Definition 6.7. (1) The map Wy : Hu, ®sHum — H is called the (outgoing) two-particle wave

operator.
(2) The range of W5 is denoted by Hy .
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Proof of Prop. 6.6. Let us denote by F C H,, ®s H the subspace spanned by the vectors
U1 ®,¥s for Uy, Uy as in Thm. 6.5. By (6.3) there exists a unique isometry W2+ : F — H such
that
out
W;(\Il1®s\112) = \Ifl X \IJQ,
for all U1, Uy as in the theorem. Moreover by (6.4) U(t,z) o Ws = Wy o (U, (t, z) @ Unn(t, ).
To complete the proof of the proposition it suffices to prove that the closure of F is H,, ®s Hm

Denote by (Hy, Py), resp. (Ha, P2) the generators of the groups Uy, (¢, z) @1, resp. 1QU,,(t, x)
acting on Hy, @ Hum, and set (H,P) := ((Hy, Py), (Ho, P2)), whose joint spectral measure is
supported by H,, x H,,.

By Lemma 6.4 (1) and the cyclicity of the vacuum, the set of vectors B} (¢:)Q2, for B € L,
satisfying (2.8) and g a positive energy KG solution, is dense in H,,. Moreover for A € H,,, the
set of such vectors with g having the velocity support included in Vel(A) is dense in 1A (U)H .
It follows from these density properties that the closure of F in H,, ®s H,m equals

F =00 Wp, wrr, \o(H, P)(Hm @ Hn),

where Og : H,, @ Hin — Hin ®s Hipn is the orthogonal projection, and D C H,, x H,, is the
diagonal. From [BF82, Prop. 2.2] we know that the spectral measure of the restriction of (H, P)
to H,, is absolutely continuous w.r.t. the Lorentz invariant measure on H,,. This implies that
1p (f[, P) = 0, which completes the proof of the proposition. O

Proof of Thm. 6.5. Let us first prove (1). Let By, Ba, g1, g2 satisfy the hypotheses of the theorem.
We claim that

(6.5) (B (91.0), BS) (92.)] € O(™).
In fact by Prop. 6.2 (2) we can find cutoff functions x1,x2 € C§°(R?) with disjoint supports
such that
x
git = Xi (?) git +O(t™>) in L*(RY).
Setting x;,¢(x) = x:(F), this implies by Lemma 6.4 (2) that:
)

1B (g1,0), BSY (92.0)] = [BY) (x1,491.4), BE (x2,492.)] + O(t™).

)

By the almost locality of Bg*), Bé*) we obtain from (3.4) and the Cauchy-Schwarz inequality that
the commutator in the r.h.s. is bounded by

CnlIx1,e9n( Re) € O(t™),
which proves (6.5). (Cf. the proof of Lemma 3.10). Now we get that

(B 1(91,6)) B2,1(92,4))Q = [0:B7 1(91,4), B3 1(92,4)]Q € O(t™),

where we made use of Lemma 6.4 (1) and applied (6.5) to Bj,g;, B; and ¢;. This proves (1) by
the Cook argument.

Let now B € Ly, satisfying (2.8), and A = —supp(é) NSpU C H,,. We fix O C R'*? which
is an arbitrarily small neighborhood of A, and a function h € S(R'*¢) with suppiAL C O and
h = (2m)~(@+1/2 on A Setting C* = [ B*(t,z)h(t, z)dtdz we have: C € Ly and:

C*(E,p) = (2m) @ V/2(E, p)B*(E, p), C*Q = (2r) @ V/2h(H, P)B*Q.
This implies that —supp(C ) C O, and
Bi(g)Q = (2m)Y2f(P)B*Q = (2m)¥2 f(P)1a(U)B*Q
= (2m)?2f(P )(%)(d“’/QE(H, P)B*Q = (2m)4/2 f(P)C*Q = C; (g:)Q2

Introducing observables C; as above for B; and using also (6.5) and Lemma 6.4 (2) we obtain
that

(6.7) ot = Jm By (g1,6) B 1 (92,6) = lim CF4(91,6)C5,4(92,¢)2

(6.6)
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Thus we can assume that the energy-momentum transfers of B} entering in the construction
of scattering states are localized in arbitrarily small neighborhoods of subsets of H,,. This
observation will be important in the proof of (2) to which we now proceed.

Let U, = B;ﬂ,t(gl,t)é;t(gg,tm be the approximants of the scattering state ¥F. In order to

compute the scalar product (¥;|¥;) we first observe that

(6.8) ([B1,t(31.¢), Bf 1(91.0)], B3 1(g2,4)] € O(t™).

This relation can be justified by writing g1 = gi,1 + §1,2, where g ; are positive energy KG
solutions such that the velocity support of §1 ; and g; are disjoint for ¢ = 1,2. Then (6.8) follows
from (6.5) and the Jacobi identity. Next we note that

(6.9) Bit(§it) B (9500 = QQUB; (i) B} 1(954)), 1 <, j < 2.
This relation follows from the fact that Bi,t(gi,t)B;t(gj,t)Q belongs to the range of ]l_Kﬁf(i U),

where K; and K; are the energy-momentum transfers of Bj and B, respectively. In view of (6.7)
—K;, —K; can be chosen in arbitrarily small neighbourhoods of H,,. Since a non-zero vector
which is a difference of two vectors from H,, is space-like, (6.9) follows.
We set for simplicity of notation B;(t) := B;+(gi+), Bj(t) := Bj(g;+). Then
(DeWe) = (QUBa(t) Bi (t) B1 (1) B3 (1)2)

(6.10) (U Ba(t) B3 (1B (1) B (1))

+H(Q Ba(1)][[Ba(1), Bi (t)], B (1)]).
Making use of (6.8) and (6.9), we conclude the proof of (6.3). It follows immediately from (6.3)

that the scattering states ¥ depend only on the single-particle states ¥; (and not on a particular
choice of B; and g;). Finally, relation (6.4) is an easy consequence of Lemma 6.4 (1). O

)
)

7. PROOF OF THEOREM 2.7

In the next proposition we will use the notation Ng(h,t) introduced in (4.1) for B € Ly and
h € Cg°(RY).
Proposition 7.1. Let i = 1,2, A; € H,, with Ay, As disjoint and B; € Lo with supp(él),

supp(ég) disjoint. Assume moreover that:

~

(7.1) —supp(B;) NSpU C A,
(7.2) (A; +supp(B;)) NSp(U) {0}, i =1,2,
(7.3) (A; 4 supp(B;)) NSp(U) =0, i # j.

Let h; € C3°(RY) with disjoint supports and h; = 1 on Vel(A;). Then for V; € la,(U)H one
has:

(7.4) Jim N, (h, )N, (he, YW (1 @ W2) = Wy (Ng, (1)1 @5 N, (1)¥5).

Remark 7.2. Note that W (U1 ®:VUs) belongs to H.(U), and that N, (1)¥; belong to Ia, (U)H,
because of (7.1), (7.2), hence all the expressions appearing in (7.4) are well defined.

Proof. We first claim that for B, A, ¥, h as in the proposition one has:

(75) lim NB(h,t)\If = NB(]I)\I/

t—+o00
In fact we first note that because of (7.1), (7.2) we have
(7.6) B*BIa(U) = B*|Q)(QB1A(U) = 1A (U)B*B1A(U).
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Therefore
NB(h, t)\IJ = eitHNB(hﬂefitH\If
eitw(P)a*B ° (]1% ® ht) ° aBe_itw(P)\I/

= a’oe™(PHDa) (1 @ hy)e W (P+D:) 6 g,

using (3.8). Since el (P+De)peitw(P+Da) — 4 4 tVw(P + D,), we have
eitw(PJrDI)(]lH Q ht)efitw(PJrDI) —h (% + Vw(P + Dz)) ,

from which we easily deduce that

s— lim P01y @ hy)e W EHDPe) — p(Vw(P + D,)).

t— o0

Inserting as usual energy-momentum projections, this implies that

t—-+4o00

ligl Np(h,t)¥ = aj o h(Vw(P + D)) cap¥ = azaph(Vw(P))Y,

using once again (3.8). From the support property of h we have h(Vw(p)) = 1 for (w(p),p) € A,
hence h(Vw(P))¥ = ¥, which completes the proof of (7.5).

We now proceed to the proof of (7.4). Since Np, (h1,t)Np,(ha,t)1a, (U) is uniformly bounded
in time for any A; € R'*?, it suffices by density to assume that ¥; = A7 (9i0)S2 for A; € Lo
satisfying (2.8) and g¢; a positive energy KG solution with the velocity support included in
Vel(A;), so that ¥; = 1a,(U)¥;. Let us fix such 4, g;.

By (7.3) we have B; A5 = 0 if i # j, hence:

(77) NBi (hi, t)A;t(gj,t)Q = 0, 7 7é j
Next we note that for i # j:
(7.8) I[NB; (hi ), Aj 1 (g5.0)]l € OF).

In fact since the support of h; and the velocity support of g; are disjoint, we can pick a smooth
partition of unity 1 = x;(x) + x;(z) with x; = 0 near the velocity support of g; and x; = 0 near
the support of h;. We have then by almost locality

I[NB, (hi, t), A5 1 (g50lll < JII(B} Bo) (¢, @), A5 (¢, 9)]ll1hi ()95 (¢, y) | dady
< COn [z —y) Nha($)llgi (t,y)Ix; (4)dwdy
+CON [z —y) "N hi($)llg; (8 v)Ixi($)dwdy.
The first integral is O(¢~°°) because h; and x; have disjoint supports, the second is also O(t~*°)
using that suppy; is disjoint from the velocity support of g; and applying Prop. 6.2 (2). This
proves (7.8). }
Finally since Np,(1)¥; € la,(U)H, we can find for any 0 < ¢; < 1 operators A; € £y and

positive energy solutions g; satisfying the same properties as A;, g; such that

(7.9) [Np, ()W; — A7 1(9:.0)Q < €, i =1,2.

Using successively (7.8), (7.5) and (7.9), we obtain:

out
Np, (h1,t)Np, (he, t)(¥1 X W) = (91,) A3 1(92,6)2 + o(t°)

ha, t) A3 ,(g2.4)2 + o(t°)
)W, + o(0)

Go.t)Q + o(t°) + O(t°)ex.

- T
- eS|
M
=~ o~ =
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Using then (6.5), (7.8), (7.5), we have:
N, (h1,t) A (91,6)A5 1 (G2,)2 = N, (h1, 1) A5, (G2.¢) A 1(91,6)2 + 0¢, (t°)
= A5, (G2.0) N, (h1,t) A% ,(91,)Q + 0c, (1°) = A} 4(§2.4) N, (1)1 + 0c, (t°)
= A5, (52.0)AT (9100 + 06, (t°) + Oy ()€1 = AT 4(91.4) A5 1 (G2,)Q + 0ey e (1°) + O, (1)1
= 0 X Uyt 0,0 (10) + O, (0,
for U; = A;t(gm)(z. By Prop. 6.6 (1) we have also

out

~ out ~
HNBl(]l)\Ifl X NBQ(H)\IIQ — Wy x \IIQH < 0(61 + 62).
We obtain finally

out
NBI (hlv t)NB2 (h27 t)(\Ill X \IJ2)

out
= NBl (]1)\1/1 X NBQ(]D\IJ2 + Oc¢y,eq (to) + 0(61 + 62) —+ 052 (to)el.
Picking first ez < 1, then €3 < 1 and then ¢ > 1, we obtain (7.4). O

Lemma 7.3. Let A C Gop, be an open bounded set. Then
A (U)YHST = Span{Wy (¥ @, Uy) : U, € Ia,(U)H, Ai € Hyy A1 +A0 CA; AjNAy = (0}

Proof. The proof follows immediately from Prop. 6.6 (2) and the absolute continuity of the
spectral measure of (H, P) restricted to H,, recalled in its proof. O

Lemma 7.4. Let A C Ga,y, be an open bounded set s.t. (A—A)NSpU = {0}. Let Ay, Ay € H,,
be disjoint and such that Ay + Ay C A. Then there exist Oy, 0y C R which are disjoint open
neighbourhoods of Ay, As, respectively, such that for any K1, Ky € R satisfying —K; C O;,
—K;NSpU C A;, one has:

(7.10) (A+ K+ K2)NSpU C {0},
(7.11) —(K, + K») C A,

(7.12) (A; + K;)NSpU c {0},
(7.13) (A + K;)NSpU =0, i#j.

Proof. Assume that O; C A; + B(0,¢), where B(0,¢) is the ball of radius ¢ centered at zero. To
prove (7.10), we write

A+Ki +KyCA—-01 -0y C A—A;—Ay+ B(0,2)
(7.14) C A—A+ B(0,2e).

Since, by assumption, (A — A)NSpU = {0} and 0 is isolated in Sp U, we obtain that (A — A +
B(0,2e))NSpU = {0} for e < 1. As for (7.11), we obtain that

(7.15) *(K1+K2>C01+02CA1+A2+B(0,2€)CA,
for € < 1 using that A; are compact and A is open. Finally we write:
(716) Ai-i-Kj COi—Oj CAZ'—AJ* +B(0,2€).

We note that a difference of two vectors from H,, is either 0 or space-like. For ¢ < 1 we obtain
(7.12) if i = 5 and (7.13) if ¢ # 5.0

Lemma 7.5. Let A € H,,, and O C R'*? be a sufficiently small neighbourhood of A. Then
Ia(U)H = Span{ Np(1)1r(U)H : B € Lo, —supp(B) C O, —supp(B) N SpU C A }°.
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Proof. Arguing as in the proof of (7.12) we fix O sufficiently small such that for all B in the

~

lemma one has (A + supp(B)) N SpU = {0}. Let now S be the subspace in the r.h.s. of the
equality stated in the lemma and let Ps be the corresponding projection. By (7.6) we have
Ps < 1A (U). To complete the proof we adapt an argument from the proof of [DT11a, Thm. 3.5].
Assume that Pg # Ia(U) and let ¥ # 0 with ¥ = TA(U)¥, Ps¥ = 0. Clearly there exists
f € S(R'*%) such that suppfA C —0O and fA(fH, —P)U #£ 0. By cyclicity of the vacuum there
exists A € A(O), for some open bounded O C R'*? such that:

o~

(7.17) 0 # (A*Q|f(—H,—P)¥) = (Q|BY), for B := (zm-#/f(t,x)A(t,x)dtdz.

~ ~

Since E(E,p) = f(E,p)A(E,p) we see that B satisfies the conditions from the lemma, and
BU # (0. By the norm continuity of x +— B(z) this implies that (U|Np(1)¥) # 0 which
contradicts the fact that Ps¥ = 0. O

Proof of Thm. 2.7. In view of Thm. 2.6, it suffices to verify the inclusion

(7.18) IA(U)H5 C Span{Ran Q3 ,(A) : o € J}.

By Lemma 7.3, it is enough to show that for any A;, Ay € H,, such that A; + Ay C A and
A1 N Ay =0 one has

(7.19) W5 (1a, (U)YH ®¢ 1a, (U)H) C Span{Ran Q3 ,(A) : a € J}

Let O1, 05 € R be sufficiently small open neighbourhoods of Aj, Ay, respectively, so that the

~ ~

assertions of Lemma 7.4 hold. We choose B1, Bs € Ly, such that —supp(B;) C O;, —supp(B;) N
SpU C A;. By Lemma 7.4, By, Bo are A—admissible in the sense of Definition 2.4 and satisfy
the assumptions of Prop. 7.1. Finally, we choose hy, ho € C5°(R?) as in Prop. 7.1.

Let Jy be the set of quadruples (B1, Ba, h1, ha) as specified above. We get

Span{Q3 . (A) o Wy (1a,(U)YH ®s 1, (U)H) : a € Jo}
(7.20) = Span{W;" (Ng, (1) 1a, (U)H ®s Np, (D)1, (U)H) : a € Jo}
= Wy (Ia, (U)H @5 1a, (U)H).-

In the first step we use Prop. 7.1 and in the second Lemma 7.5. Clearly, Jo C J, thus the
subspace on the Lh.s. of (7.20) is included in the subspace on the r.h.s. of (7.19). This concludes
the proof. O

APPENDIX A. PROPAGATION ESTIMATES FOR INHOMOGENEOUS EVOLUTION EQUATIONS

In this section we extend standard results on propagation estimates and existence of limits
for unitary propagators to the case of an inhomogeneous evolution equation:

Opu(t) = —iHu(t) + r(t).
Let ‘H be a Hilbert space and H a self-adjoint operator on H. We fix a function
RY >t u(t) € H,

such that

i) sup u(t)|| < oo,
(A1) ) ¢>0 [[u)]]

ii) wu(t) € CYRT,H)NCY(R*T,Dom H),
and set:

r(t) := Opu(t) + iHu(t).
For a map RT >t — M (t) € B(H) we denote by DM (t) = 8; M (t) + [H,iM (t)] the Heisenberg
derivative of M(t), w.r.t. the evolution e, We assume that [H,iM(t)], defined first as a
quadratic form on Dom H, extends by continuity to a bounded operator.

The following three lemmas can be proved by mimicking standard arguments, see e.g. [DG97,
Sect. B.4]. By C;(-), B(+), Bi(-) we denote auxiliary functions from R* to B(H).
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Lemma A.1. Let RT 3¢~ M(t) € B(H) be such that:
i) supyers [[M (O] < oo, IMC)r()l, IM*()r()ll € L' (R, dt),
i) DM(t) = B*(t)B(t) — 3251 C;(1)Cj(t), Jos+ [IC(H)u(t)|Pdt < oo.
Then
+oo
/O IB(E)u(t)|2dt < oo.

Lemma A.2. Let RT 5t M(t) € B(H) be such that:
i) supgere [[M ()] < oo, [[MC)r()[l, [IM*()r(-)ll € L' (R, dt),
i) [(u1[DM (t)uz)| < 355 IG5 (uall[|C(R)uzll, u1,uz € H,
with [ |C;(t)u(t)|]?dt < oo.

Then
Hm (u(t)|M(t)u(t)) exists.

t——+oo
Lemma A.3. Let RT 3¢+ M(t) € B(H) be such that:
i) IMQC)r()ll € LYRT, dt),
i) [(ur[ DM @)u(®))] < [|Bi(t)ur || BE)u(t)||, with
i) far [1B@u(t)||?dt < oo, [or [|[Bi(t)e ™ ™ uy|?dt < Clluyl?, uy € H.

Then _
lim e M (t)u(t) exists.

t——+o0
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