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Range of Brownian motion with drift

Etienne TANRE! | Pierre VALLOIS?

Abstract

Let (Bs(t); t > 0) be a Brownian motion with drift § > 0, starting at
0. Let us define by induction S; = — gr>1(f) Bs(t), p1 the last time such that
Bs(p1) = =51, So = sup Bs(t), p2 the last time such that Bs(p2) = 52

0<t<p;

and so on. Setting Ay = Sp + Sk4+1; £k > 1, we compute the law of
(A1,---, Ag) and the distribution of ((B(;(t+pl) B,;(pl) ;0<t<p_1—
p1))2<i<k for any k > 2, conditionally to (A1, -- , Ax). We determine the
law of the range Rs(t) of (Bs(s); s > 0) at tlme t, and the first range
time 6s5(a) (i.e. 0s(a) = inf{t > 0; Rs(t) > a}). We also investigate the
asymptotic behaviour of 05(a) (resp. Rs(t)) as a — oo (resp. t — 00).

Key words : Range Process, Enlargement of filtration, Brownian motion with
drift.
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1 Introduction

1) The range concerning one-dimensional Markov chains or random walks
has been already investigated by [5] and [4]. See for instance [15] for a short
survey. The aim of this paper is to study the range of a Brownian motion
with drift; this process being the prototype of transient diffusions. The range
(RX)(t); t > 0) associated with a continuous process (X ; t > 0) is the process :

RX ()= sup (X, —X,)= sup X, — inf X, (1.1)

0<u,v<t 0<u<t O<u<t

When (X;) is a one-dimensional Brownian motion started at 0, Feller [4] has
computed the density function of RX)(t), using the fact that the joint distribu-

tion of sup X, and 1nf< tX“ is explicitly known. Unfortunately the result is
0<u<t <

expressed as the sum of a series, and the result cannot be generalized to diffu-
sions since the joint distribution of the maximum and the minimum is in general
unknown.
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To go further we observe that ¢ — R(X)(t) is a non-decreasing, continuous
function starting at 0. Therefore we can define its right continuous inverse :

0¥ (a) = inf {t > 0; R (1) > a} . (1.2)
Formally it is equivalent to deal with (0¢X)(a); a > 0) either (R(X)(¢);t > 0),

since we have {R(X)(t) < a} = {Q(X)(a) > t} . (1.3)

It is actually more convenient to work with (#X)(a); a > 0). For instance,
if (X;) is a Brownian motion, then for any a > 0, the Laplace transform of
the r.v. #%)(a) can be computed, see [7], [13]. Moreover (#4X)(a); a > 0) has
independent increments.

Assume that (X;) is a diffusion process and for simplicity Xy = 0. It is proved
(Theorem 4, [13]) that the process (X0 < t < 6X)(Ua)) is distributed as
(X0 <t <TX(aU)ATX) (a(U 1)), where a > 0, T (c) is the first hitting
time of level ¢, and U denotes a r.v. uniformly distributed on [0, 1], independent
of the underlying process (X;). This property has been generalized by [11].
The Laplace transform of 7 (c) A TX)(d) can be expressed besides through
eigenfunctions associated with the generator of (X;). Consequently previous
result gives an analytic expression for the Laplace transform of 6(*)(a).

2) Let (B(t); t > 0) be a one-dimensional Brownian motion started at 0,
and (S;; t > 0) its unilateral maximum : S; = supy<,<; B(u). The process
(S;;t > 0) gives rise to an excursion theory. More precisely it can be pro-
ved (see for instance [10], Chap. XII, section 2.) that the family of processes
{(z=BIT®(z_)+1);0<t < TP (z) - TPB)(z_)) ;2 > 0} is Poisson point
process whose characteristic measure is explicit.

It seems natural to ask for a similar question replacing the one-sided maximum
by the range. Results in this direction has been obtained in [6], [8] and [14]. In
these decompositions, the fact that the Brownian motion is recurrent plays a
crucial role. We shall be a little bit more precise below. This leads naturally to
investigate the case of transient diffusions. To obtain explicit results, we restrict
our attention to the case of Brownian motion with drift.

Let (Bs(t); t > 0) be the Brownian motion with drift ¢ : Bs(t) = B(t) +
dt. For simplicity, we note (Rs(t);t > 0) the range of (Bs(t)) instead of
(R (t); 1> 0)

Rs(t) = sup (Bs(s) — Bs(u)) = sup Bs(s) — inf Bs(s). (1.4)
0<s,u<t 0<s<t 0<s<t
The right continuous inverse of (Rs(t); t > 0) is noted (0s5(a); a > 0) :
O5(a) =inf {t > 0; Rs(t) > a}. (1.5)

3) Let us explain why the transient case is drastically different from the
recurrent case. Let Y5 be the random set :

Ys ={a>0; Bs(0s(a))Bs(0s(a—)) < 0} (1.6)
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where 05(a—) is the left limit of 65 at a.

When 6 = 0, for any a > 0, the two sets X N (0,a] and X N [a, +00) are
infinite. This generates a difficulty to enumerate the points in ¥y. However
a decomposition of the Brownian path (By(t); ¢ > 0) has been given [8, 14]
through Xy, and three dimensional Bessel processes.

Suppose § > 0. Since Bj(t) drifts to infinity, as t — +oo, for any a > 0 the
random set 35 N [a, +00) is finite and enables an explicit description of ¥s. Let
us first introduce the minimum —S; of (B;(t); t > 0), and p; the last time such
that Bs(p1) = —S1. Secondly let Se be the maximum of Bs(t), ¢ running over
[0, p1], and py be the last time in [0, p1] such that Bs(p2) = S2, and so on, see
(2.1) for details. Then

S5 = {An;n>1} (1.7)

where A, = S, + Sn11-

We compute the density function of (Sy,- -, S,) in Proposition 2.1. We also
obtain an enlighted description of the law of (A1, -, A,) (cf Theorem 2.2). Let
¢ : R — (—00,1) be the function :

P(z) = el if x#£0, and (0)=0. (1.8)

et —1

Then ¢ is one-to-one from R to (—oo,1) and :

P(=204,) Y((=1)"1204,)

(1/}(25A1),w( 25A1);..~7w((_l)n+12514n_1)

) LU, U, Uy (19)

where Uy, -+, U, are i.i.d. r.v.’s, uniformly distributed on [0, 1].

We are also able to determine the law of the sequence of processes (|Bs(t +
pn) — Bs(pn)|; 0 <t < pp_1 — pn)n>2. The result being technical, we do not
state it in the Introduction. A complete formulation can be found in Theorem
2.4. We would like to note that three dimensional Bessel processes coming from
the decomposition of the Brownian motion have to be replaced by non negative
diffusions distributed as the process Z(®) where

ZO(t) = B, + (5/t coth(629)(s)) ds. (1.10)
0

Heuristically, (Z(®(t); t > 0) is the process (Bs(t); t > 0) conditioned to be
positive, see [17]. Taking formally the limit 6 — 0 in (1.10), we recover the
three-dimensional Bessel process started at 0.

4) In Section 4, we focus on the law of Rs(t) (resp. 05(a)) where t > 0 (resp.
a > 0) is fixed. We compute the two distribution functions of Rs(t) and 05(a). We
partially recover the result of [2]. A path decomposition of (Bs(t); 0 < t < 65(a))
(Proposition 4.1) allows us to determine the Laplace transform of 65(a). Then,
by a straightforward approach, it is easy to obtain the asymptotic behaviour of
0s5(a), a — +00. We prove two limit results : the first one looks like a Law of
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Large Numbers and the second one is similar to the Central Limit Theorem.
More precisely :

9‘52“) o %, (1.11)
\/&(a‘sia) —i) L N(0,1/8), (1.12)

where N (0, 1/ 53) denote the Gaussian distribution with 0-mean and variance

1/83.

2 Notations and main results

We keep the notations introduced in the Introduction. In particular (Bys(¢); t >
0) is a Brownian motion with constant drift +¢ starting at 0. Throughout this
paper, we suppose that § > 0.

Let —S; denote the absolute (random) minimum of (Bs(t); t > 0) and p; the
last (random) time when it is reached. The decomposition of the Brownian path
t — Bs(t) may be continued by induction on k > 2, as follows :

Sk = sup  (—1)Bs(t),
te[ovpkfl] & (21)
pre = sup{t €0, pr_1] , Bs(t) = (—1)" S}

Note that if we set py = 0o, then relations (2.1) are still valid for k£ = 1.

Since Bs(t) goes to 400, as t — oo, and t — Bs(t) is a continuous function,
then the random times (pg)r>1 are well defined. This does not mean that {t €
[0, pr—1]; Bs(t) = (—=1)" S} } is reduced to the singleton {py}. We actually prove
that this property holds.

We start with the law of (Sy,---,Sk); k> 1.

Proposition 2.1 Suppose 6 > 0. Let (Sg ; k > 1) be defined by (2.1). Then

1. The law of S1 is exponential of parameter 20
(i.e. with density function 26e=29%1 1,50y ).

2. Conditionally to {S1 = x1}, So has density function :

1

e’ sh(bay) —5———
b))

Tiz>0}- (2.2)

3. For every k > 3, conditionally to {S1 = x1,...,Sk—1 = Tk—1}, Sk has
density function :
shdzp_1 Sh5($k_1 +l’k_2) 1
shdry_o sh? 0(xp—1 +x)

Lio<o<ay o}
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Proof The proof of Proposition 2.1 is postponed in Section 3. O

Note that zy + x_1 appears in the conditional density function of Sj. This
leads us to introduce

Ay =Sk + Sk+1 ;3 k>1. (23)
(Ag)rk>1 is the sequence of maximal ranges associated with (Bs(t); ¢ > 0).

Theorem 2.2 Suppose § > 0. Then
1. (Ay, -+, An) has a density function given by

s n—1 e(—l)kéak e(—l)”Zéan — 14+ (_1)n+126an
{0<an<--<ai}- (2.4)

2 ] sh(day) sh? da,,

2. Let : ¢ : R — (—o00,1)

e —1—zx

1 i x#£0 and ¥(0)=0.

P(z) =

¥ is one-to-one from R to (—oo,1) and we have
(

¥(—25A) Y((=D)"1204,)
<1/)(2(5A1), 1/}(—2(5141) ) w((_1)7L+125An_1)

>1(U17U23"'7Un)

(2.5)
where Uy, -+ Uy, are i.i.d. r.v.’s, uniformly distributed on [0, 1].

Proof The proof is postponed in Section 3 O

Remark 2.3 1) Recall that X5 is defined by (1.6). In [14], it is proved
that if § = 0, then Xy is a one-dimensional Poisson point process (P.p.p.) with
characteristic measure v(da) = %]l{a>0}da. Concerning P.p.p. we refer to [10]
(chapter XII).

If § > 0, we claim that X5 is not a P.p.p.. Using (2.5), by tedious calculations
we prove

E g f(An) | = 52/ f(x)———d=, 2.6
"1 (An) 0 ( )Sh2(5x) (2:6)
for any positive Borel function f.

Suppose that X is a P.p.p. with characteristic measure vs, (2.6) implies that :

52
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A straightforward calculation gives :
vs ([b, +00)) = dbcoth(éb) — log(sh(b)) —log2 , b > 0. (2.8)

Consequently, N = Z 1{a, by is a Poisson random variable with parameter
n>1
Vs ([b, +OO))

But n — A, is a decreasing sequence, then
P(N =0) =P(4; < b) = ¥(24d).
This generates a contradiction since

P(N = 0) = exp(—vs([b, +00))) # ¥(26D).

2) Due to (2.4), it is easy to check that (Agy,—1, A2,;n > 1) is a Markov chain,
which takes its values in {(J:,y) ER%0<y < x}, with transition probability
density function :

462 1 ey
P ((u,v); (z,y)) = W (260) €200 — 1 20y — 1\11(25y)]l{0<y<x<v}~ (2.9)

Note that this quantity does not depend on w.

3) If we set
X =9 (1) A) s n > 1,

then (X, ;n > 1) is a Markov chain on (—oo, 1), with initial distribution the
uniform distribution on [0, 1], with transition probability kernel :

K(z, f) = E [f(Ud(~y ™ (2)))] (2.10)

where U denotes a r.v. uniformly distributed in [0, 1].

We now give the law of the sequence of processes ((Bs(t + pr) — Bs(pr); t €
[0, p—1 — px]))k>1. The result makes use of the process Z(®) defined by (1.10).

Theorem 2.4 Let 6 >0 and k > 2.

Conditionally to S1 = x1,...,S = xk,

1) (Bs(t); 0 <t <pg), (Bs(t+p1)—Bs(p1) ; t > 0), (Bs(t+p2) — Bs(p2) ; 0 <
t<p1—p2), .., (Bs(t+ px) — Bs(pr); 0 <t < px—1— pi) are independent ;

2) (Bs(t); 0 < t < pg) has the law of Brownian motion with drift (—1)*¢
stopped at the first hitting time of level (—1)Fxy, and conditioned not to hit
(—1)k+1$k,1 :

3) For any 2 <1 < k, (|Bs(t+ p1) — Bs(pi)|; 0 <t < pi—1 — p1) is a process
with the same law as Z®) stopped at the first moment it reaches the level
T+ x—1.
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3 Proofs of Theorems 2.2, 2.4 and Proposition 2.1

We keep the notations introduced in Sections 1 and 2.

3.1 Proof of Theorem 2.2

1) Formula (2.4) is a direct consequence of Proposition 2.1. Indeed, let F' be
a test function. We have :

E[F(A1,...,A)] = E[F(S1+ S2,...,50 + Sny1)]
—dx1 h
:/ F(x +x2,...,xn+xnﬂ)25n+1 7'16 shdx,
o [Tizy sho(@pqr + o)
1

X ml{zlszzmzo}1{122142..420}615(}1 . d$n+1.

We use the following change of variables :

ry = 1
moT o (3.1)
an = Tn + -Tn+1.
Then,
Tk — Thto = ap—ak41; 1 <k<n-—-1
= at (-1
Tnp1 = Gp— (+ (=1)""ay)
where a = Up_1 _an72+,,.+(_1)na1.
Consequently,
20"
E[F(Aly,An)]:/ F(ah...,an) P 5
! k=1 Sh(&lk)) sh” da,
XH{O <ap<tp1<---< al}f(a)dal ...day,,
where
(oo}
I(Oé) = / 66_6-'1"1 sh 6(04 + (_1)n+1x1)1{0§a+(—1)"+1$1§an} dxy.
0

Suppose for instance that n is even. Setting y = a — z1 in order to obtain

Ia) = e_éaé/ne‘syshéydy
0

eféa

= (625‘1" —-1- 25an) .
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Then (2.4) follows immediately.
2) The density function hy of A; is

)
2sh? 5z

hy(x) = (727 — 14 26x). (3.2)

Let H; denote the distribution function of A;

i) = [ h)dy, (33)
0
We have v 1o
e — 1 =2y e’ —2x
——dy = — —142x). 4
/0 2y dy e (e + 2z) (3.4)
Consequently
H(z) = ¢(20x). (3.5)
So 1
a L1

where U is a uniform random variable on [0, 1].
We compute now the density héx) of Ay conditionally to A; = x.
h(z)( ) = gewy —1—25y e 0" 1 2sh? o 1
2 W=y sh? 6y shox (0SVseh ™5 o=25c | 1 26z

e 9%shdr e —1— 20y
e—20r _ 14 20z sh2 6y

Lio<y<a}- (3.7)

Let Hz(w) denote the associated distribution function

H (y) =

—dox ho Y 25t_1_26t
c_ Suov / ¢ dt. (3.8)
0

e~207 — 1420 sh? 6t
Relation (3.4) implies that :

e~ % gh ety

x) — —20y
;") e=20z — 14 26z shdy (c 1+ 2dy)
_ 9(=20y)
(—26x)
So, we have proved that <1/)(25A1)7 m) is distributed as (U1, Uz), where
—20A

Uy and U, are two independent r.v.’s, uniformly distributed on [0, 1].

Reasoning by induction, identity (2.5) can be proved by the same way via (2.4).
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3.2 Proofs of Theorem 2.4 and Proposition 2.1

In our approach, Theorem 2.4 and Proposition 2.1 are a direct consequence
of Proposition 3.2 stated below. Therefore, we first focus on this key result, and
we prove Theorem 2.4 and Proposition 2.1 at the end of this subsection.

The description of the laws of (Bs(t); 0 <t < py) and (Bs(t) — Bs(p1); t >
p1) is given by the well-known theorem of Williams [17].

Proposition 3.1 ([17])

1) The law of Sy is exponential with parameter 2§ (i.e. its density function is
266_26r]l{$20}).

2) Conditionally to S1 = x1,
a. (Bs(t); t < p1) and (Bs(t+p1)—Bs(p1) ; t > 0) are independent processes

b. (Bs(t); t < p1) is a process with the same law as a B_s stopped at its
first hitting time of —x1
c. (Bs(t+ p1) — Bs(p1);t>0) is a (positive) process distributed as Z(®).

To obtain the decomposition of the Brownian motion with drift given in Theo-
rem 2.4, Proposition 3.1 leads us to study (B_s(t); 0 <t < T—_(f) conditionally
to max B_;(t) where :

0<t<T=?

T2 =inf{t>0,B_s(t) < —a} ,a>0. (3.9)

Since (—B_s(t); 0 <t < T=?) and (Bs(t); 0 < t < T?) have the same law, it is
equivalent to determine the distribution of (Bs(t); 0 <t < T?) conditionally to

S—— inf Bs(t), 3.10
et Bo) (3.10)

T? being the first hitting time of level a :
T° =inf {t >0, Bs(t) > a} ,a>0.
Let p be the random time :
p = sup{t € [0, T3], Bs(t) = —5}. (3.11)

Time p plays a central role in our approach, as shows the following proposition.

Proposition 3.2 Let S and p be r.v.’s defined by (3.10) and (3.11). Then,
1) S has a density function ¢

o(x) = 6e*shda 5

e 10 3.12
sh”d(x + a) (w20} (3.12)
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2) Conditionally to S = b,
a. (Bs(t); 0 <t < p) and (Bs(t+ p) — Bs(p); 0 <t < TS — p) are inde-
pendent,

b. (Bs(t); 0 <t < p)is a process with the same law as a Brownian motion
with drift —0, stopped at its first hitting time of level —b and conditioned
to stay less than a,

c. (Bs(t+p)— Bs(p); 0<t<TS— p)is a (positive) process distributed as
the process Z©), stopped at its first hitting time of level a + b

Before starting the proof of Proposition 3.2, we would like to explain our
approach.

Let (F:) be the natural filtration generated by (B(¢); ¢ > 0). Unfortunately
the random time p is not stopping time. However p is a last exit time : p =
sup{t € [0,T%); Bs(t) = sup Bs(u)}. This leads us to apply the theory of

0<u<t
enlargement of filtrations (See Protter [9] Ch. VI).

Let (F}) be the smallest right-continuous filtration containing (F;) (i.e. Fx C

FF, for any t > 0) such that p is a (Ff)-stopping time. Let :
Y/ =P(p<tlF), (3.13)
(Y/;t > 0) is the optional projection of (1{,<;;t > 0) (cf [9] p 371).
It is easy to check that (V”; ¢ > 0) is a (F;)-submartingale. Let :
Y/ =M} + AY, (3.14)

be its Doob-Meyer decomposition, where (M/f;t > 0) denotes the martingale
part, (A7;¢ > 0) is a non-decreasing and adapted process such that A = 0. The
processes (Y;”;t > 0) and (A?;¢ > 0) will be given in Lemma 3.3.

To determine the law of (B(;(s); 5 < p), we need the following result.
Let (Ug;t > 0) be a non-negative and (F;)-adapted process then ([9] p 371) :

E[U,] =E [/Ooo UtdAf} . (3.15)

Note that S = —Ogngg(s). Taking Uy = F (Bs(s);s <t) f(— olgrgltB‘s(s))’

where F' and f are measurable and non negative, we get :
(oo}
BIF (B < ) S = | [ P (Ba(eks <05 guin, Bo(s)aaf].
0 <s<

Since (Af;t > 0) is explicitly known, previous identity allows us to determine
the law of (Bg(s); s < p) conditionally to S, see Lemma 3.5.

To obtain the law of (Bs(t + p) — Bs(p); 0 <t < T2 — p), we use ([9] Theorem
18, p 375) the following property :

B(t) = B(t) — x(t) is a (F/) — Brownian motion (3.16)

10
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tAp 1 t 1

X(t):—/ 7pd<B,Mp>s+/ ]l{p<s}—pd<B,Mp>S. (3.17)
0 ]. - Ys 0 Ys

This allows us to prove that (Bs(t + p) — Bs(p); 0 < t < TS — p) solves a

stochastic differential equation of type (1.10).

Lemma 3.3 Let (Y))i>0 be the process defined by (3.13).

1. We have : )
eza&(mTj) _ o 20Bs(tAT?)

2085 (IAT2) _ ,—26a it >0, (3.18)

Yy =
where Bs(t) = — HéE B;(s).

2. (Y)i>0 is a (Fi) sub-martingale with Doob-Meyer decomposition (3.14)

and
826&@/\1‘3) _ e—28a
A = ( — ) (3.19)
t/\Tj 1
Mf = 25A m672636(8) dB(S) (320)

Proof a) Recall a classical result concerning hitting times of Brownian motion
with drift (see for instance Borodin and Salminen [1] formula 2.1.2 p. 295)

e—25z _ 6—2&1

P (T,f < Tlf} Bs(0) =x) = P for x between ¢ and b.  (3.21)

b) Let ¢t > 0 fixed. We have :
Lip<y = Lip<i<rsy + Limg<ny- (3.22)
If t < T2, p <t means that after the time ¢, Bs hits a before —B;(t). Conse-

quently :
020Bs(t) _ ,—25B5(t)

s _
]P)(p <t< Ta |ft) = 625&@) — 672&1 ]].{tST((lS} (323)
Y* denotes the process :
020Bs(t) _ ,—20B5(t)
P _
Ty O fort > 0. (3.24)

Note that }7733 =1, therefore : Y” = lN/t’;\Tg.

11
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¢) We know that e=20Bs(t) = ¢=20B(1)=20t js 5 martingale. So using the classical
rules of stochastic calculus we get :

1

—26B;(t)
B g-20a e_%ae s126dB(t)

ayy
e—20Bs(t) _ 26 (3'25)

© 05680 gy (1),
(626&(15) _ e—25a)2 *5( )

Since the support of the random measure dB; is included in {t > 0; B;(t) =
—B;(t)}, then (3.19) and (3.20) follow immediately. O

The following result will be useful in the proof of Lemma 3.5 below.

Proposition 3.4 Let x > 0 and y > 0. Then (B;s(t); 0 <t < T?) condi-
tioned by {TS < Tfy} is distributed as (B_s(t); 0 < t < T;7%) conditioned by
{1;° <120}

Proof Let F be a test function. We have :
A

E[F (B(t)+dt; 0 <t <T2) TS < T2 ]
1

E {F (B(t) +dt; ,0 <t <Ty) 1{T;§<Tiy}} P(T2 <T°%,)

The r.v. F (B(t) +6t; 0 <t <T2) Lyps s 3 being Frs measurable, and TS <
oo a.s., Girsanov’s theorem and (3.21) imply :

—26x 20y

52 e —e

52 :| 675:1: _ 625y+§m

0 0
= ]E |:F (B(t),OStﬁTz)l{Tg<T9y}exp(75Tm) 1_6259

Replacing § by —d, we obtain similarly

A = E[F(B(t)-6t,0<t<T;°)|T,° <T2)],
62
= E {F (B(t),0 <t <TY) Lizo<ro ) exp(—6B(TY) — QTQ)]
6261 _ 672§y
x 1—e 20y’

eém _ e—25y—5x

52

We are now able to describe the law of (Bs(t);0 <t < p) conditionally to S.

12
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Lemma 3.5 1) The r.v. S has a density function ¢ given by (3.12).

2) Conditionally to S =b, (Bs(t) ; 0 <t < p) is a process with the same law as
a Brownian motion with drift —d, stopped at its first hitting time of level —b
and conditioned to stay less than a.

Proof of Lemma 3.5 1) Let f and F be two non-negative test functions and
A = E[f(S)F(Bs(3),0 < 5 < p)].
We have :

A =E [f(Bs(p)F(Bs(s),0 <5 < p)] .

Setting Uy = f(B;(t))F(Bs(s),0 < s <t), we have : A = E[U,]. Since (Us,t >
0) is a predictable process, property (3.15) implies that :

A:IE[/ UtdAf].
0

T (25B5(1)
f(Bs(t))F(Bs(s),0 <s <t
0

Using (3.19), we obtain

A = 26E dB;s(t)

)626&(26) — ¢—20a —=

In particular, if F' =1, the change of variable : “x = Bs(t)” yields to :

S 62536
E[f(9)] = 2E /0 f(x)m dr|,
(3.26)
e8] 62632
= 20E |:/0 f(x)mp(s Z .’I]) dl‘:| .
As a result
Y e25w -
Hence, S has a density function ¢ and :
e26$ oS}

(3.27) may be written as a linear differential equation with respect to ®(x) =
[.7 ¢(s) ds. Tt is easy to solve explicitly since ®(0) =1 :

o'} 1— 672&1

This implies (3.12).

13
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2) We now study the law of (Bs(t); 0 <t < p). (T?,; = > 0) being the right
continuous inverse of (Bs(t); t > 0), then

6251

A = 25/0 f(z)E [F(Ba(s),() <s< sz)l{T§m<T5}} —25r —g=0a 4

— €

26 /oc f(@)E[F(Bs(s),0<s <T°)|T°, < T}
0

e26$

6 §

/000 f(@)E[F(Bs(s),0 < s <T°)|T°, < T?] p(z) dz.

We now use the result of Proposition 3.4 to obtain the law of (Bs(t); 0 <t < p)
conditionally to S. O

Proof of Proposition 3.2

It remains to determine the law of (Bs(t + p) — Bs(p),0 <t < T? — p) and
to prove that this process is independent of (Bs(t);0 <t < p).

Let (FY),~, denote the smallest filtration including (F}),s, for which p is a
stopping time. p is an honest time since, for any ¢t > 0, on {p < t}, p coincides
with a Fi-measurable r.v. (see [9] p 370) That allows to use (3.16). Combining
(3.17), (3.20) with (3.18), we obtain

thp (e20Bs(s) _ ¢=20ay950—20B5(s)
t) = -— d
x(t) /0 (e=20Bs(s) — 67250,)(625&(5) —o-26a) s

t/\T(f (625&(5) _ 672&1)25672535(5)
+ / ll{p<s} (625&(3) - 6_2535(3))(6255(3:) _ 6—25(1)

ds,

tAp  9§5e—20Bs(s) tAT? 256—29Bs(s)
x(t) = — /0 e—20B5(s) _ ¢—20a ds + /O Lip<s) e20Bs(s) _ o—26B;(s) ds.

Since Bj(s) = S, then for any p < s < T2, we have

(tH+PAT]  —20Bs(s) s
X(t+P)X(P)—25/p mds;OStSTa*P-

Let (W (t)) and (E(t)) be the processes

W(t) = B(t+p)—B(p): t 20, Z(t) = Bs(p+t)—Bs(p) = Bs(p+1)+S5; 0 < t < T —p.

14
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According to (3.16), for any t € [0,T? — p] we have :

t e—20B5(s+p)
W(t) + ot + 2(5/0 T T p— - g ds.
t

W(t)+6 / coth(6Z(s))ds.
0

Z(t)

We know that (B(t)) is a (‘FZ)H)' Brownian motion. Therefore (W (t)) is in-
dependent of FJ. Since S = —Bj;(p) and (Bs(t);0 <t < p) are Fj-measurable,
then (W (t)) is independent of S and (Bs(t);0 < t < p). Furthermore, T2 — p =
inf{t > 0; Z(t) = a + b}, with b = 5. To conclude the proof of Proposition
3.2 (part 1 and 3), we use the fact that stochastic differential equation (1.10)
admits a unique non negative strong solution. We can prove this property with
a similar method as for a Bessel process (we apply Yamada Watanabe Theorem
to the square of Z(®)). O

Remark 3.6 Conditionally to {S < z}, the density of S is :

dshdasho(z+ a) 1
shdz sh? §(z + a)

Lio<z<zy- (3.29)

Formula (3.29) is really a direct consequence of (3.28).

Proofs of Theorem 2.4 and Proposition 2.1

The processes (—Bs(t); t > 0) and (B_s(t); t > 0) have the same law. Conse-

quently Proposition 3.2 admits a version where (Bs(t); 0 <t < T?) (resp. S) is

replaced by (B_;(t); 0 <t < T~°) (resp. sup B_s(t)). Then Theorem 2.4
0<¢<TZ)

and Proposition 2.1 can be proved by induction on k. O

4 First range time, range at a fixed time, asymp-
totic results

In this section, we focus on Bs stopped at its first range time 65(a) defined by
(1.5). The first result concerns the law of (Bs(t); 0 <t < 5(a)). We determine
the joint law of (Bs(t); 0 < t < 05(a)) and (Bs(t + 05(a)) — Bs(05(a)); 0 <
0s5(a) — 05(a)) where

) sup{t < 05(a); Bs(t) ogulggs(a) Bs(u)} if Bs(6s5(a)) >0
fs(a) = (4.1)
sup{t < 0s5(a); Bs(t) = sup Bs(u)} otherwise .
0<u<0s(a)

15
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Proposition 4.1 1. The r.v. Bs(0s5(a)) has density function f :

26 )
fw) = Gmayp(@ — e ) casuc)
20 28a 20u (42)
@@ T osusay:

2. Conditionally to {Bs(05(a)) = u},

a. the processes (Bs(s); 0 < s < 05(a)) and (Bs(s +0s(a)) —u; 0 < s <
0(a) — 05(a)) are independent.

b. (Bs(s); 0 < s < 05(a)) has the same law as a Brownian motion with
drift § stopped at its first hitting time of level u, conditioned by hitting
u before u — sgn(u)a.

¢. (|Bs(s +05(a)) —u|; 0 < s < 0(a) — 05(a)) has the same law as the
process Z0) defined by (1.10), stopped at its first hitting time of level
a.

A similar result was obtained by Vallois [13] when ¢ = 0.

As for the proof of Proposition 3.2, a straightforward approach may be de-
veloped using enlargement of filtrations, since 05(a) is an honest time. More

precisely, the optional projection of (1{9}((1)9}3t > 0) can be decomposed as :

]P (ég(a) S t|.7t> = Mt -+ At,
where (My;t > 0) is a martingale and :

20e7%¢ __ 26
At = 785(1& /\ Q(a)) - m

pra—— Bs(t A 0(a)). (4.3)

The details are left to the reader.

Proposition 4.1 allows us to determine the Laplace transform of 85(a). Let o5(a)
be the stopping time

os(a) = inf {s >0, 2Z9(s) > a} . (4.4)

Proposition 4.2 The Laplace transforms of 05(a), os(a) and 05(a) are gi-
ven by :

E [649;@] _ g (m coth(ay/2) + 62) coth(da) — &

3 V2A + 62
sh(av/2\ + 62)sh(da) )’

16
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E |:67A05(a):| _ \/m sh(5a) (46)
0 sh(av2\ + 62)
E [e=0(@)] = V2X+ 62 | V2 + 62 ch(av2) + 62) ch(da)
a sh?(av/2X + 62) (47
_ 0sh(da)  V2AFS? '
sh(av2X+62)  sh?(av/2\ + 62)
where A > 0.

Remark 4.3 1) In [16], using approximation by random walks, it is pro-

ved :
2

E [05(a)] = % f(5a), (4.8)

where 1
f(z) = —(z —zcothx +1)(z + xcothz —1); 2 > 0. (4.9)
x

Moreover f is decreasing, in particular :

2

a
E[05(a)] < Ebo(a)] = 3 (4.10)
The variance of 0s(a) is computed :
o
Var [f5(a)] = % g1 (60} (60, (4.11)
with
() 3sh?z — a2 () 22 coth? 2 4 4z cothz — 5 — 22 50
o 2se P x? ’
Moreover,
4
Var (65(a)) < Var (6p(a)) = %

2) It is possible to prove Propositions 4.1 and 4.2 using Theorems 2.2, 2.4 and
the identity : Q = Up>o {Pn+1 < ég(a) < pn}, where the sequence (pp)n>0

is defined at the beginning of Section 2. It is however easier and shorter to
prove directly Propositions 4.1 and 4.2.

Proof of Proposition 4.2
We only give the main ideas of the proof, the details being left to the reader.

Let f) be the function :

) sh(zv2X +6%)

;x> 0. 4.12
V2 + 62 sh(dx) * (4.12)

N(z) =

17
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It is easy to check that fy is an eigenfunction of the infinitesimal generator
associated with Z(®) :

% {(z) + 6 coth(6x) fi(x) = Afa(x); > 0. (4.13)

The function fy being locally bounded on [0, +00), then

Eo [exp(—Aas(a))] = ﬁg (4.14)

This proves (4.6).
Recall (cf formulas 2.1.4 and 2.2.4 p. 295 of [1])
h 2 2 h
]E[e—AT5|T5 <T3+a:| _ sh((a+w)v2X +462)  sh(da) )
sh(av2X\ +62)  sh(d(a +u))
sh((a —u)v2A+42)  sh(da)

E [e*ATf T8 < Tg_a] . (4.16)
sh(av2X+62)  sh(d(a —u))
(4.5) is a direct consequence of (3.21) and Proposition 4.1. O

By inversion of the Laplace transform of 05(a), the authors in [2] have com-
puted the probability density function of this r.v.

We develop an alternative approach based on the knowledge (c.f. [1], for-
mula 1.15.8 (1) p. 271) of the joint distribution of (Bj(t), Rs(t)). By tedious
calculations (see Section 5), we determine the probability distribution function
of Rs(t).

Relation (1.3) allows us to obtain the probability distribution function of
0s5(a) and the rate of decay of P(05(a) > t), as t — oo.
Proposition 4.4 Leta >0, t > 0 and Cy = k*n% + a%6%, k € N. Then :
P (Rs(t) < a) = i T e (=G (1 - (—1)kch(5a))
b N P C? P 2a2

E2m?t 44262 &
X (1 + 7 - Ck ) — (—1) aésh(éa)}

474 (1 + ch(da 72 + a?5?

(4.17)

Remark 4.5 1) Formula (4.17) has been obtained in [12], the approach
being different.

2) Taking the a-derivative in (4.17) gives the density function of Rs(t).

18
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3) Relation (1.3) implies that :

P (o Z Ak*m Zex <_;’Z§> {(1_(—1)%}1(5@))

k*m%t  4a%5? i
x(1+ 2z o )(1) a5sh(§a)}.

(4.19)

Again, taking the t-derivative in (4.19), we obtain the density function of
05(a). However that series expension is more complicated than (4.19) (c.f.
also Theorem 9 of [2]) : it is more convenient to use probability distribution

function instead of probability density function.

The law of 0s5(a) or Rs(t) being complicated, it seems natural to consider the
asymptotic behaviour of fs(a) (resp. Rs(t)) when a goes to +00 (resp. t — +00).

Proposition 4.6 The asymptotic comportments of 0s(a) and Rs(t) are gi-

ven by the following convergence results :

0s(a) a.s. }
a a—00 (57
Ré(t) a8, 5
t t—o00
(89 2) 4w,
a a—00

Vi (Rét(t) _ 5) L N(,1).

Proof 1) We first examine (4.20). By (4.7), we have :

E[em305(@)] 2182+ R (oy/2 + ) chis)
e a — )
o sh(ay/2 4 2)

§sh(6a) Ve

2
sh(ay/2 +62)  sh?(ay/2 +62)

(4.20)

(4.21)

(4.22)

(4.23)

(643 +o( ))ch(6a+ +0(1)) ch(da)

a0+ +0(s
E e "] = <+5:— <)> n2(da + 2 + o(1))

§sh(da) . S+ 2 +o0() ]

Csh(ba+ 2 +o(1)) | sh®(ba+ 2 + o(1))

19
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The limit of the two first terms in the bracket is easy to determine :

sh(da) e — g0 .
= —_—

sh(da + 2 +o0(1))  eda+3+ol) _ g=da—3+o(1) a—oo

>

)

ch(da + 3 + o(1)) ch(da)
2 Y o€
sh”(da + 5 +0o(1))  a—oo
As for the third term, it may be neglected (being equivalent to 44 exp(—2da)).

A
)

Hence 0s5(a)/a converges in distribution to the constant 1/6. This implies
that 6s(a)/a converges in probability to 1/4. Since (Rs(t); t > 0) is the right
continuous inverse of (05(a); a > 0), Rs(t)/t converges in probability to 4.

(Rs(t); t > 0) is a subadditive process (cf [3], example 6.2 p.320, in the discrete
case). The subadditive ergodic theorem implies that Rs(t)/t converges a.s., as
t — oo. As a result, Rs(t)/t converges a.s. towards ¢ when t — oo.

2) To prove (4.22), we use the characteristic function of #s(a). This function
can be explicitly determined through (4.7) and analytic continuation argument.
In the discrete case (cf proof of Theorem 20 of [15]) a detailed approach is
developed.

3) We claim that (R%(t) - 5) \/t converges in distribution to A/(0,1) when t —
+00.
Let a > 0 and ¢ > 0 such that av/t + 6t > 0. We have :

p:P<<R§t(t)—5)\/i<a) =P (Rs(t) < s),

where s = av/t + 6t.
Property (1.3) implies that

p=P (st >0 =F (P2 - 1) v =),

where )
t a
un) = (5-3)vi-———=
5 5\/@
Since t — +oo implies s — 400, and u(t) N —6;%, (4.23) follows immedia-
tely. O

5 Proof of Proposition 4.4

In order to calculate the probability distribution function of Rs(a), we per-
form the following calculations. Beginning with the formula 1.15.8 (1) p. 271

20
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of [1] :

0%
P(Rs(t) <a) = e 2 Z:uka
keZ
with
a _ 2
i, = / (2k 1 2 |Z‘)t(|z| + %a)) exp (5z - (|z|+2t2’m)) dz.

Recalling the Poisson formula

(7 + 2ky)? ) 1 < k2nm? ) <zk7rx>
— | == e — t)e . (01
\/271' ,% < 2t 2yz AT ) TPy o4

keZ

Let us compute the y-derivative and the x-derivative :

mk% x+2ky)eXp( W%y) Zexp( K27 2)

keZ 5.9
tkmx 1 E2n%t  dkmx (5:2)
X exp S gt )
Yy Yy Yy Yy
1 x + 2ky (z + 2ky)? 1 k22
2\ )l ) Ty eyt
2rt ez Y kez Yy (5.3)
(ikwx) ik
X exp —_
Y Y

Replacing x with |z| and y with a in % x (5.3) + (1 = §) x (5.1), we obtain
(|2 + Qka k2ﬂ'2t
(2k+1)e —_—
ek e - =5 e (-

ikm|z| zlmrt |z| — a
X exp . RS M .

Replacing x With |z| and y with a in —(y—z) x (5.2) and adding (5.4), we obtain

\/7 Zuk = Zlk, where

keZ kEZ

s k2m2t ikm|z|
I, = e’“exp | — 942 exp —a
" _zkﬂ't + (2] - a) ikm|z| k272t d (5.5)
a? a3 at =

(5.4)
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Let us introduce :

B N ikmz B a koo
Ci(0) = /0 exp(6z+ . )dz_a5+ik7r [(—1)*e 1], 5
@ tkmz a? a?(1 — (—1)ked?)
Cs(0) = — ) dz =
0) /o(z a)eXp(Z+ a ) R R P
C3(0) = z(z — a) exp <5z + tkmz dz
O ai
o ad (T4 (=D)Fe™) 203 ((—1)Fe?* — 1)
B (ab + ikn)? (a6 + ikm)®
Consequently,
k2m?t ikt k2m?t
I exp (2”2 ) = —ZZL(C1(6) + O (=6)) — L (Ca(6) + Ca(—0)
a a a
ik
705 (C4(8) + Ca(=0)). (5.6)

Ay
Ay
A3

Ay
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Ag

We decompose C;(6) + C;(—6), 1 <13 < 3, as follows :

C1(8) +C1(=8) = —ad;+ (—1)*A,,
CQ((S) + Cg(—é) = a2A1 + a2A3 — (—1)ka2A47
03(5) + 03(—5> = —a3A3 — (—1)ka3A4 — 2a3A5 + (—1)’“2a3A6,

where we have set :

1 1 —2ikm

da + ikm + —d0a + ik - Ch
e n e% 2sh(da)ad — 2 ch(da)ikm
oa+ikm  —da+ ik Ch
1 n 1 _ 2(a?0? — k?7?)
(da +ikm)2 ~ (—6a +ikm)2 C?

eéa e—&a

(da + ikm)? + (=da + ikm)?
2ch(da)(a?6? — k?7?) — 4iadkm sh(da)

C2
k
1 n 1 B —68%aikm + 2ik373
(da +ikm)3 ~ (—6a +ikm)3 C3
eéa e—&a

Ga+ikn) | (Soatikn)®
(26%a3 — 6k2w26a) sh(da) + i(—65%a%km + 2k373) ch(da)
Ci

22
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Coming back to (5.4), we easily obtain successively :

k2712t> ikmt kw2t R 1kt
2

k2 2t k2 2t
- ( z +Zk’/T) A3+(—1)k " —ik’ﬂ') A4
a a
—2ikmAs + (—1)F2ikm Ag

272
= Re (Ik exp Z;t
o 2k*m%t (1) 2k*7%t ch(da) B (a?0% — k2n?) k22t
T Cra? Cra? C§2a2
 2¢h(0a)(a?6? — K*r?)k*m2t — 4k*m*a®6 sh(da)
(=1) C’Ea2

44t — 12k% 720262

3
(125§a2k27r2 — 4k*7*) ch(da)
ay

+(=1)k

In particular :

k22t k272 )
) = e (1)

(Ix 4 I-y) exp (
y <4t(k27r2 + 42%a?) 4(a252 — k2n2)t

a? a?

Ck

k2m?

5—ad sh(da).
k

8k2m? — 244282 >
+—

—(—1)*8 =

This achieves the proof of Proposition 4.4.
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