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We study the viscoelastic properties of a film of n layers of spherical molecules confined between
two walls. We find that the dynamic response arises from two competing contributions: the effective
stiffness of n+1 springs in series and softening due to strain fluctuations. In particular, the latter are
of the origin of the oscillatory behavior of stiffness and damping coefficient. Dissipation is strongest
at the minima of the stiffness; the inverse behavior may occur for a modulated relaxation time. As
a corollary we show that confined molecular layers cannot be described as Maxwell fluids.

I. INTRODUCTION

Molecular liquids confined at a nanometer scale un-
dergo striking structural changes. Their viscoelastic prop-
erties differ significantly from those of the bulk and can-
not be understood in terms of continuum fluid mechanics
[1]. Surface-force apparatus (SFA) and atomic-force mi-
croscopy (AFM) studies on molecular liquids report os-
cillatory solvation forces and give evidence for the layered
structure of the film [2—6], in agreement with numerical
simulations of the molecular dynamics [7]. When reduc-
ing its thickness L one observes a sequence of solid-like
states, which are separated by rather unstable configura-
tions related to the expulsion of a molecular layer. These
alternating states explain the periodic modulation of the
elastic properties: The maximum stiffness occurs for the
commensurate case with the film thickness corresponding
to an integer number of molecular layers [8—19].

A more complex picture, however, emerges regarding
the modulation of the viscous forces exerted by a con-
fined film on a vibrating AFM tip. Experimental findings
of different groups disagree on whether or not the dissi-
pative response shows an oscillatory behavior as the film
thickness is reduced. Several studies on water [10—12], oc-
tamethyltetracyclosiloxane (OMTCS) [13, 14], and dode-
canol [17] reported a modulation of viscoelastic response,
with a period corresponding to the molecular size; the
maxima of stiffness and dissipation may coincide, or be
shifted by half a period. These discrepancies have been
related to a cross-over from liquid to solid behavior due
to “jamming” [13], or could partly be due to the complex
data analysis [15, 16]. Very recent experiments confirm
the oscillations of the damping coefficient: For a small
AMF tip, its maxima coincide with minimum stiffness
[18]; a more complex situation occurs for a larger tip
with a rough surface [19].

In the present Letter we derive the viscoelastic lin-
ear response function. The free energy of n layers is
calculated in harmonic approximation for the molecular
interactions; local fluctuations are included in a grand-
canonical approach with variable n. The dynamic stiff-
ness and damping coefficient are obtained from Kubo’s
complex response function in relaxation time approxi-
mation. Configurational fluctuations in the intermediate
states are shown to play a central role for the oscillatory
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FIG. 1: Schematic view of the confinement-induced ordering
of a liquid film. The ordered domain is indicated by darker
beads; its area A ≈ aR is given by the curvature radius R of
the AFM tip and the molecular radius a.

behavior observed in experiments.

II. DYNAMIC RESPONSE

The thermodynamic potential Ω of a confined molec-
ular liquid depends on the film thickness L. For thick
films the solvation force

F = −dΩ/dL (1)

is constant and simply related to the hydrostatic pres-
sure. Structuration effects in nanoscale films, however,
lead to an oscillatory behavior of both the force F and
the static stiffness

K0 =
d2Ω

dL2
. (2)

Viscoelastic properties are obtained from the dynamic
response function

φ(t− t′) = 〈{F (t), F (t′)}〉 , (3)

which is given by the Poisson brackets of the fluctuat-
ing part of the solvation force [20]. The time dependent
force F (t) is realized by vibrating an AFM tip at fre-
quency ω and amplitude A, as illustrated in Fig. 1. The
linear response approximation is justified if A is signif-
icantly smaller than the molecular size. The real parts
of the Fourier transform φ(ω) = φ′(ω) + φ′′(ω) gives the
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dynamic contribution to the film stiffness

K(ω) = K0 + φ
′(ω), (4)

whereas the imaginary part is related to the damping
coefficient,

γ =
φ′′(ω)

ω
. (5)

Experimentally these quantities are extracted from the
measured frequency shift and the attenuation of the vi-
bration of the AFM tip.
In the following we evaluate the grand potential Ω in

terms of the n-layer free energy in harmonic approxi-
mation. Since we are mainly interested in structuration
effects, we consider the response function φ due to local
fluctuations of the number of layers n.

III. HARMONIC APPROXIMATION

As suggested by the force experiments and confirmed
by numerical work [7], the molecules in a confined film
arrange in a regular array, as illustrated in Fig. 1. We
start from a close packed structure [21] of n layers par-
allel to the confining walls; other symmetries may occur
[22—25] but would not change the essential aspects. The
potential energy of the ordered domain then reads

E =
∑

〈i,j〉

v(rij) +
∑

〈i,w〉

v0 (riw) , (6)

where the first sum runs over 12 nearest neighbors.
The second term accounts for the interaction of the
upper and lower layers with the molecules of the con-
fining walls. Expanding the molecular Lennard-Jones
potentials to quadratic order in the distance, we have
v(r) = 1

2k (r − a)
2. A similar expression with a constant

k0 arises for the interaction v0 with the confining walls.
Elastic theory for an infinite system usually relies on

the strain tensor εαβ which is defined by deformation of
the distance vector rij with respect to that of the perfect
lattice [21]. In the present case the strain arises from
the boundary conditions imposed by the confining walls.
The vertical mismatch with respect to the thickness of n
unstrained layers reads as

ℓn = L− nã, ã =

√
2

3
a, (7)

where ã is the effective spacing in a cubic crystal and
where we have discarded an irrelevant constant due to
the boundary layers. The mismatch is related to the
diagonal strain element through ℓn = εxxnã.
Expanding (6) in powers of the vertical deviations x̂i

from the equilibrium position of molecule i, we obtain

E =
1

2

∑

〈i,j〉

kij(x̂i − x̂j)2.

The kij are finite for nearest neighbors only and take
the values 23k and

2
3k0. As a consequence, the canonical

partition function of a n-layer configuration reduces to a
Gaussian form. Summing over the 3 neighbors in each
adjacent layer and integrating over the x̂i, one obtains
the canonical free energy

Ωn/N =
kn
2
ℓ2n +

1

2
kBT ln ñ. (8)

where N is the number of molecules per layer.
The first term is the elastic energy, which depends on

the square of the vertical mismatch ℓn and the effective
stiffness

kn =
2k

ñ
, ñ = (n− 1) + 2k

k0
. (9)

The physical origin of kn becomes obvious when writing
2/kn = (n − 1)/k + 2/k0: For n molecular layers, there
are n− 1 inter-layer couplings and the interaction of the
outer layers with the solid boundaries. The case n = 1
describes a single layer coupled to both confining walls.
For a few layers, the overall stiffness kn is determined by
the softer of the springs. We use k0 = k throughout this
paper. Yet note that a strong coupling to the confining
walls would tightly bind the outer molecular layers to the
surfaces, whereas the opposite case (k0 ≪ k) leads to a
more complex alteration of the elastic response.
In Fig. 2 we plot Ωn as a function of the spacing L

for several values of n. The elastic energy results in a
parabola centered at ℓn = 0, with a constant given by
the second term in Eq. (8). If the vertical mismatch is
much smaller than the molecular size, |ℓn| ≪ ã, adding
or subtracting a layer would cost a considerable amount
of energy; thus the n-layer configuration is stable. A
different situation arises if the values of the free energy
corresponding to n and n + 1 are comparable. In terms
of the mismatch this means ℓn ≈ −ℓn+1. Then there are
local fluctuations of small groups of particles between
configurations n and n + 1, as illustrated in Fig. 2 for
n = 3. The resulting grandcanonical potential

Ω = −NkBT ln
∑

n

e−Ωn/NkBT (10)

is minimum for stable configurations and maximum at
the intermediate states. This form is obtained under the
assumption that the film is drained bead by bead through
independent relaxation processes. If, on the contrary, a
layer of N molecules was expelled as a whole, one would
have to suppress both factors N occurring in (10).
The number of molecules in one ordered layer is given

by the ratio N = A/A1 of the domain size A and the

area per molecule A1 = ã2
√
3/4 [21]. In order to obtain

an estimate for the former, we note that the spacing h
between tip and solid support varies as h = L + R −√
R2 − r2, where r is the lateral distance from the tip
axis. Existence of an ordered state requires that h − L
be small as compared to the molcular size; neglecting a
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FIG. 2: Grand potential Ω and canonical excess free energies
Ωn in units of kBT . Minima of Ω correspond to stable ordered
configurations where the film thickness L is close to a multiple
integer of ã. We put k = 0.1 N/m, ã = 0.8 nm, and N =
30. The intermediate states are highly strained and result in
strong fluctuations of the local configuration.

numerical factor we find the domain radius r0 ≈
√
Ra.

Thus the area A ≈ πRa and the corresponding number
of molecules

N ≈ πR/a
increase linearly with the tip radius, and so does the free
energy (8).
When varying the film thickness L, the grand potential

Ω oscillates with period ã, and so do its derivatives. We
start with the solvation force (2) exerted by the film on
the walls. Taking the derivative, one finds F as the mean
of the force in an n-layer configuration,

F/N = 〈fn〉 , fn = −knℓn, (11)

where the average over the number of layers reads explic-
itly

〈...〉 =
∑

n

(...) e(Ω−Ωn)/NkBT .

(Here and in the following, we consider the force per
molecule in one layer, F/N , which is identical to the dis-
joining pressure multiplied with the area per molecule.)
From the curve Ω in Fig. 2 it is clear that its slope F

oscillates as a function of L, in perfect agreement with
various measurements on molecular liquids in the range
n = 2...7. The envelope function decreases exponentially,
F ∼ e−L/ξ; for large stiffness the characteristic length
ξ is proportional to k. The oscillatory solvation force
has been reproduced by density-functional theory hard-
sphere systems [26]. The overall picture is confirmed by
the accord of experimental and numerical studies of the
drainage kinetics [28—30].

IV. THE ROLE OF FLUCTUATIONS

At maximum mismatch, two adjacent states of similar
free energies Ωn ≈ Ωn+1 are equally probable, and the

resulting fluctuations strongly affect the elastic response
of the film. The underlying mechanism is best exposed in
terms of the stiffness, or static susceptibility (3). From
the grand potential one readily calculates

K0
N
= 〈kn〉 −

δf2

kBT
. (12)

These two contributions are of rather different physical
origin. The first one is given the mean stiffness 〈kn〉; it
decreases monotonously with the inverse film thickness,
as is clear from (9). The second one arises from the fluc-
tuations of the solvation force,

δf2 =
〈
f2n
〉
− 〈fn〉2 . (13)

If n layers correspond to optimal filling ℓn ≈ 0, adding
or subtracting a layer requires a significant amount of
energy; then the states n ± 1 are hardly occupied, δf2
is small, and the stiffness is positive. If, on the other
hand, the system size L lies between two values of optimal
filling, fluctuations n ⇄ n + 1 are important and soften
the elastic response of the confined liquid such that K0 <
0. The curves labeled∞ and 0 in the upper panel of Fig.
3 correspond to N 〈kn〉 and K0, respectively; they show
that the leading terms of 〈kn〉 and δf2/kBT vary linearly
with the inverse film thickness and cancel each other.
The oscillating behavior of K0 is due to the fluctuations
δf2; the envelope decreases exponentially ∼ e−L/ξ with
ξ ≈ 2ã.
So far we have considered the static response of the

confined film, where the change of the external control
parameter L is much slower than the characteristic time τ
of a configuration change. Dynamic effects are accounted
for by the retarded response

φ(t− t′) = N 〈{fn(t), fn(t′)}〉 , (14)

which is given by the Poisson brackets of the fluctuating
part of the solvation force [20]. When assuming the fluc-
tuations δf2 to occur on a single time scale τ , one has
for its Fourier transform

φ(ω)

N
=
δf2

kBT

iωτ

1 + iωτ
. (15)

The complex susceptibility of a confined film is given
by the sum K0 + φ(ω). Its real part is the frequency-
dependent stiffness K = K0+φ

′, which after rearranging
the fluctuation parts reads as

K(ω)

N
= 〈kn〉 −

δf2

kBT

1

1 + ω2τ2
. (16)

Since at finite frequencies the fluctuation-driven part di-
minishes, the overall stiffness increases with ω, as illus-
trated in the upper panel of Fig. 3. The modulation as a
function of the film thickness is due to the mean square
force δf2.
The quantity K(ω) describes the linear response to a

periodic variation A cos(ωt) of the thickness. In the limit
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FIG. 3: Dynamic stiffness K(ω) and reduced damping co-
efficient γ/τ for different values of ωτ . Increasing ωτ aug-
ments the stiffness but reduces its modulation amplitude. The
damping coefficient γ/τ is maximum in the static limit. The
modulation is entirely due to the force fluctuations of Eq.
(13). Note that damping maxima occur at minimum stiffness.
Parameters are k = 0.06 N/m, ã = 0.8 nm, and N = 30.

of a rapid perturbation (ωτ ≫ 1), where the duration
of one cycle is much shorter than the mean relaxation
time τ , the film does not have the time to adjust its
configuration. Then the stiffness is given by the quasi-
instantaneous response, that is, by the mean spring con-
stant 〈kn〉. In the case ω = 0 the external perturbation is
slow, allowing the system to fully relax; the fluctuations
reduce the stiffness to its static value (12). Note that
the high-frequency response is always positive, whereas
at low ω it may take either sign. The curves for small ωτ
agree rather well with experiment [9—14].
The imaginary part of (15) gives the confinement-

induced damping coefficient γ = φ′′/ω,

γ(ω)

N
=
δf2

kBT

τ

1 + ω2τ2
. (17)

Assuming a constant relaxation time one finds that γ
decreases with increasing frequency. The modulation as
a function of L shown in the lower panel of Fig. 3, is
due to the force fluctuations; damping minima occur at
optimal filling where δf2 is small, and the maxima in the
intermediate states.

V. SHEAR RESPONSE FUNCTION

The present paper deals with motion perpendicular to
the film. Formally our results apply equally well to shear
motion, where the external driving force is parallel to the
solid support. Experimentally this could be realized by
horizontal small-amplitude vibrations of the AFM tip of
Fig. 1. Here we address several aspects that may lead to
important differences in the shear or draining response
function.
The molecular ordering in a thin film is anisotropic.

As shown in Fig. 1, the vertical confinement imposes a
unique mismatch ℓn; the corresponding static stress is ho-
mogeneous throughout the confined volume. This is quite
different in the parallel directions. If the surfaces were
structured with the period corresponding to the molecu-
lar size, they would pin the first liquid layer and result in
an elastic response function similar to (16). Commonly
used materials such as silicates and metal coatings, how-
ever, provide rather flat surfaces; the molecules move
freely along the solid boundaries and thus rapidly relax
upon a static shear. In other words, there is no perma-
nent lateral mismatch between the first and last layer.
As a consequence, the static shear stiffness vanishes, and
the response function consists of the dynamic suseptibil-
ity φS only. Thus the stiffness reduces to the relaxator
contribution

KS(ω)

N
=
δf2S
kBT

ω2τ2S
1 + ω2τ2S

, (18)

whereas the damping coefficient is similar to (17), albeit
with parameters δfS and τS. In particular this results in
a linear frequency dependence of the ratio of elastic and
viscous forces, φ′S/φ

′′
S = ωτS, which is characteristic for

the liquid state [27]. For the force fluctuations and the
relaxation time one expects a behavior similar to that
discussed above for the normal response function.
Many shear studies apply amplitudes well beyond the

molecular size, and thus do not satisfy the limitations
of the linear-response approximation used in the present
work. Similarly, squeezing out successive molecular lay-
ers probes the rheology on large scales [28—30], which
is not directly related to the small-amplitude vibra-
tions. Like any complex many-body system, molecular
films show a broad relaxation spectrum. Each experiment
probes a particular motion, and the resulting time con-
stants may be quite different.

VI. DISCUSSION

The oscillatory behavior of the solvation force is well
established experimentally, and has been related to the
the number of molecular layers in the film [1—7]. The
role of fluctuations is illustrated in Fig. 2; the force F
and stiffness K0 are readily obtained from the local slope
and curvature of the grand potential Ω, according to (1)
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FIG. 4: Damping constant γ for a non-uniform relaxation
time τ = τ0e

EL/kBT , with a modulated activation energy
EL = E0[1+cos(2πL/ã)]ã/L. The curve for E0 = 0 is identi-
cal to those of Fig. 3, with damping maxima in the interme-
diate states. A finite activation energy shifts the oscillations;
for E0 > kBT the maxima of γ occur in the ordered state, in
phase with those of the stiffness. For the sake of clarity, we
have shifted the vertical scale of the upper curves. Parameters
as in Fig. 3 with τ0 = 10µsec and ωτ ≪ 1.

and (2). The situation is less clear regarding structura-
tion effects in the damping constant [8—19]. Depending
on the system parameters, some studies reported oscil-
lations as a function of the film thickness, others didn’t.
Moreover, experiments that did find oscillations, do not
agree whether the damping maxima occur at the max-
ima or the minima of the stiffness. The present work was
largely motivated by this latter question.
According to (16) and (17), elastic and viscous forces

show opposite behavior: The maxima of the stiffness
correspond to minima of the damping function and vice
versa. These oscillations are related to fluctuations of the
number of molecular layers; the fluctuation strength δf2

is largest close at half-integer filling, and almost vanishes
at optimal filling. Since fluctuations weaken the stiff-
ness and enhance dissipation, these quantities show op-

posite behavior as a function of the film thickness. These
features agree with recent experimental findings on an
OMTCS film confined by a AFM tip of radius R = 15
nm [18].

So far our discussion relied on the relaxation time ap-
proximation with constant τ . One should keep in mind
that, due to the broad many-body relaxation spectrum,
the quantity τ in general depends on frequency. More im-
portantly, the relaxation time varies with the film thick-
ness and is largest in the ordered state. This means that
in Eq. (17) the factors δf2 and τ show an opposite os-
cillatory behavior. If the modulation of the relaxation
time dominates, maxima of the damping coefficient oc-
cur in the ordered state where L/ã is an integer. As an
illustration, we compare in Fig. 4 the damping coefficient
for constant τ with that obtained from an Arrhenius type
relaxation time τ = τ0e

EL/kBT , with a modulated activa-
tion energy EL = E0[1+cos(2πL/ã)]ã/L. For E0 = 0 the
damping maxima occur at intermediate states, whereas
a high enough activation energy shifts them to optimal
filling where L ≈ nã. Such a change of the relaxation be-
havior could be related to the size and surface roughness
of the AFM tip as discussed in [19], or to “jamming” at
higher drift velocity of tip [13].

We conclude with a remark on the formal equivalence
of the response function (15) to Maxwell’s relaxation
model for viscoelastic fluids. The present work adds two
features that are essential for confined films: First, the
modulation of the prefactor δf2 is at the orign of the
oscillatory behavior of both elastic and dissipative re-
sponse. Second, the response function contains, beyond
the Maxwell relaxation term φ, a static contribution K0
which completely changes the elastic behavior with re-
spect to a Maxwell fluid. In view of these findings, the
viscoelastic response of molecular layers arise from a sub-
tle interplay of elastic energy and fluctuations.

Helpful discussions with A. Maali are gratefully ac-
knowledged.
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