hal-00281584, version 1 - 23 May 2008

Author manuscript, published in "Asymptotic Analysis 58, 1-2 (2008) 57-125"

SEMICLASSICAL SCATTERING AMPLITUDE AT THE MAXIMUM OF
THE POTENTIAL

IVANA ALEXANDROVA, JEAN-FRANCOIS BONY, AND THIERRY RAMOND

ABSTRACT. We study the scattering amplitude for Schrédinger operators at a critical energy
level, which is a unique non-degenerate maximum of the potential. We do not assume that
the maximum point is non-resonant and use results of [5] to analyze the contributions of
the trapped trajectories. We prove a semiclassical expansion of the scattering amplitude
and compute its leading term. We show that it has different orders of magnitude in specific
regions of phase space. We also prove upper and lower bounds for the resolvent in this
setting.

1. INTRODUCTION

We consider the semiclassical behavior of the scattering amplitude at energy F > 0 for
Schrédinger operators

h2
(1.1) P(x,hD) = —?A + V(x)

where V' is a real valued C'*° function on R", which vanishes at infinity. We suppose that
FE is close to a critical energy level Ey for P, which corresponds to a non-degenerate global
maximum of the potential. Here, we address the case where this maximum is unique.

Let us recall that, if V(x) = O({x)~") for some p > (n + 1)/2, then for any w # 6 € S*~1
and E > 0, the problem
P(z,hD)u = Eu,

ei\/ﬁxﬂ/h

. -
|z|(-D/2 + o(|z|17/2) as & — 400, — =6,

]

has a unique solution in L (R™). The scattering amplitude at energy E for the incoming
direction w and the outgoing direction 6 is the real number A(w, 6, E, h).

u(z,h) = eiV2Ew/h | A(w,0,E,h)

For potentials that are not decaying that fast at infinity, the scattering amplitude cannot
be so easily defined through a stationary approach: If V(z) = O((z)™?) for some p > 1,
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the scattering matrix S(E,h) at energy E can be given in terms of the wave operators (see
Section 4 below). Then, writing
(1.2) S(E,h) = Id — 2inT(E, h),

one can see that 7 (E,h) is a compact operator on L?(S"!), whose kernel 7 (w,0, E,h) is
smooth away from the diagonal in S?~! x S?~!. Then, the scattering amplitude is given for

0 # w, by

1.3 A(w,0,E,h) = c«(EYW" V2T (w,0, E, h),
(1.3)

where

(1.4) (E) = —27(2E)~ " (2m) "7 e 1 T

We proceed here as in [32], where D. Robert and H. Tamura have studied the semiclassical
behavior of the scattering amplitude for short range potentials at a non-trapping energy FE .
An energy FE is said to be non-trapping when K (FE), the trapped set at energy F, is empty.
This trapped set is defined as

(1.5) K(E) = {(x,¢) e p'(E); exp(tHp)(x,&) /> 00 as t — Foo},

where H), is the Hamiltonian vector field associated to the principal symbol p(z,§) = %§2 +
V(z) of the operator P. Notice that the scattering amplitude has been first studied, in the
semiclassical regime, by B. Vainberg [34] and Y. Protas [29] in the case of compactly supported
potential and for non-trapping energies, where they obtained the same type of result.

Under the non-trapping assumption, and some other non-degeneracy condition (in fact our
assumption (A4) below), D. Robert and H. Tamura have shown that the scattering amplitude
has an asymptotic expansion with respect to A. This non-degeneracy assumption implies in
particular that there is a finite number N, of classical trajectories for the Hamiltonian p,
with asymptotic direction w for t — —oo and asymptotic direction 6 as t — +o00. Robert and
Tamura’s result is the following asymptotic expansion for the scattering amplitude:

Noo
(1.6) A(w,0,E,h) => 5NN a0 (w,0, E)R™ + O(h*), h — 0,
j=1 m>0

where 57° is the classical action along the corresponding trajectory. Also, they have computed
the first term in this expansion, showing that it can be given in terms of quantities attached
to the corresponding classical trajectory only.

V. Guillemin [18] has established a similar asymptotic expansion in the setting of smooth
compactly-supported metric perturbations of the Laplacian. For short-range potentials, K.
Yajima has proved in [35] an asymptotic expansion of the form (1.6) of the scattering am-
plitude in the L? sense. Most recently, A. Hassell and J. Wunsch [19] have shown that
the scattering matrix at non-trapping energies on a compact manifold with boundary with
a scattering matric is a Legendrian-Lagrangian distribution associated to the total sojourn
relation.

There is also a small number of results concerning the scattering amplitude when the non-
trapping assumption is not fulfilled. In [26] L. Michel has shown that, if there is no trapped
trajectory with incoming direction w, and 6 is w-regular (see the discussion after (2.7) below),
and if there is a resonance free complex neighborhood of E of size ~ hY for some N € N, then
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A(w, 8, E, h) is still given by (1.6). The potential is also supposed to be analytic in a sector
out of a compact set, and the assumption on the resonance free domain near £ amounts to
an estimate on the boundary values of the meromorphic extension of the truncated resolvent
of the form

(1.7) IX(P — (B £i0))"'x|l = O(h™), x € CF°(R").

Note that, these assumptions allow the existence of a non-empty trapped set.

In [2] and [3], the first author has shown that at non-trapping energies or in Michel’s
setting, the scattering amplitude is an h-Fourier integral operator associated to a natural
scattering relation. These results imply that the scattering amplitude admits an asymptotic
expansion, in the sense of oscillatory integrals, even without the non-degeneracy assumption.
In particular, the expansion (1.6) is recovered under the non-degeneracy assumption.

In [23], A. Lahmar-Benbernou and A. Martinez have computed the scattering amplitude
at energy E ~ Ejy, in the case where the trapped set K(FEj) consists in one single point
corresponding to a local minimum of the potential (a well in the island situation). In that
case, the estimate (1.7) is not true, and their result is obtained through a construction of the
resonant states.

In the present work, we compute the scattering amplitude at energy E ~ Ej in the case
where the trapped set K(Ey) corresponds to the unique global maximum of the potential.
The one-dimensional case has been studied in [30, 14, 15], with specific techniques, and we
consider here the general n > 1 dimensional case.

Notice that J. Sjostrand in [33], and P. Briet, J.-M. Combes and P. Duclos in [7, 8] have
described the resonances close to Ey in the case where V' is analytic in a sector around R".
From their result, it follows that Michel’s assumption on the existence of a not too small
resonance-free neighborhood of Ej is satisfied. However, we show below (see Proposition 2.5)
that for any w € S*!, there is at least one half-trapped trajectory with incoming direction
w, so that Michel’s result never applies here.

Here, we do not assume analyticity for V. We compute the contributions to the scattering
amplitude arising from the classical trajectories reaching the unstable equilibrium point, which
corresponds to the top of the potential barrier. At the quantum level, tunnel effect occurs,
which permits the particle to pass through this point. Our computation here relies heavily
on [5], where a precise description of this phenomena has been obtained. In a forthcoming
paper, we shall show that in this case also, the scattering amplitude is an h-Fourier integral
operator.

This paper is organized in the following way. In Section 2, we describe our assumptions, and
state our main results: a resolvent estimate, and the asymptotic expansion of the scattering
amplitude in the semiclassical regime. Section 3 is devoted to the proof of the resolvent
estimate, from which we deduce in Section 4 estimates similar to those in [32]. In that
section, we also recall briefly the representation formula for the scattering amplitude proved
by H. Isozaki and H. Kitada, and introduce notations from [32]. The computation of the
asymptotic expansion of the scattering amplitude is conducted in sections 5, 6 and 7, following
the classical trajectories. Eventually, we have put in four appendices the proofs of some side
results or technicalities.
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2. ASSUMPTIONS AND MAIN RESULTS

We suppose that the potential V' satisfies the following assumptions

(A1) V is a C* function on R", and, for some p > 1,
0V (x) = O((x)~P~1l).

(A2) V has a non-degenerate maximum point at z = 0, with Ey = V(0) > 0 and
_)\%
V2V (0) = . 0< A << <\
_)\%

(A3) The trapped set at energy Ey is K(Ep) = {(0,0)}.
Notice that the assumptions (A1)—(A3) imply that V' has an absolute global maximum

at x = 0. Indeed, if L = {x # 0; V(z) > Ep} was non empty, the geodesic, for the

Agmon distance (Ey — V(:L’))i_/ ?dx, between 0 and £ would be the projection of a trapped
bicharacteristic (see [1, Theorem 3.7.7]).

As in D. Robert and H. Tamura in [32], one of the key ingredient for the study of the
scattering amplitude is a suitable estimate for the resolvent. Using the ideas in [5, Section 4],
we have obtained the following result, that we think to be of independent interest.

Theorem 2.1. Suppose assumptions (A1), (A2) and (A3) hold, and let o > 3 be a fixed
real number. We have

(2.1) I(P = (E £i0)la,—a S 77| Inhl,

uniformly for |E — Ey| < §, with 6 > 0 small enough. Here ||Q|4,3 denotes the norm of the
bounded operator Q from L*((x)® dx) to L*((x)° dx).

Moreover, we prove in the Appendix B that our estimate is not far from optimal. Indeed,

we have the

Proposition 2.2. Let ¢ € C§°(R") with 1(0) # 0. Under the assumptions (A1) and (A2),
we have

(2.2) I (P — (Bo £40)) 9] 2 A"/ Inhl.

In particular,
(2.3)

for all o > %

(P~ (E£i0)) " la,-a 2 h™'V/|Inhl,

We would like to mention that in the case of a closed hyperbolic orbit, the same upper
bound has been obtained by N. Burq [9] in the analytic category, and in a recent paper [11]
by H. Christianson in the C* setting.

As a matter of fact, in the present setting, S. Nakamura has proved in [28] an O(h™2)
bound for the resolvent. Nakamura’s estimate would be sufficient for our proof of Theorem
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2.6, but it is not sharp enough for the computation of the total scattering cross section along
the lines of D. Robert and H. Tamura in [31]. In that paper, the proof relies on a bound
O(h™1) for the resolvent, but it is easy to see that an estimate like O(h~17¢) for any small
enough ¢ > 0 is sufficient. If we denote

(2.4) o B = [ A6, E,1) s
Sn—l

the total scattering cross-section, and following D. Robert and H. Tamura’s work, our resolvent
estimate gives the

Theorem 2.3. Suppose assumptions (A1), (A2) and (A3) hold, and that p > "t n > 2.
If |E — Ey| < 6 for some ¢ > 0 small enough, then

(25)  o(w, B,h) = 4 /

w

sin? {2—1(2E)—1/2h—1/ V(y—|—Sw)ds}dy—l—@(h_(n_l)/(p_l)),
+ R

Now we state our assumptions concerning the classical trajectories associated with the
Hamiltonian p, that is curves t — (¢, z,§) = exp(tHp)(x,§) for some initial data (z,§) €
T*R™. Let us recall that, thanks to the decay of V at infinity, for given a € S"~! and
z € at ~ R"! (the impact plane), there is a unique bicharacteristic curve

(2'6) ’Yi(t7 z? a’ E) = (xi(t7 Z? a? E)?g:t(t’ Z? a? E))
such that

lim |z4(t,z,a,F) — V2Eat — z| =0,
t—+oo

(2.7)
tlirin €+(t,2,a, E) — V2Ea| = 0.

We shall denote by A, the set of points in T*R" lying on trajectories going to infinity with
direction w as t — —oo, and A; the set of those which lie on trajectories going to infinity
with direction 6 as t — 4o00:

AL = {’y_(t,z,w,Eo) eT*R™; zewt, te R} )
(2.8)

Ay ={v4(t,2,0,Ey) € T*R™; z € 0+, t e R} .

From the discussion of Section 4 one can see that A, and A; are Lagrangian submanifolds
of T*R™.

Under the assumptions (A1), (A2) and (A3) there are only two possible behaviors for
x4 (t,z,a, Ep) as t — Foo: either it escapes to oo, or it goes to 0.

First we state our assumptions for the first kind of trajectories. For these, we also have,
for some (700 (2, w, Ep), &oo(2,w, Ep)),

lim gf(thawaEO) = goo(zawaEO)a
t—-+o0

lim z_(t,z,w, Ey) — &2, w, Eo)t = 7o (2, w, Ep),

t—+o00

(2.9)

and we shall say that the trajectory v_(t, z,w, Ep) has initial direction w and final direction
0 = &oo(z,w, Ep)/v/2Ey. As in [32] we shall make some non-degeneracy assumption on the



hal-00281584, version 1 - 23 May 2008

6 IVANA ALEXANDROVA, JEAN-FRANCOIS BONY, AND THIERRY RAMOND

trajectories with initial direction w. This assumption can be given in terms of the angular
density

(2.10) 0(z) = |det(éo(z,w, E), 0z €oo (2w, Eo)y e ooy Oz 1 €00 (2, w, Ep))|.

Definition 2.4. The outgoing direction § € S*~! is called regular for the incoming direction
w € S" 1 or w-regular, if § # w and, for all 2’ € w' with £ (2',w, Ey) = V/2Eof, the map
w3 2 €o(z,w, FBy) € S*! is non-degenerate at 2/, i.e. 5(2') # 0.

We fix the incoming direction w € S*~!, and we assume that

(A4) Aj NAy is a finite set of Hamiltonian trajectories (75°)1<j<N.. and the direction
6 € S*! is w-regular.

We denote v7°(t) = v>°(t, 27°) = (23°(¢),&;°(t)). Then one can show that A and Aj intersect
transversely along each of these trajectories.

We now turn to trapped bicharacteristics. Let us notice that the linearization F), at (0, 0)
of the Hamilton vector field H), has eigenvalues —\,,...,—A1, A1,..., Ay. Thus (0,0) is a
hyperbolic fixed point for H,, and the Stable Manifold Theorem gives the existence of a
stable incoming Lagrangian manifold A_ and a stable outgoing Lagrangian manifold A
characterized by

(2.11) Ay ={(z,&) € T*R"; exp(tHp)(z,§) — 0 as t — Foo}.

In this paper, we shall describe the contribution to the scattering amplitude of the trapped
trajectories, that is those going from infinity to the fixed point (0,0). We have proved in
Appendix A the following result, which shows that there are always such trajectories.

Proposition 2.5. For every w,f € S*™!, we have
(2.12) AZNA_#0 and AJNAy #0.
We suppose that

o and A_ (resp. an intersect in a finite number N_ (res of bichar-
A5) Aj and A ij d Ay) int t i finit ber N p N4) of bich
acteristic curves, with each intersection transverse.

We denote these curves, respectively,

(2.13) v ity () = (o (), 60 (1), 1<k<N_,
and
(2.14) vttt ) = (2f (1),&f (1), 1<e< Ny,

Here, the 2z, (resp. the zzr) belong to w (resp. 1) and determine the corresponding curve
by (2.7).

We recall from [20, Section 3] (see also [5, Section 5]), that each integral curve v*(t) =
(zF(t),£F(t)) € AL satisfies, in the sense of expandible functions (see Definition 6.1 below),

(2.15) YEE) ~ D A (et as t — oo,
i>1
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where 1 = A1 < pg < ... is the strictly increasing sequence of linear combinations over N of
the \;’s. Here, the functions 'yjj.[ : R — R?" are polynomials, that we write

M’
J

(2.16) Vi) =) At
m=0

Considering the base space projection of these trajectories, we denote

400 MJ,'
(2.17) g;i(t) ~ Zg]i(t)eiﬂjﬂ as t — Foo, g;[(t) = Z g]jfmtm.
j=1 m=0

Let us denote by 7 the (only) integer such that p; = 2A;. We prove in Proposition 6.11
below that if j < 7, then M]’ = 0, or more precisely, that V;E (t) = V;E is a constant vector in

Ker(F, F A\j). We also have Mji <1, and 95, can be computed in terms of g; .

In this paper, we will denote the objects associated to the k-th incoming or ¢-th outgoing
trajectory by attaching z, or ZZ to the notation. Concerning the incoming trajectories, we
shall assume that

(A6) Foreach k€ {1,...,N_}, gy (2,) # 0.

Finally, we state our assumptions for the outgoing trajectories 'yzr CAin A;. First of all,
it is easy to see, using Hartman’s linearization theorem, that, for all £, there always exists
m € N such that g}, (z,) # 0. We let

(2.18) £ =£(0) = min{m; g} (z)) # 0}
be the smallest of these m’s. We know that 11, is one of the \;’s, and that M, = 0.

In [5], we have been able to describe the branching process between an incoming curve
4~ C A_ and an outgoing curve y* C A provided (g;|gi) # O (see the definition for
A4 (p_) before [5, Theorem 2.6]). Here, for the computation of the scattering amplitude,
we can relax this assumption a lot, and analyze the branching in other cases which we now
describe. Let us denote, for a given pair of paths (v~ (z; ), 7" (2/)) in (Ay NA_) x (Af NAY),

219)  Mk=— Y aerv G ey )W ED
U jenizn) A a:
a,B€Za(A1)
and
Milk, )= Y BT () a5y (s + (a0 Do ))°)
an]liI(ih)
(2'20) + Z (91_ (jf_»a (91’—(;'2_))5 Ca,ﬁ,

o,BE€La (A1)
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where
(0% 4)\2 (6%
Cop=—0""V(0)+ > maﬁ V(0)9;0°V (0)
j€I1\Il(2)\1) J 1 J
vy+0) 1
(2.21) - > ( usv) 2T2ajaW(O)aj(951/(()).
J€I1 o J
¥,6€Z2(A1)
y+dé=a+p

Here, we have set Z; = {1,...,n}, that we sometimes identify with {1;,j = 1...n}, 1; =
(0i5)i=1,..n € N® and

(2.22) Tm(u)={B €N, g= g, +-- -+ 1, with A\, ==X, = wh

the set of multi-indices [ of length |3| = m with each index of its non-vanishing components
in the set {j € N; A\; = pu}. We also denote Z,,, C N the set of all multi-indices of length m.

We will suppose that

(AT) For each pair of paths (v~ (z;,),v"(z)), k€ {1,...,N_}, £ € {1,...,N;}, one of the
three following cases occurs:

(a) The set {m <7; (gm(2; )95 (2,)) # 0} is not empty. Then we denote
k = min {m <7 (g,(2 )lgm(2)) # 0}.
(b) For all m < 7, we have (g,,(z; )|g:h(2/)) = 0, and Mo(k,€) # 0.
(c) For all m < 7, we have (g,,(2;, )95 (2,)) = 0, Ma(k,£) = 0 and My (k,0) # 0.

As one could expect (see [32], [30] or [15]), action integrals appear in our formula for the
scattering amplitude. We shall denote

+0o0
(2.23) 57 = / (\fj(?o(t)|2 — 2Ep)dt — (reo(25°,w, Eo)|[v/2E00), j € {1,..., Noo},

—0o0
—+o00
(2.24)  Sp = / (1€, (®))* — 2Boly<o)dt, ke {l,...,N_},
— 0
+o00o
@) sf= [ (g @F - 2Esla)dt, L€ {1, V),
—00
and 1/3’0, 1/2_ , v, the Maslov indexes of the curves fy}x’, ’yj, v, respectively. Let also
- Ox_(t,z,w, Ep) C(ZA 220t
(2.26) D, 7t£-lgloo‘det 3. 2) |Z:Z; e\t ,
0xy(t,z,w, Ey) A
+ _ 1 +\b <, W, 20 (B2 =2 )t
(2.27) D = lim_ ‘ ot TGS | el

be the Maslov determinants for v, , and vjrespectively. We show below that 0 < D, DZ <
+o00. Eventually we set

(2.28) S(Eh) =Y % _E _hEO-

Jj=1
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Then, the main result of this paper is the

Theorem 2.6. Suppose assumptions (A1) to (A7) hold, and that E € R is such that
E — Ey=O(h). Then

Neo N_ Ny
(2.29) Alw,0,E,h) = " AB(w,0,E,h) + Y Y AR (w,0, B, h) + O(h™),
j=1 k=1 (=1
where
(2.30) A8 (w,0,E,h) ~ Sy /h Z @y (w, 0, E)R™,
m>0
with
reg 0 _ eiiV?Oﬂ-/2 —(roo(z‘?o,w,Eo)|\/2E0719)%
(231) aj,[) (UJ, ,E) = W@ J .
Moreover we have
e In case (a)
(2.32) A (0,0, B ) ~ S tSDMNT g8 (0,60, B, In ) BEE) ) 1n1/2,

m>0

where the aihzgm(w, 6, E,Inh) are polynomials with respect to In h, and

i /Apn=1)/4 , " .>71/2F(Z(E) (201 \g)3/2
2(%1)/4\/7?( uk) 0"

% efil/;ﬂ/2efi1/,:7r/2(D—D+)fl/2
+ 4\ ) =B
(2.33) g (z)] o7 (0 (g ()]s (21))) :

e In case (b)

a,ilrégo(w, 0,E,Inh) =

RE(E) /22 —1/2

sin, ers sin,
(2.34) ALE(w,0, B, h) = "S5 MaiNE (1,0, ) T AEEN (1+o0(1)),

where

in/4 p(n-1)/4 , ™ —1/2
emtE ( ) / F(Z(E)
2(n+1)/4ﬁ e 2\

% €_W;7r/2€_w’;ﬂ—/2(D;DZ)_UQ
(2.35) % g7 Ol g8 I = iMa(k, €))7,

e In case (c)

ainzg (wv 9, E) = )(2)‘1A£)3/2(2)‘1)2(E)//\171

BE(E) /201 -1/2

sing _ (S +87)/h sing o
(2.36) Apr (w,0,E,h) = e Tk ay <w79’E)|1nh’2(E)/2>\1

(1+0(1)),
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where

A (w, 0, B) = )(2XA0)*/2 (2P

in/dp(n—1)/4 , -1/2  SNE
62(n+1)/4\f ( J') F( 2& )
T i=1 1

% efizxjw/2efiu,:7r/2(DIZDZr)fl/Q

(2.37) % g7 (z0)] 198 (D) ( = iMy (k, €))7

Here, the [i; are the linear combinations over N of the A\i’s and py, — px’s for k > k, and the
function z — z~>(E)/t is defined on C\| — 0o, 0] and real positive on ]0, 00|

Of course the assumption that (g;|g;") # 0 (a subcase of (a)) is generic. Without the
assumption (A4), the regular part A" of the scattering amplitude has an integral rep-
resentation as in [3]. When the assumption (A7) is not fulfilled, that is when the terms
corresponding to the p; with j <7 do not contribute, we don’t know if the scattering am-
plitude can be given only in terms of the g; s and of the derivatives of the potential at the
critical point.

3. PROOF OF THE MAIN RESOLVENT ESTIMATE

Here we prove Theorem 2.1 using Mourre’s Theory. We start with the construction of an
escape function close to the stationary point (0,0) in the spirit of [10] and [5]. Since A4 and
A_ are Lagrangian manifolds, one can find a local symplectic map « : (z,&) — (y,n) such
that
(3.1) p(@,€) — Eo = B(y,n)y - n,
where (y,n) — B(y,n) is a C* mapping from a neighborhood of (0,0) in T*R" to the space
My (R) of n x n matrices with real entries, such that,

A1/2
(3.2) B(0,0) =
An/2
We denote by U a unitary Fourier integral operator (FIO) microlocally defined in a neigh-
borhood of (0,0), whose canonical transformation is x, and we set
(3.3) P=U(P - E,)U*.
Here the FIO U™ is the adjoint of U, and we have UU* = Id+ O(h*) and U*U = Id+ O(h>)

microlocally near (0,0). Then ﬁ is a pseudodifferential operator, with a real (modulo O(h*°))
symbol p(y,n) = 3, 5 ()Y, such that

(3.4) po=B(y,my .
We set By = Opy,(b1),
(3.5) bty = (0 =) =i (e )) Ry ),

where M > 1 will be fixed later and Y1 < x2 € C5°(T*R"™) with X1 = 1 near (0,0). In what
follows, we will assume that hM < 1. In particular, b; € S/2(|Inh|). Here and in what
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follows, we use the usual notation for classes of symbols. For m an order function, a function

a(x,&,h) € C®(T*R™) belongs to S°(m) when
(3.6) Yo € N*, 3C, > 0, Yh €]0,1], [0%ca(z,&,h)| < Cah™1m(z, €).

We also recall that, with Opy,(a) denoting the Weyl quantization, if a € S%(1) and b € S5(1),
with a, f < 1/2, we have

(3.7) [ Opy(a), Opy(b)] = Opy, (ih{b, a}) + K> =2~ Op,(r),
with r € §™in(@0)(1): In particular the term of order 2 vanishes.

Hence, we have here

(38) [B1, P| = Opy, (ih{fo, ba}) + [ h| 12 Opy, (ra),
with s € 51/2(1). The semi-norms of r); may depend on M. We have
(3.9) {Do, b1} = 1 + ¢,

with

(3.10) ¢ (1n<¢%> —1H<\/%>){150,>?2}
S BN D
(3.11) :((By + (0, B)y - 1) - #ﬂﬂ + (Bn+ (0yB)y-n) - ﬁ)i&

The symbols ¢; € SY2(|Inh|), co € SY2(1) satisfy supp(c;) C supp(Vxa). Let ¢ €
C§°(T*R™) be a function such that ¢ = 0 near (0,0) and ¢ = 1 near the support of Vxa. We
have

Opy,(c1) = Op, () Opy(c1) Opp (@) + O(h™)
> — C1h|Inh| Opy (@) Opy(#) + O(h™)

(3.12) > — C1h|Inh| Op,(3%) + O(h*|1n b)),
for some C7 > 0. On the other hand, using [5, (4.96)—(4.97)], we get
(3.13) Opy(c2) > eM " Opy,(X1) + O(M~?),

for some € > 0. With the notation A; = U*B;1U, the formulas (3.8), (3.9), (3.12) and (3.13)
imply
—i[Ay, P| = —iU*[By, P)U + O(h™)
>ehM~'U* Opy,(X1)U — Cih|In h|U* Op,,(3°)U
(3.14) + O(hM™2) + Op(h*?| In h)).

Here, xj = Xjok, j =1,2 and ¢ = g ok are C5°(T*R", [0,1]) functions which satisfy x1 =1
near (0,0) and ¢ = 0 near (0,0). Using Egorov’s Theorem, (3.14) becomes

(3.15)  —i[A1, P] > ehM ' Opy,(x1) — C1h|Inh| Opy,(¢?) + O(hM~2) + Opr(h/?|In hl).

Now, we build an escape function outside of supp(x1) as in [24]. Let 1 < xo <
X1 < X2 < x3 < xa < x5 be C§°(T*R"™,[0,1]) functions with ¢ < x4. We define a3z =
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g(§)(1—x3(w,§))x-§ where g € C§°(R") satisfies 1,-1((gy—s5,5,+4]) < g- Using [6, Lemma 3.1],
we can find a bounded, C*° function as(z, &) such that

0  forall (z,¢) € p Y ([Ey — 6, Fo + 0)),
(3.16) oo > (=€) ([Eo 0 7]1)

1 forall (z,€) € supp(x4 — x0) Np~ ([Eo — 6, Eo + 9]),
and we set A2 = Opy,(a2xs), Az = Opy,(az). We denote
(3.17) A=A+ Co|Inh|Ay + |Inh|As,

where Cy > 1 will be fixed later. Now let 1 € C3([Eo — 9, Eo + 6], [0,1]) with ¢ = 1 near
Ey. We recall that 1 (P) is a classical pseudodifferential operator of class WO((£)~°°) with
principal symbol ¢(p). Then, from (3.15), we obtain

—i)(P)[A, P (P) >ehM~4(P) Opy,(x1)¥(P) — Cih|In h|g)(P) Op, (9?)(P)
+ Coh|In | Opy, (¥2(p) (x4 — X0)) + C2h|Inh| Opy, (*(p)azHyxs)
+ h|In k| Opy, ($2(p)(€2 — - VV)(1 — x3))
(3.18) + h|In h| Opy, (V2 (p)z - EHp(gxs)) + O(hM ™) + Oy (32| In h)).

From (A1), we have - VV (z) — 0 as x — oo. In particular, if x3 is equal to 1 in a sufficiently
large zone, we have

(3.19) VA (p)(§% — - VV)(1 = x3) > Eot*(p)(1 — x3).
If Cy > 0 is large enough, the Garding inequality implies
C5 Opy, (¥7(p)(xa — X0)) — C1 Opy, (47 (p)%)+ Opy, (V2(p) - EHp(g3))
> Opy, (V2(p) (xa — x0)) + O(R).

As in [24], we take x5(z, &) = X5(px)g(§) with p small and x5 € C5°(R"™, [0,1]), X5 = 1 near
0. Since a9 is bounded, we get

(3.21) Cot®(p)agHpxs| < pCsllas|| Lo | HyXs || S b
Therefore, if p is small enough, (3.19) implies

(3.20)

(322) Op, (FP(p)(€ - VV)(1 ~x8)) + Cs Op, (F(pasHyxs) = 2 Opy, (F(p) (1~ x3).
Then (3.18), (3.20), (3.22) and the Garding inequality give, for some ¢ > 0,
—it)(P)[A, PI{(P) >ehM ™" Op;, (¥*(p)x1) + h| k| Opy, (*(p) (x4 — X0))
+ 228 b Op, (F(p)(1 — x3)) + O(hM ) + Ors (¥ )
(3.23) >ch M~ Op,, (¥2(p)) + O(hRM~2) + Opr(h*?|In h)).
Choosing M large enough and 1z, < 1 < 4, we have proved the

Lemma 3.1. Let M be large enough and ¢ € C§°([Eo — 9, Eg+6]), 6 > 0 small enough, with
1 = 1 near Ey. Then, we have

(3.24) —ith(P)[A, Pl (P) > ehyp*(P),
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for some ¢ > 0. Moreover

(3.25) [A, P] = O(h|Inh)).

Now we estimate [[P, A], A]. From the properties of the support of the x;, we have
[P, A], A] =[[P, A1], A1] + C2|In h[[[P, Aq], As]
+ Col AP, Ag], A1] + GBI A([P, As], Aa] + Col I A([P, As], Ag
(3.26) + Cy|In h|?[[P, A3], As] + |In h|?[[P, As], As] + O(h>).

We also know that P € U9((£)?), Ay € WO((¢)~>°) and Az € WO((x)(£)~>°). Then, we can
show that all the terms in (3.26) with j, k = 2, 3 satisfy

(3.27) ([P, Aj], Ax] € WO(h?).

On the other hand,

(3.28) ([P, A1), Az] = U*[[P, B1],U A U*|U + O(h™),

with UA,U* € U0(1). From (3.8) — (3.11), we have [P, B)] € ¥¥/2(h|Inh|) and then
(3.29) [P, A1], As) = O(R*?|1n h)).

The term [[P, As], A;] gives the same type of contribution. It remains to study
(3.30) [P, A1), A1) = U*[[P, B1], BJ]U + O(h™).

Let x3 € Cg°(T*R™), [0,1]) with X2 < X3 and

(3.31) f= (1n<\/57M> - 1n<\/%>>)~(3(y,n) e SY2(|1uh)).

Then, with a remainder ry; € S'/2(1) which differs from line to line,

i[P, B1) =h Opy, (f{Xa2, D0} + c2) — h*?|In h| Opy, (rar)
(3.32) =h Opy,(f) Opy({X2: Po}) + h Opy(c2) + h*?|In h| Opy, (rar).-
In particular, since [P, By] € WY/2(h|Inh|), c; € SY/2(1) and f € SY2(|Inh)),
[P, B1], B1] =[[P, B1], Op,(fX2)]
= —ih[Op,(f) Op,({X2,P0}), Opp(fX2)] — ih[Opy(c2), Opy(fX2)]
+ O(R*?|1n h|?)
= —ih[Opy(f) Opp({X2,P0}), Opp(f) Opr(X2)
= —ih Op,(f)[Ops,({X2,P0}), Opy(f)] Opp (X2
— ih Op,(f) Opx(f)[Ops({X2,Po}), Opp(X2)
(f)
)

+ O(h|Inh))

~_ L ~—

— ih Opy,(f)[Op4(f), Opp(X2)] Opy ({X2, Do}
(3.33) —O(h|Inhl).

From (3.26), (3.27), (3.29) and (3.33), we get
(3.34) [P, A], A] = O(h|1Inhl).

+ O(h|Inh))
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As a matter of fact, using [5], one can show that [[P, A], A] = O(h). Now we can use the
following proposition which is an adaptation of the limiting absorption principle of Mourre
[27] (see also [12, Theorem 4.9], [21, Proposition 2.1] and [4, Theorem 7.4.1]).

Proposition 3.2. Let (P,D(P)) and (A, D(A)) be self-adjoint operators on a separable
Hilbert space H. Assume the following assumptions:

i) P is of class C?(A). Recall that P is of class C"(A) if there exists z € C \ o(P) such
that
(3.35) R>t— AP —z)te A

is C" for the strong topology of L(H).
ii) The form [P, A] defined on D(A) N D(P) extends to a bounded operator on H and

(3.36) I[P Al < 8.

iii) The form [[P, A], A] defined on D(A) extends to a bounded operator on ‘H and

(3.37) I[P, Al Al S -
iv) There exist a compact interval I C R and g € C§°(R) with 1; < g such that
(3.38) ig(P)[P, Alg(P) Z 74" (P).

v) 2SS L
Then, for all a > 1/2, lim._,o(A)"%(P — E 4 i) "1 {A)~* exists and
(3.39) [(A) (P = E+i0) AT $77,
uniformly for E € I.

Remark 3.3. From Theorem 6.2.10 of [4], we have the following useful characterization of
the regularity C%(A). Assume that (ii) and (iv) hold. Then, P is of class C?(A) if and only
if, for some z € C\ o(P), the set {u € D(A); (P —z)"'u € D(A) and (P —z)"'u € D(A)}
is a core for A.

Proof. The proof follows the work of Hislop and Nakamura [21]. For ¢ > 0, we define M? =
ig(P)[P, Alg(P) and G.(z) = (P —ieM? — z)~! which is analytic for Rez € I and Im z > 0.
Following [12, Lemma 4.14] with (3.35), we get

(3.40) lg(P)G=(2)¢ll < (£7)2|(¢, Ge(2) )2,
(3.41) [(1=g(P)Ge(2)|| S 1+eBlGe(2)],
and then

(3.42) IG=(2)]| S (e7) 7,

for € < gy with g9 small enough, but independent of 3, ~.

As in [21], let D = (1 + |A])~%(1 + ¢]A|)* ! for o €]1/2,1] and F.(2) = D.G:(2)D.. Of
course, from (3.42),
(3.43) IF(2)] S ()7
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and (3.40) and (3.41) with ¢ = D, give

(3.44) IG=(2)De | S 1+ (e) /2| F|| V2.

The derivative of F.(z) is given by (see [12, Lemma 4.15])
(3-45) 55Fe(2) = iDsGaMQGaDa = QO + Ql + QQ + Q?n
with

Qo =(a = DIA|(1 + [A)7*(1 + & AD**Gc(2) De
(14 M)~ (1 +elAD2
(1 -

(3.46) + (o« = 1)D.G.(2)|A]

(3.47) Q1 =D:G-(1—g(P))[P, A|(1 — g(P))GeDe

(3.48) Q2 =D:G(1 — g(P))[P, Alg(P)GeD: + D:Geg(P)[P, A|(1 — g(P))G:De

(3.49) Qs =— DEGg[P, A|G.D..

From (3.44), we obtain

(3.50) IQoll £ &7t (1 + (em) ™21 F)| ),

and from (3.36), v) of Proposition 3.2, (3.41), and (3.42), we have

(3.51) 1@l < v

Using in addition (3.44), we obtain

(3.52) Q2| S 1+ (o) /(|||

Now we write Q3 = Q4 + 5 with

(3.53) Qi = —D.G.[P —icM?* — 2, A|G.D.

(3.54) Qs = —ieD.G.[M?, A|G.D..

For @4, we have the estimate

(3.55) 1Quall S &1 (1 + (e) 72 EefM?)

On the other hand, (3.36), (3.37) and v) imply

(3.56) a2, Al <

Then (3.44) gives

(3.57) 1Qsll S 1+ [zl

Using the estimates on the Q);, we get

(3.58) 10-Fell S e (v ™"+ () TP EN 2 + |1 F))-

Using (3.43) and integrating (3.37) N times with respect to €, we get

(3'59) HF8|| 5 ’}/71(1 + €2a(172—N)71)’

so that, for N large enough,

(3.60) lim sup sup ||(A) (P — E +i6) 1 {A) 7| <7t
6—0 FEel

Using, as in [21], the fact that z — Fj(z) is Holder continuous, we prove the existence of the
limit limyy, o Fo(2) for Re z € I and the proposition follows from (3.60). O
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From Lemma 3.1 and (3.34), we can apply Proposition 3.2 with A = A/|Inh|, 8 = h and
~v = h/|Inh|. Therefore we have the estimate

(3.61) (A~ *(P — E +£i0)"'(A)~*|| < h !|1Inhl,
for E € [Ey — 6, Ey + 0]. As usual, we have
(3.62) [[{z)=* (Al = O(1),

for « > 0. Indeed, (3.62) is clear for a € 2N, and the general case follows by complex
interpolation. Then, (3.61) and (3.26) imply Theorem 2.1.

4. REPRESENTATION OF THE SCATTERING AMPLITUDE

As in [32], our starting point for the computation of the scattering amplitude is the rep-
resentation given by Isozaki and Kitada in [22]. We recall briefly their formula, that they
obtained writing parametrices for the wave operators Wy as Fourier integral operators, tak-
ing advantage of the well-known intertwining property WP = PoWi, P = Py + V, with

Py = —%2A. The wave operators are defined by
(41) Wi — ts_lj:m eitP/he—itPO/h’
—too

where the limits exist in L2(R") thanks to the short-range assumption (A1). The scattering
operator is by definition & = (W, )*W_, and the scattering matrix S(E, h) is then given by
the decompostion of & with respect to the spectral measure of Fy. Now we recall briefly the
discussion in [32, Section 1,2] (see also [3]), and we start with some notations.

If Q is an open subset of T*R™ | we denote by A,,(Q2) the class of symbols a such that
(x,&) — a(x, &, h) belongs to C*°(£2) and

(4.2) agafa(x,g)‘ < Coplz)™ 1oL for all L > 0, (2,€) € Q, (v, B) € N¥ x N4,

We also denote by
1
(4.3) i (R,d,o) = {(:U,f) e R" x R"™; |z| > R, 7 < |€] < d, £ cos(x,&) > :I:U}

with R > 1,d > 1, 0 € (—1,1), and cos(z,§) = ﬁ, the outgoing and incoming subsets
of T*R"™, respectively. Eventually, for o > %, we denote the bounded operator Fy(E,h) :
L2(R™) — L?(S"~1) given by

(4.4) (Fo(E, h)f) (w) = (27h)" 3 (2E)"T s e 1 V2T f(ydy B > 0.

Isozaki and Kitada have constructed phase functions @+ and symbols a+ and b4 such that,
for some Ry >> 0,1 <dy <d3z <do <dj <dp,and 0 <oy <03 <09 <01 <o0p<1:

i) @4 € C°(T*R") solve the eikonal equation
1 1
(4.5) 5 | Vo (2, )* +V(2) = [¢f?

in (z,€) € I's(Ry, dy, £0oy), respectively.
i) (2,8) — ®x(2,8) —x - £ € Ag (I'+(Ro, do, +00)) -
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iii) For all (z,€) € T*R"
D,
al"jafk
where §;;, is the Kronecker delta and e(Ry) — 0 as Ry — +00.
iv) ay ~ Z;’io hjaij, where a4; € A_;(I'+(3Ry,d1,Fo1)), suppa+; C I'+ (3R, d1, Fo1),
a+j solve

(4.6)

(z,8) — 01| < e(Ro),

1
(4.7) (Vo @i |Viaro) + 3 (Az®i)asg =0

1 1 .
(4.8) (Va®s|Vias;) + 3 (Ap®yi)as; = yAzaxj-1,7 21,
with the conditions at infinity
(4.9) ato — 1,at; — 0,7 > 1, as [z — oo.

in Fi(2R0, dg, :FO'Q), and solve (47) and (48) in Fi(4R0,d1, :FO'Q).

V) by ~ Z;}io hjb:tj, where b:tj S A_j(l_‘i(5R0,d3,:l:U4)), supp bij C Fi(5R0,d3,:|:0'4),
b solve (4.7) and (4.8) with the conditions at infinity (4.9) in I'y. (6 R0, d4, +03), and
solve (4.7) and (4.8) in I'1 (6 Ry, d3, £03).

For a symbol ¢ and a phase function ¢, we denote by Ij(c, ) the oscillatory integral

(4.10) In(c, ) = (27r1h)" /n et POV (1 €)de
and we set
(4.11) Kio(h) = P(h)Ip(ax, ®1) — In(as, ®y)Po(h),
Kiy(h) = P(h)Ip(be, ®y) — In(by, 1) Po(h).
The operator 7 (E, h) for E E]Tbﬁ’ %[ is then given by (see [22, Theorem 3.3])
(4.12) T(E,h) = Ty (E, h) + T_1(E, h) — To(E, h),
where
(4.13) T1(E, h) = Fo(E, h)In(ax, ©+) Kip(h) Fo (E, h)
and
(4.14) Ta(E, h) = Fo(B, h)K o (YR(E + 10, ) (K (k) + K () F5 (B, b),

where we denote from now on R(E +i0,h) = (P — (E +1i0))~L.

Writing explicitly their kernel, it is easy to see, by a non-stationary phase argument, that
the operators 711 are O(h*°) when 6 # w. Therefore we have

(4.15) A(w,0,E,h) = —c(E)h" V2T (w,0, E, k) + O(h™),
where ¢(F) is given in (1.4).

As in [32], we shall use our resolvent estimate (Theorem 2.1) in a particular form. It was
noticed by L. Michel in [26, Proposition 3.1] that, in the present trapping case, the following

proposition follows easily from the corresponding one in the non-trapping setting. Indeed, if
¢ is a compactly supported smooth function, it is clear that P = —h?A + (1 — p(x/R))V ()
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satisfies the non-trapping assumption for R large enough, thanks to the decay of V' at oo.
Writing [32, Lemma 2.3] for P, one gets the

Proposition 4.1. Let wy € Ay have support in I't(R,d,o4) for R > Ry. For E € [Ey —
0, Eop + 0], we have

(i) For any a > 1/2 and M > 1, then, for any ¢ > 0,

(4.16) IR(E +i0, h)w (2, hDy )|l ~ata,—a = O(h™>7).
(ii) If o4 > o_, then for any o> 1,

(4.17) |lws(x, hD3)R(E £ 140, h)w(z, hDy)| —a,0 = O(R™).
(iii) If w(x,&) € Ag has support in |z| < (9/10)R, then for any a > 1

(4.18) lw(z, hDy)R(E £ 10, h)w+(x, hDy)||—a,a = O(h™).

Then we can follow line by line the discussion after Lemma 2.1 of D. Robert and H. Tamura,
and we obtain (see Equations 2.2-2.4 there):

(4.19) A(w, 8, E,h) = & E)h~ D2 R(E 400, h)g_e™=/h g, e¥+/M) + O(h™),
where &(E) = (2r)(1-/2(2p)(n=3) /4527

(4.20) g+ = e "+ x4, Plag(z, h)e+/",

and

(4.21) Yo (x) =Dy (z,V2E),  ¢_(z)=d_(x,V2Ew).

Moreover the functions y+ are C§°(R™) functions such that y+ = 1 near some ball B(0, R+),
with support in B(0, Ry + 1).

Eventually, we shall need the following version of Egorov’s Theorem, which is also used in
Robert and Tamura’s paper.

Proposition 4.2 ([32, Proposition 3.1]). Let w(x,&) € Ag be of compact support. Assume
that, for some fixed t € R, wy is a function in Ag which vanishes in a small neighborhood of

{(2,8); (z,8) = exp(tHy)(y,m), (y,n) € suppw}.

Then
| Opy(we)e /" Opy (w) || —aa = O(h™),

for any a > 1. Moreover, the order relation is uniform in t when t ranges over a compact
interval of R.

In the three next sections, we prove Theorem 2.6 using (4.19). We set

(4.22) u_ =ul = R(E +1i0,h)g_eV-/",

and our proof consists in the computation of u_ in different region of the phase space, following
the classical trajectories 77°, or v, and ’y;. It is important to notice that we have (P—E)u_ =
0 out of the support of g_.



hal-00281584, version 1 - 23 May 2008

SEMICLASSICAL SCATTERING AMPLITUDE AT THE MAXIMUM OF THE POTENTIAL 19

5. COMPUTATIONS BEFORE THE CRITICAL POINT

5.1. Computation of uv_ in the incoming region.

We start with the computation of u_ in an incoming region which contains the micro-
support of g_. Notice that, thanks to Theorem 2.1, (x)"*u_(z) is a semiclassical family of
distributions for o > 1/2.

Lemma 5.1. Let P = —%ZA + V', where V satisfies assumption (A1) with p > 0. Let also

I be a compact interval of 0, +oo[, and d > 0 such that I C|5y, d—;[ For any 0 < oy < 1,

there exists R(oy) > 0 such that, for all R > R(o4) and any compact subset K C T*R" of
p~ (1), there exists T > 0 such that, if p € K and t > T,

(5.1) exp(tHp)(p) € T (R/2,d,04) U (B(0,R/2) x R™).

Proof. We recall from the constructions of C. Gérard and J. Sjéstrand in [17] that for any
§ > 0, there exist Rs > 0 and a function G(x, &) € C*°(R?") such that,

62 (HG@E >0 forall (2.9 € (| 2.

(5.3) (H,G)(,€) > 2B(1 —8) for || > Rs and p(a,€) = E e]#, 22[,

(5.4) G(z,&) =x-& for |z| > Rs.

We choose § > 0 such that 1 — 36 > o4. We can assume that

(5.5) €] < V2E(1 +4),

for [z| > Ry, (,€) € p™ (|55, d;[) We first assume that R > 4Rs, and that K is a compact

subset of p~1(I). For p € K and ~(t) = (z(t),£(t)) = exp(tH,)(p), the corresponding
Hamiltonian curve, we distinguish between 2 cases:

1) For all t > 0, we have |z(t)| > Rs.
Then G(v(t)) > 2E(1 — 6)t + G(p) and, for t > T with T large enough,

(5.6) GO)>2 s Glx,).

z€B(0,Rs)

p(z.§)el
By continuity, there exists a neighborhood U of p such that, for all p € U, we have
(5.7) G(y(Th)) > sup  G(x,9).

z€B(0,Rs)

p(z,)el
Since G is non-decreasing along 7¥(t), we have |z(t)| > R for all ¢ > T;, and then
(5.8) G(y(t) >2E(1=90)(t—T) +G(H(T1)) > 2E(1 - )t —C.

From (5.5) and (5.8), we get [Z(t)| > &t — C for all p € U, and then 1£(t)| = V2F + 01—00(1).
On the other hand using (5.5) we have |Z(t)| < V2E(1+6)t+C, for some C' > 0 independent
of p € U. In particular, the previous estimates give, for ¢t > T, with Ty, large enough but
independent of p € U

(5.9) [Z(8)] > R/2,
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~ 2E(1-0)t—-C 1—90
5.10) cos (z,&)(t) > =
( ) ( )( ) (V2E(1+8)t+ C)(V2E + 04—00o(1)) 149
Thus, for t > Ty, and p € U, we have
(511) :\)//(t) € F+(R/27 da U+)a

where we recall that o <1 — 34.

+ 0poo(1) > 1= 36,

2) There exists Ty > 0 such that |z(T2)| = Rs.
Then there exists a neighborhood V of p such that for all p € V we have |z(T3)| < 2Rs, where
(z(t),&(t)) = exptHpy(p). Now let t > Tb.

a) If |Z(t)] < R/2, then 5(t) € B(0, R/2) x R™.

b) Assume now |Z(t)| > R/2. Denote by T3 (> T5) the last time (before ¢) such that
|Z(T5)| = 2R;s. Then

G((1)) >2E(1 = 8)(t = T3) + G(1(T3))

(5.12) >2E(1—0)(t—1T3) — C,

where C' depends only on Rs. On the other hand, the have |z(t)| < V2E(1+46)(t —T3) + C,
where the constant C' depends only on Rgs. Then,

z(2)] c
(5.13) t—1T3 > @(14—5) — \/ﬁ(1+5),
(5.14) ()] = V2E + or—oo(1),

~ 2E(1 —9)|z(t)|

o8 (1)) > VBB + 9)(V2E + o (1)
(5.15) >1:L§+OR%O(1) S 125+ opne(L).

So, if R is large enough, ¥(t) € 'y (R/2,d, 04 ).

+O(R™)

Then a) and b) imply that, for all p € V and ¢t > T := T5, we have
(5.16) y(t) e '+ (R/2,d,04) U (B(0,R/2) x R").

The lemma follows from (5.11), (5.16) and a compactness argument. O

Recall that the microsupport of g_(z)e™- @)/ ¢ C$°(R") is contained in I'_(R_,dy,071).
Let w_(z,&) € Ap with w_ = 1 near I'_(R_/2,dy,01) and supp(w_) C I'_(R_/3,do, 00).
Using the identity

A
(5.17) u_ = ;L/o e MP=E)h(g_eV=IMdt + R(E 4 i0, h)e T=E)h(g_eiv-/h),

and Proposition 4.1, Proposition 4.2 and Lemma 5.1, we get

. T
(5.18) Opy(w-)u- = Oph<w_>% /O e PR (g =My dt + O(h™),
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for some T" > 0 large enough. In particular,

(5.19) MS(Opy,(w_)u_) € A5 N (B(0,R_ +1) x R™).

5.2. Computation of u_ along 7, .

Here we compute u_ microlocally along a trajectory ~, . We recall that ;" is a bicharac-
teristic curve (x, (t),&, (t)) such that (z, (t),£, (t)) — (0,0) as t — 400, and such that, as
t — —o0,

|z, (t) — V2Eowt — 2, | — 0,

1§, (1) — v2Eqw| — 0.
The symbol a_ solves (4.7) and (4.8) near 7;, N MS(g_e™¥-/"). In particular, if R_ is large
enough, microlocally near v, NT'_(R_/2,dy,01) N (B(0, R_) x R™), u_ is given by (5.18) and

(5.20)

T
U :}ZL/ e MP=E)h([y_ | Pla_e™=/")dt + O(h™)
0

. T
:2/ e—z‘t(P—E)/h(Xi(PiE)aiew,/h)dt
0

. T
_ / e~ P=Eh(P _ B)y_a_e-/Mdt + O(h)

h Jo
i [T . .
=— h/ (P — E)e MP=E)M(\ _q_e"=/M)dt + O(h™)
0
= — (P — EYR(E +10, h)a_e™-"" + O(h*)
(5.21) = —a_e"- "L O(h™).

Now, using (5.21), and the fact that u_ is a semiclassical distribution satisfying
(5.22) (P—FE)u_ =0,

near B(0,R_), we can compute u_ microlocally near v, N B(0, R_) using Maslov’s theory
(see [25] for more details). Moreover, it is proved in Proposition C.1 (see also [5, Lemma 5.8])
that the Lagrangian manifold A has a nice projection with respect to x in a neighborhood
of 7, close to (0,0). Then, in such a neighborhood, u_can be written as

(5.23) u_(r) = —a_(z, h)e—iV;ZW/Qeiw—(x)/h,
where v, denotes the Maslov index of , . The phase 1_ satisfies the usual eikonal equation
(5.24) p(z, Vi) = Ep.

Here, to the contrary of (4.21), we have written £ = Ey + FE1h with E; = O(1), and we
choose to work with E7 in the amplitudes instead of the phases. As usual, we have

(5.25) O (V- (1)) = Vo (wy; (1)) - Dy, (8) = Vb (3, (£)) - & () = |& ()7,
so that

(5.26) vl () = -l (o) + [l )P
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We also have ¥_(x, (s)) = (V2Eows + z;, ) - V/2Eow + 0o(1) as s — —o0, and then

(5.27) V- (a; (1)) = 2Eps +/ € (w)Pdu + o(1), s — —oo.

We have obtained in particular that

(5.28) _ (a5 (1)) = / & (w)? = 2Bq1,<o du = / 160 () V(ay (u) + B ()

We turn to the computation of the symbol. The function a_(z,h) ~ >3, a_ k()R
satisfies the usual transport equations:

1
Viy_-Va_o+ i(Az/}_ — QiEl)a_p =0,
(5.29) 2 1
Vip_ - Va_7k + i(Aw_ - 2iE1)a_,k = iiAa_’k_h k>1,

In particular, we get for the principal symbol

(5.30) A(a—o(zy (1)) = Va_o(z, (1) - & (1) = Va_o(zy (1) - Vip_ (2, (1)),
so that,

(531 Ou(a- oy (1) =~ (A (a7 () = 20 )a_ oy (1)
and then
(5.32) a_o(zy () = a_o(a; () exp (—; / At (2 (u)) du +i(t — S)El) .

On the other hand, from [32, Lemma 4.3], based on Maslov theory, we have

(5.33) a_o(z;; (1) = (2E0)1/4D];(t)—1/26itE1’
where
- 6$_(t,Z,W,E0)
34 D (t) = |d B
(5.34) () et 3(t.2) |Z:Zk

6. COMPUTATION OF u_ AT THE CRITICAL POINT

In this section we use the results of [5] to obtain a representation of u_ in a whole neigh-
borhood of the critical point. Indeed we saw already that (P — E)u_ = 0 outside the support
of g_, in particular in a neighborhood of the critical point. First, we need to recall some
terminology from [20] and [5].

We recall from Section 2 that (;);>0 is the strictly increasing sequence of linear combi-
nations over N of the A;’s, with po = 0. Let u(t,z) be a function defined on [0, +oo[xU,
UcCR™.

Definition 6.1. We say that u : [0,+o0o[xU — R, a smooth function, is expandible, if, for
any N €N, e >0, (a, 3) € NIH™,

N
(6.1) 6?85 (U(t,m) — Zuj(t,x)e_“jt> = (’)(6_(“1\14—1—8)1&),
j=1
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for a sequence (u;); of smooth functions, which are polynomials in t. We shall write
u(t, I‘) ~ Z Uj (t, l‘)e_‘ujt,
Jj>1
when (6.1) holds.

We say that f(t,z) = O(e™#) if for all (o, 8) € N'*™ and ¢ > 0 we have

(6.2) P f(t,x) = O(e™ 9N,

Definition 6.2. We say that u(t,z, h), a smooth function, is of class S4B if for any € > 0,
(o, B) € N,

(6.3) 02d%u(t, x,h) = O(hte” B9,

Let S8 = Nacr S4B We shall say that u(t,z, h) is a classical expandible function of order
(A, B), if, for any K € N,
K
(6.4) u(t,z,h) = Y up(t,z)hk € KB,
k=A
for a sequence (uy)y of expandible functions. We shall write
u(t,x, h) ~ Z ug(t, z)h*,
k>A

in that case.

Now, since the intersection between A and A_ is transverse along the trajectories v, (2, ),
and since g; (2, ) # 0, Theorem 2.1 and Theorem 5.4 of [5] imply that one can write, microlo-
cally near (0,0),

N_
1 K
6.5 U_ = / o (t,z, ) Bo /gy
(65) i | St
where the o (t,z, h)’s are classical expandible functions in S%2Re>(E).
h(tn) ~ Y ot ",

m>0

(6.6) "
ak,(t,x) ~ Y ab, (tx)e 2GE
j=0

and where the O‘ﬁw‘ (t,z)’s are polynomial with respect to t. We recall from (2.28) that, for
E = Ey+ hEq,
(6.7) S (E) = Z ?ﬂ —iE).
7j=1
Following line by line [5, Section 6], we obtain (see [5, (6.26)])
(6.8) af0(0) = =™ (2M) Y2 T2 g (7 [(Dy) TP (2E) 1.

Notice that from (5.32) and Proposition C.1, we have 0 < D, < +o0.
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From [5, Section 5], we recall that the phases ¢ (¢, z) satisfy the eikonal equation

(6.9) 0" + p(x, Vo) = Eo,

and that they have the asymptotic expansions
—+o00 ]\4;'C

(6.10) oF(t, ) ~ Z Z @f}m(m)tme*“jt,
j=0m=0

with M]k < +00. In the following, we set

(6.11) ot z) = Zsojm ,

and, still from [5, Section 5], we have that the first ©; k>s are of the form
(6.12) Pt 7) =04 (z) + b

(6.13) Pt x) = = 2Xg7 (7)) -2+ O(a?),

where ¢, € R is the constant depending on k given by

(6.14) e =“p-(0)" = lim ¥_(z; (1) = Sy

thanks to (5.28) (see also [5, Lemma 5.10]). Moreover ¢ is the generating function of the
outgoing stable Lagrangian submanifold A} with ¢4 (0) = 0, and

s
(6.15) pr(x) =) ?]93]2- + O().

J
The fact that ¢¥(¢,2) does not depend on ¢ and the expression (6.13) follows also from
Corollary 6.6 and (6.109).

6.1. Study of the transport equations for the phases.

Now, we examine the equations satisfied by the functions go?(t, x), defined in (6.10) and
(6.11), for the integers j < j (recall that 7 is defined by p; = 2A;). For clearer notation, we
omit the superscript k& until further notice.

Recall that ¢(t,x) satisfies the eikonal equation (6.9), which implies (see (6.10))

(6.16) Z Z ek ©j.m(T) (=t +mt™ o) (Z Z Ve, m(x e_“jt)2+V(x) ~ Ej,

j m=0 j m=0
and then
M; My
3 st )+ L3S 5 T T Ot
7 m=0 73,7 m=0m=0

(6.17) +V(2) ~ Ey.
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When p1; < 2)1, the cross product in the previous formula provides a term of the form e~ #s*

if and only if ,uj = 0 or p7 = 0. In particular, the term of order e #i* in (6.17) gives

(6.18) Z ©jm (@) (—pt™ +mt™™ D+ Vo, (z Z Vi m( =0.

When p; = 2A1, one gets also a term of order e~ Mt for pj = p7 = A1 and then

Z @jm (@) (pgt" + mt" ) + Vo (@ Z Vjm(@

My My
(6.19) + Z D TV (2) Ve () = 0.
m=0m=0
To study these equations, we denote by
(6.20) L=Vyg,(z)-V

the vector field that appears in (6.18) and (6.19). We set also Lo = > _; A;z;0; its linear part
at = 0, and we begin with the study of the solution of

(6.21) (L—pf=y,
with 4 € R and f, g € C*°(R"). First of all, we show that it is sufficient to solve (6.21) for
formal series.

Proposition 6.3. Let g € C*°(R"™) and gy be the Taylor series of g at 0. For each formal
series fo such that (L — u)fo = go, there exists a unique function f € C*°(R") defined near 0
such that f has Taylor series fy at 0 and

(6.22) (L—w)f =
near 0.

Proof. Let ﬁ) be a C'*° function having fy has Taylor series at 0. With the notation f = ﬁ)—i—r,
the problem (6.22) is equivalent to finding r = O(2*>°) with

(6.23) (L—pr=g—(L—p)fo=T,

where 7 € C* has go — (L — p) fo = 0 as Taylor series at 0. Let y(¢,x) be the solution of

{ aty(t> $) = v¢+(y(tv .7,')),

(6.24) y(0,2) =«

Thus, (6.23) is equivalent to

0
(6.25) r(z) = /t e M5F(y(s, x))ds + e Mr(y(t, ).

Since r(z), 7(x) = O(x*) and y(s,z) = O(e*!|z|) for t < 0, the functions e r(y(t,z)),
e Mr(y(t,z)) are O(eMN?) as t — —oo for all N > 0. Then

0
(6.26) r(z) = / 1S (y (5, 1)) ds,

— 00
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and r(z) = O(2*>). The uniqueness follows and it is enough to prove that r given by (6.26)
is C°°. We have

(6.27) 0(Vay) = (Vao+ ) (Vay),
and since V2¢, is bounded, there exists C' > 0 such that
(6.28) Vay(t, )| S e,

has t — —oo. Then, e #(V7)(y(s,2))(9;y(t,z)) = O(elM?) as t — —oo for all N > 0 and
ojr(x) = ffoo e " (V) (y(s,z))(0;y(t,x))ds. The derivatives of order greater than 1 can be
treated in the same way. O

We let
(6.29) L,=L—p:C[z] — C[z],

where we use the standard notation C[z] for formal series, and C,[z] for formal series of
degree > p. We notice that

(6.30) Lyx® = (Lo — p)x* + Cg 1 [7] = (A - a — )z + Cigy 41 [2]-

Recall that Zy(11) has been defined in (2.22). The number of elements in Z,(x) will be denoted
(6.31) ne(p) = #Lo(w)-

One has for example no(u) = %

Proposition 6.4. Suppose p €]0,2\{[. With the above notations, one has Ker L, ®Im L, =
Clx]. More precisely:

i) The kernel of L, has dimension ni(u), and one can find a basis (Ej,, ...
Ker L,, such that Ej(x) = x; + Coflz], j € Z1 ().
n

) of

’Ejm(u)

ii) A formal series F' = Fy + Z Fjxj + Cy[z] belongs to Im L,, if and only if F; = 0 for
j=1
all j € Ty ().

Remark 6.5. Thanks to Propostion 6.3, the same result is true for germs of C'*° functions
at 0. Notice that when p # p; for all j, L, is invertible.

Proof. For a given F' =) F,ax® € C[xz], we look for solutions E = )" E,2“ € C[z] to the
equation

(6.32) L#(ZEa:pa> =3 Faa”.

The calculus of the term of order ° in (6.32) leads to the equation

F
(6.33) Ey=—-2.
w
With this value for Ey, (6.32) becomes, using again (6.30),
(6.34) D (Aa—p)Eaa® =) Far® + Cyfz].
la|=1 la|=1

We have two cases:
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If o ¢ Z1(p), one should have

Fa

6.35 Bp=—%—.
(6.35) -

If o« € Zy (), the formula (6.34) gives F,, = 0. In that case, the corresponding E, can be
chosen arbitrarily.

Now suppose that the E, are fixed for all |a| < p —1 (with p > 2), and such that
(6.36) Lu( Z Eaxa> = Z Fox® 4+ Cplx].
laj<p—1 o
We can write (6.32) as
(6.37) Lu(Y Baa®) =3 Far® =Ly Y Eax®) + Cpulel,
la]=p @ o] <p—1
or, using again (6.30),
(6.38) E N a—p)Eyx® = Z Fox® — Lu( Z Eaxo‘) + Cpp1[].
|lal=p |lal<p ol <p—1

Since |a| > 2, one has A - a > 2XA; > p, so that (6.38) determines by induction all the E,’s
for || = p in a unique way. O

Corollary 6.6. If j < 7, the function ¢;(t,z) does not depend on t, i.e. we have M; = 0.

Proof. Suppose that M; > 1, then (6.18) gives the system

(L = p5)eja, =0,
(6.39) r _ M
- M])ij,Mjfl = P4 My
with ©jM, # 0. But this would imply that Pim; € Ker L, NIm L,,, a contradiction. O

As a consequence, for j < 7, the equation (6.18) on ¢; reduces to

(6.40) (L = pj)ej0 =0,

and, from Proposition 6.4, we get that

(6.41) pi(tr) = i) = Y djgar+O@?).
k€T (p5)

We now consider the case j = 7, and we study (6.19). We have already seen that ¢; does
not depend on ¢, so that this equation can be written

2

(6.42) Z ©jm(T) (—pt™ +mt™" D+ Vo, (z Z Ve m(@)t" + f‘Vgol ‘ =0.
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As for the study of (6.18), we begin with that of (6.21), with © = 2X\;. We denote by
U Rm(M) — Rm2(M) the linear map
(6.43) U(Epy, ..., Bp, o) = ( 3 Eﬁ (0L — p)z )yx:0> ,
aEIQ()\l)
BEL1(2M1)
and we set
(6.44) n(¥) = dim Ker U.
Recalling that L = Ve, (z) - V, we see that
949" <P+( )
(6.45) U(Egy, o Boy o) = (Y et .
aGIQ()\l)
BEL1(2M)

More generally, for any |a| = 2, we denote

o HB
(6.46) Vol(Es)penny) = 3 B0 ex0),

ol
BEL1(2M1)

Then, at the level of formal series, we have the

Proposition 6.7. Suppose = 2\1. Then

i) Ker L,, has dimension na(A1) + n(¥).
ii) A formal series F' =) F,x® belongs to Im L, if and only if

(647) Vo € 11(2/\1), F,=0,
990, (0)  Fs
6.48 F, €ImU.
( ) ( g::l ol 2M — A0 + )aGIQ()q) m
BEL1(2A1)
iii) If F € Im L,,, any formal series E =)  E,x® with L,FE = F satisfies
1
4 Ey = F{
(6.49) 0= g3, 10
1
(650) EO{ = mFa, for o S Il \Il(Q)\l),
990, (0)  Fs
.0l vU((E = F, .
(6.51) (< ﬁ),@ezl(z\l)) ( %::1 al 221 — -3 + >aezg(,\1)
BEI1(2M1)
Moreover for o € Zy \ Zo(A1), one has
1 Fg  9*Ppi(0)
(652 Fo= 3 (Fo— Val(Bo)seron) + WZl "33 )
BEL1(201)

Lastly, E is completely determined by F and a choice of the E,, for |a| < 2 such that
(6.49)— (6.52) are satisfied.
iv) Ker L, NIm(L,)? = {0}.
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Proof. For a given F' =} F,x® we look for a £ =)  E,x® such that Loy, E = F. First of
all, we must have

Fo
6.53 Ey =
(6:53) b= =g
When this is true, we get
(6.54) > Bu(Lo—2M)2% = Y FalL — 2M1)z* + Caf],
oo|=1 la|=1

and we obtain as necessary condition that F,, = 0 for any o € Z;(2\1). So far, the E, for
a € T1(2\1) can be chosen arbitrarily, and we must have

Fao

ael \1—1(2)\1).

We suppose that (6.53) and (6.55) hold. Then we have

(656) Y FalLo—2M)a% = > Faa®+( Y Far®= Y Ea(L—20)z%)+Csla].

|a|=2 |a|=2 la|=1 lal=1
adZ1(2X1)

Notice that the second term in the R.H.S of (6.56) belongs to Ca[z] thanks to (6.55). Again,
we have two cases:

e When o € Zy(\1), the corresponding FE, can be chosen arbitrarily, but one must have

(6.57) Q_ZEﬁ 8°‘L 201)77) =0
181=1
aa—i—ﬁ(p 0
(6.58) U (Bpenony)+ Y B0
1B1=1
BET1(2M1)

and this, with (6.55), gives (6.51).
e When |a| =2, a ¢ Zo()\1), one obtains

B =g (Fa = 2 Bl (L= D) o)
B=1
1 3a+’890+(0)
(6.59) =m<Fa_‘I’a<(Eﬁ)ﬂeL<2m)— le By 1),
BEL1(2M1)

and this, with (6.55), gives (6.52).

Now suppose that (6.53), (6.55), (6.57) and (6.59) hold, and that we have chosen a value
for the free variables F,, for a € Z1(2A1) UZ2(\1). Thanks to the fact that A-« # 2\ for any
a € N” with |a| = 3, we see as in the proof of Propostion 6.4, that the equation (6.54) has a
unique solution, and the points (i), (ii) and (iii) follow easily.

To prove the last point of the proposition, suppose that

(6.60) E= ) Eqa®€KerL,NIm(L,)*.
aEeN"?
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First, we have F € Ker L, NIm L,. Thus, Ey = 0 by (6.49), E, = 0 for a € Z;(2)\) by
(6.47), and E, = 0 for o € Zy \ Z1(2\1) by (6.50). Last, since L, FE = 0, we also have E, =0
for a € To \ Za(\1), and finally,

(6.61) E= Y FEaz®+Csfa].
a€Ts(A1)

Moreover, one can write ¥ = L,G for some G € Im L,,. Since Ey = 0, we must have Gy = 0.
Since G € Im L, by (6.47), we have G, = 0 for a € Z;(2\1). Finally, since E, = 0 for
lal =1, ¢ Z1(2A1), the same is true for the corresponding G,, and

(6.62) G=> Gaz"

lor|>2

Then, since L,x“ = 0+ C3[z] for a € Z5(\1), we obtain E, = 0 for a € Zp(\1). As above, we
then get that, for |a| > 3, E, = 0, and this ends the proof. O

Corollary 6.8. We have M; < 2. If, in addition, A\, # 2\ for all k € {1,...,n}, then
M-<1.
] —

Proof. Suppose that M5 > 3. Then (6.42) gives

(6.63) (L — p3)e50; =0
(6.64) (L = 1) e300 -1 = —M55.01,
(6.65) (L = 15)e5m; -2 = —(Mz — D)oz, -1,

with ¢j7, # 0. Notice that we have used the fact that M7 —2 > 0 in (6.65). But this gives
3.0, € Ker(L — p3) and (L — ,uj)zgpj,Mj,Q = M5(M; — l)goijj, so that @5, € Im(L — u3)2.
This contradicts point (iv) of Proposition 6.7.

Now we suppose that A, # 2A; for all k € {1,...n}, that is Z;(2\;) = 0, and that M; = 2.
Then (6.42) gives

(6.66) (L — pz)e50m; =0
(6.67) (L = m)¢sn; -1 = —M5 o501

with ¢5 ., # 0. Therefore we have m; € Ker Ly, NIm Ly, and we get the same conclusion
as in (6.61): @5 (z) = O(z?). Then, we write

(6.68) 5.0, = (L — p13)g,

and we see, as in (6.62), that g = O(2?), here because Z;(2)\1) = (). Finally, we conclude also
that o5, M; = 0, a contradiction. ]

6.2. Taylor expansions of ¢, and ¢}.

Now we compute the Taylor expansions of the leading terms with respect to t, of the phase
functions (t, z) = ©F(t, x).



hal-00281584, version 1 - 23 May 2008

SEMICLASSICAL SCATTERING AMPLITUDE AT THE MAXIMUM OF THE POTENTIAL 31

)
Lemma 6.9. The smooth function ¢ () = Z J {L‘? + O(z3) satisfies

(6.69) 9%p4(0) =

for |a| = 3, and

al 9;0°V(0) 0;07V(0) 1
6.70 o¢ 0) J j _ 9V (0),
(6.70) 0+(0) M]ZWZ@ eI Y by i w4 ()

a=f+~

for |a| = 4, where «, 3,y € N™.

Proof. The smooth function x — ¢ (z) is defined in a neighborhood of 0, and it is charac-
terized (up to a constant: we have chosen ¢4 (0) = 0) by

p(e, Vo, (x)) = 3|V (@) +V(x) = By
(6.71)
Vi (z) = ()‘jxj)j:L,,.,n +0(2?)

The Taylor expansion of ¢y at x =0 is

Py 9% (0)
(6.72) g0+(x):25jw?+ Z O:!r()x + O(z°),
Jj=1 ||=3,4
and we have
A . 0%4(0) 1, 1
(6.73) Ojp+(x) = Njzj + Z Q- + O(x").
|| =3,4 ’
Therefore
0%+ (0)
Vs (z)]? _ZA2x2+2 3 (ZAJ ]) a2y (Z )af()a;
J=1 la|=3 j=1 ) laj=4 j=1
0% a—1.\2
(6.74) +Z(Z Oj() L)+ o).
=1 |a|=3

Let us compute further the last term in (6.74):

&)
Z( Z - <P+ o 1) Z Z 8, Ja 80+ )av(i/—&!-(o)xﬁ-&-v—mj

j=1 |a|=3 Jl\ﬁ|\7|3
8;0°¢+(0) 9;07¢+(0)
675 Sy ey 22020
J=1|al=4 ( a=0+ A v )
18l,]v1=2

Writing the Taylor expansion of V at x = 0 as

(6.76) EO—Z i SRy OV o 4 0(s%),

|a|=3,4
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and using the eikonal equation (6.71), we obtain first, for any a € N™ with |a| = 3,

(6.77) 91 (0) = _Wa V(0).
Then, (6.74) and (6.75) give
- a! 9;0%V(0) 9,00V (0)
(6.78) 9%, (0) = _ L ey Z > J : :
A« )\ a9*1677612 BTN +X- BN+ Ay
a=0+y
for |a| = 4. O

Now we turn to the function ¢;. This function is a solution, in a neighborhood of x = 0,
of the transport equation

(6.79) Loi(z) = Aipr1(a),
where L is given in (6.20).

Lemma 6.10. The C* function ¢1(z) = —2\1g7 (27) - x + O(z?) satisfies

(6.80) 00 = 31&!1 vy Z; 8jaz‘!/(0) (97 (7))
=

for |a| = 2, and

2\ aly; 8;0°V(0) 8ROV (0) -
0%01(0) = — —— .
901( ) AL =2 1k€I1(Z>\1:)j€Il A >\j+)\.ﬁ()\1 _)"7)()‘1+)“'Y) (91 ( ))k
6’761—2
at+l;=06+v

A1 (o + 1;)! 8,0V (0) 0TV (0) , _,
+(/\1—)\-a)()\1+)\‘a) Z 5!7!] )\k+/\'ﬂ)\k+/\-’y(gl(z ))]

keI, ;€Z1(M1)

B€L2
1j+a=p+y
(6.81) + 221 Yo 90"V (0) (97 (27));
M= a)M+ X« )1 Tow
for |a| = 3.
Proof. We write
(6.82) Za]x] + Z aar® + O(x4),
|a|=2,3
and Lemma 6.9 together with (6.73) give all the coefficients in the expansion
(6.83) Vo (z) = (A zi4 S Ajaa® + O )) .
la|=2,3 =L

In fact, we have
9°*lip(0)
o!

0%p1(0)

al

and an, =

(6.84) Ajg =

)
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We get

Loi(x) = 0501 (2)0;01(x)
=1
= Z <aj>\jxj + Z (aj)\jaa + ajAj@)SL‘a
j=1

jal=2

+ D0 Naart Y Ajyjana®TN 4 Y %’Aj,al‘a) +0(a%)

||=3 |1Bl=lv1=2 la|=3
= Z a;j\;jx; + Z ()\ co g + Z Aj,aaj)xa
j=1 |ae|=2 J=1
(6.85) + Z ()\ S g + Z ( Z A gyiay + a,jAjﬁa)>x°‘ + O(z%).
|a|=3 Jj=1 a=p+v—1;
18l,v|=2
Thus, (6.79) gives, for all @ € N* with |a] = 2,
1 n
(6.86) =3 a ; Ajaj,
and, for all & € N" with |a| = 3,
1 n
(6.87) = —ya (X sy +aida).
J=1 Byy€ls
a+1;=B+y
Then, the lemma follows from (6.84). U

6.3. Asymptotics near the critical point for the trajectories.

The knowledge obtained so far is not sufficient for the computation of the ¢;’s. We shall
obtain here some more information by studying the behavior of the incoming trajectory
v~ (t) as t — +oo. We recall from [20, Section 3| (see also [5, Section 5]), that the curve
v (t) = (z~(t),£ () € A_ N A satisfies, in the sense of expandible functions,

M
J
(6.88) Y =D ) vt
j>1m=0
Notice that we continue to omit the subscript &k for v, = (z, &, ), 2, ... Writing also
+00 MJ/
(6.89) ()~ gi(tz)e M gi(teT) =Y g (O,
j=1 m=0

for some integers M, we know that gy (t,27) = gy o(27) # 0. Since ™ () = ™ (t), we have

+oo Mg/
(6.90) E7(t) ~ Z Z gj_,m(z_)(—ﬂjtm mtm e bt
j=1m=0
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Proposition 6.11. If j < 3, then M = 0. We also have M]i < 1, and M]i = 0 when
Z1(2X\1) = 0. Moreover

1 0PV (0) . .,
O =] B, a T R
0 for 5 ¢ Z1(2\1),
and, for |B| =1, B ¢ T1(2\1),
aoﬁ-ﬁv
(6.92) (950(7))" = N “'ml(% ) > g e

|a|=2

Proof. First of all, since 0yy~(t) = Hp(y~(t)), we can write

(6.93) Oy (t) = Fy(v (1) + O2Mi =2ty
where
0 I 9 . 9 )
(694) Fp = d(O,O)Hp = A2 0 , A = dlag(Al’ ce )\n)
We obtain
M; M)

(6.95) S S B piate it = 3 Y Armen et

1<j<7 m=0 1<j<7 m=0

Now suppose j < 7 and MJ' > 1. We get, for this j, for some Vi #£0,
M

(Fp + 1) 0 = 0,

(6.96) ,
(FP + MJ)PYJ’M]{_I = Mj’Yj’Mjl_a

so that Ker(F), + pj) NIm(F, + p5) # {0}. Since F), is a diagonizable matrix, this can easily
be seen to be a contradiction.

Now we study Mji So far we have obtained that

ML
J
(697) ’yi(t) = Z f}/j_eftu'jt + Z ,.yj\—mtme*Q)\lt + O(tcefu3+1t)7
1<5<7 m=0
and we can write
§
6.98 Hy(x,&) = o“VV(0)
(6.99) 8= | g 3 TV o

Thus we have

M.

J

(699) Hp("}/_(t)) = Fp( g fyj_e_,ujt_‘_ E ,.yjjmtme—zAlt) +€_2)\1tA('71_) +O(6_(2>\1+5)t>,
i<7 m=0
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where, noticing that p; + pjr = 2X; if and only if j = j' =1,
0

6.100 Alyy) = 9*VV(0), _\a

( ) (71 ) _ Z (91 )

ol
|or|=2

For the terms of order e=2*1!, we have, since 9y~ (t) = Hy,(y~(t)),

M~ ML
J J

(6.101) (Fp+27) Y it™ = D ¥emt™ ' = A(VT).
m=0 =0

Thus, if we suppose that M]i > 2, we obtain

(Fy+ 20750y, =0,
(6.102) Y .
(Fp+ 2/\1)7]A7M§71 = M; 75’M]1 .

Then again we have ., ., € Ker(F, + 2X1) N Im(F, + 2A1), a contradiction.
]7M5 p p

Finally, if A\; # 2X\; for all j, then Ker(F, + 2X;) = {0}. Therefore, if we suppose that
Mji = 1, we see that 75 # 0 satisfies the first equation in (6.102) and we obtain a contradic-
tion.

Now we compute ;- (t) = Y51t +750- We have
(6.103)

and we see that Y1 = H'Yj_,1 = ITA(7v; ), where II is the projection on the eigenspace of
F, associated to —2X;. We denote by e; = (§;j ® 0)i=1,..n and €; = (0 ® 6; )i=1,...n for
j=1,...,n,s0that (e1,...en,€1,...,&,) is the canonical basis of R?" = T(0,0)T*R™. Then it
is easy to check that, for all j, ’Uji = e; & \je; is an eigenvector of F}, for the eigenvalue ;.
In the basis {e1,€1,...,€n,en} the projector II is block diagonal and, if K; = span(e;,¢;), we

have
1/2 —1/4\ )
<)\1 1/2 ) for j € 1 (2\1),

0 fOI‘j gé 1—1(2/\1).

(6.104) I, =

Therefore, we obtain
1 3 8°9°V (0)
(6.105) (95,)" = 4 o
0 for ﬂ ¢ Il (2)\1)

Now suppose that k& ¢ Z1(2A1). Then the second equality in (6.103) restricted to K} gives

(g7 (z7)™ for B € Z1(2\1),

2\ 1 —
(6.106) < )‘il 22 > Hyv50 = —HpA(yy),
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where Il denotes the projection onto Kj. Solving this system, one gets

1
6.107 Vg = ———= LI, A(yy
( ) (g],(])k 4/\% — )\z ik (71 ),

and, together with (6.100), this ends the proof of Proposition 6.11. O

6.4. Computation of the go?’s.

Here we compute the gpg‘? ’s for 7 <7. We continue to omit the superscript k. From [5], we
know that £ (t) = ngp(t, x_(t)), so that, using Corollary 6.6, and Corollary 6.8,

£ (1) =Veoy (@ (1) + Verle™ (t)e ™M + D Vi (0)e !
2<5<7
(6.108) + V@j,g(O)thfw‘lt + Vgojyl(O)te*”‘lt + V(pﬁo(O)e*”‘lt + 6(67“5+1t).

Since py = —p_ and (z7,£7) € A_, we have Vi (x7(t)) = —£ (t), and we obtain first, by
(6.90),

(6.109) V;(0) = =2pu;g; (27),
for1<j<7.

Now we study ¢;5(t, ) = @50(z) + to71(x) + t2p52(2) when Z1(2X1) # 0. It follows from
(6.108) that we have

{ —4Mg;,(27) = Vg51(0),

(6.110) B 4)\19;70(2—) + 297—71 (27) = VQOj,()(O) + V2@1(0)91_(2’_),

On the other hand, we have seen that, by (6.42), the functions @59, @51 and @5 satisfy
(L = 2A1)p52 =0,
(6.111) (L — 2)\1)905,1 = —2p529,
1
(L —2M)p50 = —951 — §|V801(0)|2~
In particular 59 € Ker(L — 2A;) NIm(L — 2)\;) so that (see (6.61)),
(6.112) ©52(x) = Z c2.0x® + O(z%).
a€Ta(A1)

Going back to (6.108), we now obtain
£ (t) =V (@™ (1) + Ver (e~ (1)e ™ + Y Vip;(0)e "

25557
(6.113) Vi31(0)te ™M 4 Vips(0)e ™M 4 O(e#01Y),

and this equality is consistent with Proposition 6.11.

Then, (6.49) and (6.50) give
(6.114) w51(x) = Z c1,ar” + Z c1.0z® + O(z?),

a€cl (2/\1) |a\:2
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and, by (6.51), we have

(6.115) U((c1,8)gezi2an) = (—2¢2.0) 0Ty (A1)
By (6.52), we also have for |a| =2, a & Zo(\1),

1 Z Py, (0)

20 — XA« ol €Lp-
561—1(2)\1)

(6116) Clia =

The function ¢50(2) = 3|4/<a C0,a2® + O(x3) satisfies (see (6.42))

1 2
(6.117) (L —2M)w50 = =951 — §\V901($)\
First of all, the compatibility condition (6.47) gives
(6.118) Va € 11(2)\1), Cla = V1 (O) : 6“V<p1(0),
so that in particular, by (6.115), the function ;5 is known up to O(z?) terms:
1 9* Py (0
(6.119) Va € T(M), cra=5 3. I+ G0 (0) - 9°Vion (0),
’ 2 ol
561—1(2)\1)
and
1 8P (0)
12 T —9 SR o e+ l) Y _
(6.120) Yo ¢ To(M\1),|al =2, c1q TV > T V1(0) - 97V (0)
BEL1(2A1)
Now (6.49) and (6.50) give
1
(6.121) co0 = ©50(0) = =[Ve1(0)?,
40
and
1
122 Th(2) I Coa |
(6122) Ya ¢ 2 Jal = Lapa = 51— Ve1(0) - 07Va1(0)

From the other compatibility condition (6.48), we know that

1 1
(cra+ V10 V1) +5 > 9Vei(0)- 07V (0)

By€Z1 (A1)
B+y=a

n Z 3Q+BSO+ ) Vi(0) - 8BV¢1(0))
2\ — A0 a€Zar(A1)

(6.123) cIm7,

ﬁ¢11(2/\1)
and, from (6.51), we obtain the following relation between the (co ) gez, (21,) and the (c1,a)aez,(\)

1 1
va € (M), cra == —0°Vir1(0) - Ver (0) — 5 Y 09Vei(0) - 97V (0)

Bv€T1(M1)
B+y=a
9P, (0) 8P4 (0) Vip1(0) - 9° V1 (0)
124 — _ — .
(6.124) 2 ol 0F 2_: al N — A3
ﬂGIl(Q/\l) ‘,3|—1

BET1(2M1)
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Using the second equation in (6.110), we obtain, for |5| =1,

(6.125) co.5 =~ (g5 (=)° + 209, () — 8PV (0) - gy ().

So far, we have computed the functions ¢;1(z) and ¢;9(x) up to O(z%), in terms of
derivatives of ¢ and ¢1, and of the gj_’m(z*). We shall now use the expressions we have
obtained in Section 6.2 and in Section 6.3 to give these functions in terms of g; and of
derivatives of V' only.

First, by (6.112), (6.119), Lemma 6.9 and Lemma 6.10, we obtain

1 “(27))P %
(6.126) ra(z) = — —— Z 8B+VV(O)M MV (0)= 4+ O(2?).
’ 81 0! o!
v€ZL1(2)1)
a:/BEIQ()\l)

Then we have

(6.127) pi1(x) = —4higs (27) @+ Z 1,02 + Z c1.0z® + O(z?),
CMEIQ()\l) |a|:2
adZs(A1)

where the ¢; o are given by (6.124) and (6.125) for a € Z3(A1), and by (6.120) for o ¢ Zo(\1).
o For |a] =2, a ¢ Z3(\1), we obtain from (6.116), Lemma 6.9, and Lemma 6.10,

_ 403
TPV (0) & 1
BETL(2)1) al = (A1 + ) B+ )

Since (g; (27)); = 0 except for 1; € Z1(\1), we get, changing notation a bit,

1 2°tV(0) 957V (0)
(6.129) 10 = > : (g1 (=7))"
(2)\1 + A Oé)(?)\l - A Oé) eI oM) ol 0!
B€La(A1)
e Now we compute ¢ o for o € Zo(A1).
For the last term in the R.H.S. of (6.124), we obtain
3 0% (0) Vipr(0) - 97V 1 (0)
[ 2A — \- N
o= @ A= A-S
BELL(2M1)
82 0tV (0) 9%V (0)
(6.130) 3 L (g1 (=7))".
I\ — \ - ) (2 )2 1 !
e oy G A NA N+ a s

BEIa(A1)
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Using (6.91) and (6.125), we have also

aa+6<ﬂ+(0)
Qo
BET1(2X1)
ootV (0), 1 2tV (0) 95TV (0)
> o ) e D ol 3!
YET1(2X1) L yezi(2n)
BET2(A1)

(6.131) (g1 (27))".

Now we compute —29*V1(0) - Vi1 (0) for o € Tp(\q). We obtain

228V (0)
Z a!f!

1 (o +1p); + Dlap + D) "V THV(O)
B T N [T i )y
B+y=a+1p+1;

; (ap + 1)y
20 Y 3 )
i e = A A+ A 6)
B+y=a+1p+1;

- 5 0*V1(0) - Vipr (0) = — (91 (=7))"

BET2 (A1)

B+1; +1g
« PO T O g o ator ),

(6.132)
=T+ 11+1II.

Writing 6 = 1; + 1,,, we get

B+1k v+1k = (»—))¢
(6.133) :_,Z Z (o +9)! 07T RV (0) 97V (0) (94 (27))°
Okt XDt A B A al 6!
k=1 By,0€T
ﬁ+v—a+5

Since § € Zo(\1) (otherwise (g7 (27))° = 0), we have 3,7 € Zo(\1) and, changing notations a
bit,

1 (a+ B)! 1 9,07V (0) 9;0°V (0) (9 (=7))?
(6.134) Il =—= Z Z Z |
2 BEL2(M) o 7,6€Ta(A1) j=1 (2A1 + A5)? 7! o! el
y+o=a+3

In the last term I11, we can suppose that v = 1;41, for some ¢ € {1,...,n}. Then v; = ~!
and, writing 8 = 1, + 1; we have

n

IT=X Y (op+1)(g1 (27)klgr (27))p

J.k,p=1
(ap +1)
6.135 X g 0; upV(0)0; , 1V (0).
R T Ve BT YE Y I Y W KL

la+lp+ig=a+1,
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Since a € Zp(A\1) and 1, € Z1(\1) (otherwise (g7 (27)), = 0), we have 1,4, 15,1, € Z1(\1) so
that we can write

(6.136)
I = — Z (ap + 1))\],()\1],2(91(2_)%(91(2_))10 Z 95,06V (0)05,4,6V (0).

jvkvp:]- a7b7q611
latlp+lg=at1,

Now it is easy to check, noticing that (o +1,)x € {0,1,2,3} and examining each case, that

a+ 1)
6137 S 95,V (0)0;44V(0) = (4p) 3 9,0V (0)0;0.aV (0).
a,b,q€T, a,b,c,deI
1a+1b+1q:a+1p 1a+1b+18+1d:a+1p+1k

Therefore, we have

11T = —

> e (e ()

I

Ji:k:p=1

(6.138) x > 350V (0)0; c.aV (0).

a,b,c,deZy
1a+1b+1c+1d:a+1p+1k

Eventually, setting 8 =1, 4+ 13, v = 1, + 1 and § = 1. + 14, we get

(6.139)
(a+p)! 30”/(0) 9;0°V (0) (g1 (:7))"
-y Oy oy '
| | | |
sty O e o Aj 2)\1 + Aj) ~! 0! s!
y+é=a+p
We are left with the computation of
1 1 ¢
—5 Z 8ﬁv¢1( ) a’YV(pl 5 Z Z 6j8ﬁ¢1(0> . 8]-87@1(0)
ﬁ,'yEIl(Al) 7=1 ﬁ'yeﬂ()\l)
B+y=a B+r=a
1 402 - 5 . ” -
(6.140) = *gz (2 + )2 Yo D %00°V(0)(9y (27)k0;0:07V (0)(gy (27))e-
=1 DI AT e T () =1

B+y=a
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At this point, we notice that

Z Z 9°Vp1(0) - 0"V (0)z®

a€Zx(M1) BYET1(M1)

Bty=a
1 " 4A% " ﬂ — — Y — — a
_ ‘5Zm D> 00:0°V(0)(gy (27)k050:07V(0) (g7 (27))e
=1 DIV et (A) kit=1
a€lz(M1)
fty=a
1L 4 { 9;07V (0) 9;0°V(0) 2% (gy (27))°
= —= Z 329y, 1Ly 2 Z (Ck + ﬂ)‘ Z | | ol !
2 =1 )‘j (21 + )‘]) a,8€T> (A1) 7,6€Za(M1) th 0! « o
y+o=a+p3
(6.141)
0,0V (0) 9;,0°V(0) . _, _
_9 Z ]al()]gl()m(gl(z ))[3}
,BE€T2(M) . '

From (6.124), (6.130), (6.131) (6.139), and (6.141), we finally obtain that

N 82 9V (0)0°V(0), 5
D aar®= > — —5 (g7 (7))’a
e e T A\ =AY A7) 2N + X 7) a! B!
a,B€T2(M)
VO, .1 IV (0) 0PIV(0), 4 .
- Z a,()(gj,o(z )T +47/\2 Z al v 3! ( )(gl (=)
~ET1(2M1) : L qezi(2n) ' '
a€Za (A1) a,B€Za(A1)
BV (0), . 5.
> )Wﬂgl ()
a,B€Ta (M
1 " 1 9,00V (0) 9;0°V (0) (g7 (27))7 z*
) z: (e +f)! Z: Z: R R— i I al
2 BT By | (2)\1 + )\]) ! 0! 0! ol
’Y+5*o¢+/6
2\ 8;0"V (0) 9;0°V(0) (gy (27))"
- Z (a+7)! Z Z 1 1 I ol
o BeTaOn) e =1 Aj (2\1 + A\ ) ! ! 0! al
y+oé=a+p

9,07V (0) 9;0°V(0) (g1 (27))" 2@

D IRNCEIEDY ZA? )\11+)\ Y R TR

a,B€Ta(A1) v,8€T2 (A1) j=1
y+é=a+p
(6.142)
A 9;0°V(0)9;0°V(0) 4
+4 Z Z)\22)\1+)\ a! B! ACASR

o,B€Ta(A1) =1
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or, more simply,

N *TIV0), _ o a gy (27)) z@
Z ¢ ar® = — Z - ( )(9370(2 ))’yx + Z ( 1 (ﬁ' )) J
a€Tz(A1) vEZ1(2A1) a,B€Ta(A1)
OzEIz()q)

82
X aa—i-'yv 0 85+7V 0
{vefl\zI;(zAl) A=A )A ) (2A + A -7)? (0) (0)

1 -ty B+ _poth
+ ey > MV (0)07V(0) — 9°H0V(0)
’7611(2)\1)
(a+p)! o1 amv 0) 9;0°V(0)
2 2 Z 5!
v,0€Zy  j=1
’y+6—oa+/3
o 98
(6.143) +4Z Y % a 9V (0)9;0 V(O)}.

7. COMPUTATIONS AFTER THE CRITICAL POINT

7.1. Stationary phase expansion in the outgoing region.

Now we compute the scattering amplitude starting from (4.19). First of all, we change the
cut-off function y4 so that the support of the right hand side of the scalar product in (4.19)
is close to (0,0).

+ ~ +

X+=0 - Ve X+=0 Ve
supp(Vx+) supp(Vx+)
x+=1 X+ =1

F1GURE 1. The support of x4 and x4 in T*R".

Using Maslov’s theory, we construct a function vy which coincides with a (z, h)e?¥+@)/h
out of a small neighborhood of | J,7,” N (B(0, R+ + 1) x R™) and such that v is a solution of
(P — E)vy = 0 microlocally near |J,7,/. Let x4 (z,£) € C°°(T*R"™) be such that Y4 (z,€) =
x+(z) out of a small enough neighborhood of J,7; N (B(0, R+ + 1) x R™). In particular,
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(P — E)v4 is microlocally 0 near the support of x4+ — X4. So, we have

(u—, x4, Plvg) =(u—, [Op(X+), Plv4) + (u—, (x4 — Op(X+))(P — E)vy)

—((P - E)U—, (x+ = Op(X+))v+)
=(u—, [Op(X+), Plos) + O(h™) = (g—"~/", (x1 = Op(X+))v+)
(7.1) =(u—, [Op(X+), Pluy) + O(h%),

since the microsupports of g_ew—/ h and x4 — X4 are disjoint. Thus, the scattering amplitude
is given by

(7.2) A(w, 0, E,h) = &E)h~" "2 (u_ [0p(X4), Ploy) + O(h™).

Now we will prove that, modulo O(h®°), the only contribution to the scattering amplitude
in (7.2) comes from the values of the functions u_ and v; microlocally on the trajectories fy;
and 77°. From (5.18), the fact that u_ = O(h=%) and (P — E)u_ = 0 microlocally out of the

microsupport of g_e~*~/" and the usual propagation of singularities theorem, we get
(7.3) MS(u_) C Ay UA;.

Moreover, we have

(7.4) MS(vy) C Af.

Now, let f2° (resp. f5) be C§°(T*R™) functions with support in a small enough neighborhood
of v7° (resp. v, NMS(vy)) such that [5° =1 (resp. fi¥ =1) in a neighborhood of 77° (resp.
’yf NMS(vy)). In particular, we assume that all these functions have disjoint support. Since
u_ and vy have disjoint microsupport out of the support of the f]‘»’O and the f; , we have

A(w,8, B, h) =(B)h~+D /22 Op(f7%)u-, Op(£;)[Op(¥+ ), Plus)

+(E)h™ "*1”22 Op(f;" u—, Op(£,)[Op(X+), Plvs) + O(h™)
¢

(75) :Areg_f_Asing‘

Concerning the terms which contain f7°, A" we are in the same setting as in [32, Section
4] with the difference that the calculus is made for any E = Ey + hE; with E; = O(1) and
not for £ = Ej.

In Equation (5.33), we have shown that the main term of the symbol appearing in the
WKB expansion on u_ differs, from the case E = Ey, by a factor et~ (®)E1 for p e v;°. The
time ¢_(p) is the unique time ¢ such that y_(t, 27°,w, Eoy) = p (see (2.6) and (2.8)). The same
way, the main term of the symbol in the WKB expansion on v, differs by a factor e+ (P)En
on the curve 77°. Here ¢4 (p) = t is such that v, (¢,27°, 0, Ey) = p, where 27° is the projection
of fr’oo(zJ ,w, Ep) on @+, The bicharacteristic curves y_ (¢, z Z; > w, Ey), 74 (t, 2 z°,0, Ep) and Ve
are the same sets, and the quantity ¢— — ¢ does not depend on p € 77°. Moreover, from

(2.9), we have

(7.6) bty = —(reo(25°,w, Eo)[v/2B0 ).
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Then, following [32, Section 4], the computation of the term A" gives

(7.7) AT = Z (3 w0, By )57 1 o),
j=1 m>0
with
(7.8) a;i%(w, 0,F) = afg(w, 0, Ey)e'lt-—t+)En,
Here, afg (w, 6, Ey) is the term obtained by Robert and Tamura and equal to
o oT/2
(7.9) ;eg(w 0, Ey) = W

Now we compute A*™. Proceeding as in Section 5.2 for u_, one can show that v, can be
written as

(7.10) vi(2) = ay (z, h)ei ™2+ @)/h,

microlocally near any p € ’yzr close enough to (0,0). Here Vzr is the Maslov index of 'yzr. The
phase ¥4 and the classical symbol a satisfy the usual eikonal and transport equations. In
particular, as in (5.28) and (5.33), we have

(7.11)

+00 too g
v (zf (1) = —/t & (w)|? = 2EqLyso du = —/t Sl& (WP = V() (w)) - Eosgn(u) du,
and ai(x,h) ~ > ay m(x)h™ with

(7.12) (IJDO(J‘Z'(t)) = (2E0)1/4(D2_(t))_1/26itE1,
where
Ox (t’ Zs 97 EO)
) = i\ =Y 20)
(7.13) D (1) = |det =5 3= .

We can choose X4 so that the support of the symbol of Op(f,”)[Op(X4+), P] is contained in
a vicinity of such a point p € ’yj (see Figure 1). Then, microlocally near p, we have

(7.14) Op(f)[Op(X+), Ploy = s (x, h)ed T2 @)/h,
with
(7.15) = apm(@)hm,
m>0
and
(7.16) at0(z) = —i{X+, P} (@, Vi ())as o(z).

From [5, Section 5], the Lagrangian manifold

{(33, v$§0k<t7 .%')), at(Pk<t7 .%') = 0}’
coincides with Aj. In particular, since MS(v4) C A and since there is no curve 7 (25°)

sufficiently close to the critical point, the finite times in (6.5) give a contribution O(h*°) to the
scattering amplitude (4.19). In view of the equations (6.5), (6.12) and (7.14), the principal
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contribution of A% will come from the intersection of the manifolds Aj and Ay. Recall
that, from (A5), the manifolds A;r and Ay intersect transversely along 'yj.

In particular, to compute A9, we can apply the method of stationary phase in the
directions that are transverse to ’yj. For each ¢, after a linear and orthonormal change of
variables, we can assume that g, (z,) is collinear to the x,-direction, and that V (z) satisfies
(A2). We denote Hﬁe ={y = (y1,---,Yn) € R™; yg = zp} the hyperplane orthogonal to
(0,...,0,24,0,...,0).

We shall compute A*™ in the case where there is only one incoming curve v, in Aj and
one outgoing curve fy; in A;. In the case of several but finitely many trajectories, A" is
simply given by the sum over k and ¢ of such contributions. Using (4.19), (6.5) and (7.14),
we can write

459 — —(n+1)/2 )/h k( T . -
sin t,x, h)ay (z, h)e e ™2 dt da

\/277 //

’c"(E)h n+1)/2/ //
717 = i@ (t@)—vs (@)/hok (4 z, h)as(x, h)e Ve 7r/2dtdyclgzcg
ran) S » (12, s (2, h)e

Let ®(y) = ©*(t,z4,y) — 14 (xg,y) be the phase function in (7.17). From (6.10)-(6.13), we
can write

(7.18) B(y) = Si + (91 — ¥4) (@, y) + V(t, 20,7),

where ¢ = O(e~M) is an expandible function. Since the manifolds Aj and A, intersect
transversely along 7;, the phase function y — (¢4 — 1+ )(x¢, y) has a non degenerate critical
point y(zg) € Hf,l N H_T’yj, and xp — y'(zg) is C* for xp # 0. Then, from the implicit
function theorem, the function ® has a unique critical point y*(t, x4) € Hf , for t large enough
depending on x. The function (t,xs) — y*(t, ) is expandible and we have

(7.19) y'(t,we) = y"(we) — Hess(p 1 — vy) " (v (20)) Vipr (v (we)) e 1" 4 O (e7721).
As a consequence, @(yz (t, a:g)) is also expandible.

Since ¢4 and 14 satisfy the same eikonal equation, we get (see (5.25))
(7.20) Oulps — i) (1) = 1§ OF — &7 @))7 =0

Thus, (¢ — ¥4 ) (¥ (z¢)) does not depend of z, and is equal to
(o4 =) (W (z0) = Jim (o — Py)(z) (1))
+0o0 9
:/ &5 (s)] = 2Ep1ss0ds

+001
- / S16 (5) V(& (5)) — Bosen(s) ds
(7.21) =S/,
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where we have used (7.11). Therefore, the phase function ® at the critical point y*(t, ) is
equal to

(Y (tae) =Sy + S5+ D em(t.y (zg))e

meN
Hm<2A1

1 ) o
(7.22) — 5 (Hess(py —v) 7 (4 (20)) Vior (v (20) - Vepr (y'(wp)) e~ + O(e™),
where 11 is the first of the ;s such that p; > 2A;.

Using the method of the stationary phase for the integration with respect to y € Hﬁ , n
(7.17), we get

E(E')h_(n+1)/2
V2mh

The O(h) term follows from the fact that the error term stemming from the stationary phase
method can be integrated with respect to time ¢, since o € SO2ReX(E)  with Re Y(E) >0
(see the beginning of Section 6). The symbol f*(t, x4, h) is a classical expandible function of
order SH2ReX(E) in the sense of Definition 6.2:

(7.24) Filt me, h) ~ > fh(t zg, Inh)RM™,

m>0

(7.23) AT = (2mh) /2 / / W T/ Ly 20 B dt dzg + O(h).

where the ff;1 are polynomials with respect to In h and

. " 'l
il (0 eo)n/s

| det ¥y, (4" (t,0)) Ea
Using Proposition C.1, we compute the Hessian of ®, and we get
"y (e)) =diag(—A1y- s —Ne—1, Aes =M1y - - s —An) + 0(1),
i (ye(mg)) =diag(A1, ..., A\p) +o(1).

Then, for zy small enough and ¢ large enough depending on xp, we have

(7.26) | det @, 1z, (y (t,z0)) |/2 /HQ)\ +o(1
Jj#L

(7.27) sgn <I>|H4 (y (t,xg)) =n-1,

(7.25)  fS(t,wa,nh) = af(t, 4" (t,20) ) ar0 (4 (£, g) ) e~ ™/

as xg goes to 0.

7.2. Behaviour of the phase function o.
Suppose that j € N is such that j < 7. From (6.40), we have
(7.28) Pl (s0)) = e M) Gh (@ (s)).
Combining (6.41) with (6.109), we obtain
@ (x (s0)) =% e (= 2p5(g; (2,9 (2))et® + O(*?))
(7.29) = —2u;{g5 (2,)]g] ("))t
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We suppose first that we are in the case (a) of assumption (A7). Then, (7.22) becomes
(7.30) @(ye(t, a:g)) =5 + Sj — 2,uk<g1:(zk_)|g1f(z;)>e“k8(”)e*“kt + 5(€7Mk+1t).

Here s(zg) is such that z/ (s(z¢)) = 2‘(z¢) and the O(e~Hx+1t) is in fact expandible, uniformly
with respect to xy when x, varies in a compact set avoiding 0.

Suppose now that we are in the case (b) of assumption (A7). Of course, from (7.29), we
have ; (ye(:cg)) =0 for all j < 7. On the other hand, Corollary 6.8 and (6.111) imply

(7.31) ok (2] (50)) = e P00k, (25 (5)).
Combining this with (6.126), we get

1 0°tLiV(0) 95V (0)
k + _ 2X\180,.—2\1s — =\ 4/ +\\B 2\1s
ehalef (s0)) =eoe e (— o 3 T o (07 @0) (o7 ) e
JET1(2)1)
a,B€Tz(M1)
+O(€3Als)>
1 AtLV(0) OPTLV(0), . a s
I D R U GICORE
U jenien) ' '
a,,@GIQ()\l)

In particular, (7.22) becomes, in that case,

_ 1 9°tLv(0) 9P+ V(0
By (t.zp)) =Sp — S — 5 3 (0) (0)

1 .
JEL1(2M)
a,B€Ta(A1)

% t2e—2)\1t + O(te—Q)\lt)

(7.33) =S + 5 + Ma(k, 0)t*e™>M" + O(te?1").

—i—(zz-))BeQ/\lS(xg)

al ﬁ! (gl_(zk_))a(gl

As in (7.30), the term O(te~2*1?) is in fact expandible uniformly with respect to 2, when x
varies in a compact set avoiding 0.

Eventually, we suppose that we are in the case (c) of assumption (A7). Then we obtain
from (7.29) and (7.32) that ¢;(y(z¢)) = 0 for all j < 7 and ¢;2(y*(z¢)) = 0. With the last
identity in mind, Equation (6.111) on gojﬁl implies

(7.34) ok (2 (50)) = e P00k (25 (s)).

In order to compute (péfl(xj(s)), we put the expansion (2.17) for 7 (s) (with Proposition 6.11

in mind) into (6.127). The third term in (6.127) will be, at least, O(e(H2H)s) = o(e?M1%).
Thank to (6.91) and thanks to the fact that Ms(k, ¢) = 0, the first term in (6.127) will give
no contribution of order se?*1* and will be of the form

o 9,0°V(0), _ .. o
139 —angG) wi@ == 5 20O (e () e + O
J€T )
a€Za (A1)

It remains to study the contribution the second term in (6.127), as given in (6.143). As
previously, the first term of the third line in (6.143) will give a term of order o(e?*1%). The
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other terms will contribute to the order e?*1* for
0,0V (), _ , _ g (N (gF ()P
B Z ]a|()(97,0(2k )91 ()" + Z (91 (Of ) (91 (ﬁ'e ) «
ejzg(i ) ‘ o,B€T2(\1) : :
acla(A1
o 402 N
X <_ BV (0) + Z )\Q(Tl_/\g)aja V(O)@jaﬁV(O)
JETNTI(2A1) "IN j
(F+o! 1 s
(7.36) - > 51 520"V (0)0;0 v(o))_
jer, O A
7:6€Z2(A1)
y+o=a+3

Thus, combining (7.35) and (7.36), the discussion above leads to

gpéf,l(x:[(so)) —e2A1s0p—2M1s (/\/l1(k, K)ez)‘ls + o(eQAls))
(7.37) =M, (k, £)e* 1%,

In particular, (7.22) becomes, in that case,
(7.38) Oy (t,we)) =S, + S + Ma(k, 0?1021 4 (72N,

As above, the O(e~?*1?) is expandible uniformly with respect to the variable zy when z, varies
in a compact set avoiding 0.

7.3. Integration with respect to time.

Now we perform the integration with respect to time ¢ in (7.23). We follow the ideas of
[20, Section 5] and [5, Section 6]. Since y*(t,x,) is expandible (see (7.19)), and since ® is C™
outside of 2y = 0, the symbol f¢(t,z¢, h) is expandible.

We compute only the contribution of the principal symbol (with respect to h) of f¢, since
the other terms can be treated the same way, and the remainder term will give a contribution
O(h®) to the scattering amplitude. In other word, we compute

. A EYh—(nt1)/2 ,
(7.39) A" = C()\/ﬂ@wh)("l)mh // el‘l’(yz(twe))/hfg(t’ zg) dt dzg + O(h™).

First, we assume that we are in the case (a) of the assumption (A7). In that case, ® is
given by (7.30). For z, fixed in a compact set away from 0, we set

T :é(yf(t,xg)) — (S, +5))
(7.40) =— 2uk<g;(z,;)‘gf{(z}»e“ks(”)e_“kt + R(t,zp),

and we perform the change of variable ¢ — 7 in (7.39). We assume for a moment that

(7.41) (g (zi)|git (z))) < 0.
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Here R(t,z¢) = O(e #x+1t) is expandible. As in [20, Section 5] and [5, Section 6], we get

) e ~( — 2 T(zH))e e + (—InT,xzp
(7.42) t ( 2 <91:(Zk:_)‘9k( Z‘)> #kS(l"e)) /b 1/ e (1 Z 0 /#kb]( 1 ))
j=1

1 1 <
(7.43)  t~——In7+ —In (= 2uc(g (2 )9 (2))es ) 43 7l (—InT, )
Hk Hx '
7=1
dt 1 &
(7.44) T I + ;T“J/“kbj(—lnﬂ g),

where the b;’s change from line to line. These expansions are valid in the following sense:
Definition 7.1. Let f(r,y) be defined on |0,e[xU where U C R™. We say that f = O(g(r))

(resp. f = o0(g(7))), where g(T) is a non-negative function defined in ]0,¢[ if and only if for
all o € N and g € N,

(7.45) (70-)°0,/f(7,5) = O(g(7)),
(resp. o(g(7))) for all (1,y) €]0,e[xU.

Thus, an expression like f ~ 3772, Thilte f;(—InT,24), where f;j(—InT,zg) is a polynomial
with respect to In 7, as in (7.42)—(7.44), means that, for all J € N,

J
(746) f(Tvx) — ZTﬁj/ﬂkfj(_ h’lT, xl) — @(Tﬁj/#k).
7=0

We shall call that such symbols f expandible near 0.

Since f§(t,z¢) is expandible (see Definition 6.1) with respect to ¢, this symbol is also
expandible near 0 with respect to 7 in the sense of Definition 7.1. In particular, we get
prl ¢ At N (S ) e 7
(7.47 Fo(rze) = £t ey~ 3w P FE (),
j=0

where the %7 j’s are polynomials with respect to In7. The principal symbol %70 is independent
of InT and we have

(7.48) %,O(W) _ ,ulk( _ 2Nk<91:(zk_)}QI(Z;»e”ks(u))_E(E)/#kféio(xe).

In that case, (7.39) becomes

ing _ QB sistym ([T i dr o0
(749) A(S) I = W@ (S +5¢)/ //0 e / fO(T, .CC({) 7 dxre + O(h )

Note that %(T, x¢) has in fact a compact support with respect to 7. Now, using Lemma D.1,
we can perform the integration with respect to ¢ of each term in the right hand side of (7.47),
modulo a term O(h*°) (see (D.3)—(D.4) in Lemma D.1). Then, we get

= —1/2 +00o
(7.50) A5 = Mei@; FSOMNTF(In ) RO i,

(zﬂ)l—n/Q =
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where fj(ln h) is a polynomial with respect to Inh. The function ﬁ) does not depend on h
and we have

(7.51) fo = T(S(B) /o) (—i) > me / 7 o(iee) dze.

To finish the proof, it remains to perform the integration with respect to zy. From (7.25)
and (7.48), (7.51) becomes

fo ZF(E(E)/uk):k / (2ipmc(gp (27| g5t (z) yerwestwe) )~ ine

isgn @, (y'(ze))m/4
e

(7.52) X ozgyo(gf(:vg))f@(3/(3:15))e_i”j”/2 ¢ dzxg.

| det ., (4" (x2)) |12

Now we make the change of variable zp — s given by y*(z) = 2/ (s) (then s(z¢) = s). In
particular,

(7.53) dxg = 0s (x“( s))ds = Alg] (2 et (1 + o(1))ds,

as s — —oo. In this setting, we get

(7.54) aoo(z/ (s)) = a00(0)(1+ o(1)),

as s — —oo, where ag(0) is given in (6.8). We also have, from (7.12) and (7.16),
(7.55) ar o] (5) = =i0s (X+ (7] (5))) (2E0) 4 (Df () 72751,

Then, substituting (7.26), (7.27), (7.53), (7.54) and (7.55) in (7.52), we obtain

Fo =T ((E) ) [ Citaclaic )l (50)) P 00(0)0, (X (07 (s1) e
i(n—1)w/4
g (20D (5)) 26 i9B1Bsedes (1 4 o(1) ds
JJE2Y
J#
B z (n+1)mw/4 I . — =N o+ —X(E)/px
= T (TTon) el GOI(RE) ) it ()]s ()
j#e

(7.56)  x e~ ™20 0(0) (2B0) /(D) 7/ / 0s(V+ (97 () (1 + 0(1)) ds.

Here the o(1) does not depend on X;. Now, we choose a family of cut-off functions (%F) jEN
such that the support of 0, (i’i(’yj(t))) goes to —oo as j — +oo. We also assume that
9 (X% (vf (t))) is non-positive (see Figure 1). Then

R etn+1)m/4
oo S

—1/2 . . -
H 2)\]) / )\Zl_‘(z(‘E)/'Ulk)ef'LuZLTr/2ez7r/4(2)\1)3/26711/,c /2
7.

x |91 (z)] |97 (201 (2ipuc{ gy (21, )\g;(zj)»*E(E)/uk

(7.57) x (2E0)Y*(Dy, DS)™Y% x (1 + o(1)).
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as j — —4oo. Since fg is also independent of Y4, we obtain Theorem 2.6 from (7.50) and
(7.51), in the case (a) and under the assumption (7.41). When (g, (z;,)|g; (2,)) > 0, we set
7 as the opposite of the R.H.S. of (7.40), and we obtain the result along the same lines (see
Remark D.2).

Now we assume that we are in the case (b) of the assumption (AT7). In that case, the
phase function ® is given by (7.33). For z, fixed in a compact set outside from 0, we set,
mimicking (7.40),

T :‘I)(yz(t,l‘e)) — (S, + SZ)
(7.58) =My (k, £)e? 3@ 2e=2M L Rt 14)

where R(t,xy) = O(te”?M!) is expandible with respect to t. As above, we assume that
Moy (k, £) is positive (the other case can be studied the same way).

t

Following (7.42), we want to write s := e~ " as a function of 7. Since t — 7(t) is expandible

with respect to ¢, we have
(7.59) T = Ma(k, )15 (In 5)252M (1 + 1(s, x)),

where r(s,z¢) = 0(1). In particular, ds7 > 0 for s positive small enough and then, for ¢ > 0
small enough, s +— 7(s) is invertible for 0 < s < e. We denote by s(7) the inverse of this
function. We look for s(7) of the form

T )1/2)\1 u(T, xg)

B 1M
(7.60) 3(7) = (2)‘1) / (_/\/lg(k,@@w‘ls(”) m’

where u(T, z¢) has to be determined. Using (7.59), the equation for u is
T =My (k, )15 (In 5)262M (1 + (s, 24))
— M (1 ~In ((2)\1)_2/\42(143»f)ez/\ls(“)) Inu In(—In 7'))2

+ 20— —2
Int Int Int
1M T 1/2x U
x (1 +r((2)\1) <M2(k7€)62)\15($£)> (_1117-)1/)\1 ,.Z'e))
(7.61) =7F(7,u,xy),

where F' = u?* (1 + 7(7,u, 2¢)) and 7 = 0(1) for u close to 1 (here (u,zy) are the variables y
in Definition 7.1). In other word, to find u, we have to solve F(t,u,xzy) = 1.

First we remark that u +— F(7,u,xzy) is real-valued and continuous. Since, for § > 0 and
7 small enough, F(7,1 —6,x2¢) <1 < F(7,1 + 0, zy), there exists u € [1 — 0,1+ ¢] such that
F(r,1+ 0,x2¢) = 1. Thanks to the discussion before (7.60), the function s(7) is of the form
(7.60) with u(7,zg) € [1 — 9,1+ 0], for 7 small enough.

For 7 > 0, the function F' is C*° and, since ¥ = 0(1), we have
(7.62) Ou(F (7, u, ) — 1) (u(T, z¢)) = 220 N1+ 0,(1)) > Ay,

for 7 small enough. The notation o-(1) means a term which goes to 0 as 7 goes to 0. Here
we have used the fact that u(7,zg) is close to 1. In particular, the implicit function theorem
implies that u(7,xg) is C°.
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We write u = 1 + v(7, z¢) and we known that v € C*° and v = o,(1). Differentiating the
equality
(7.63) 1= F(r,u(r,ze),x¢) = (u(r,2¢)) ™ (1 +7(r, u(r, 2¢), z4)),

one can show that v = 0(1). Thus we have

¢ B 1M T Y21 4 7(7, 24)
(764) € _S(T) - (2)\1) (MQ(ka f)e?)qs(xe) ) (7 hl 7')1/)\1 ’
InT
. =~ a3y 1 7
(7 65) t 2A1 ( +T(T7 .%'g)),
dt 1 ~
(766) TE = — 27/\1 + 7"(7', xf)a

where 7(7,2¢) = 0(1) change from line to line.

Since f§(t, g, h) is expandible with respect to ¢, we get, from (7.64)—(7.66),

~ dt _ ~ ~
(7.67) fo(r,me) = —f5(t, Te)T = IV () TEEVN(FF () + T, m0)),
where 7= 0(1) and
(7.68) Tho(we) = @A) ™A (M, 0)ePer0)) 5 G (),
In that case, (7.39) becomes
sing __ E(E)h’il/Q i(S7+SF)/h oo iT/h dl ()
(7.69) Ay = 7(27()17”/2 e'\Pr Ty ; e fo (T, ) - dzg + O(h™).

Note that %(7‘, xg) has in fact a compact support with respect to 7. Now, using Lemma D.1,
we can perform the integration with respect to ¢ in (7.69), modulo an error term given by
(D.3)-(D.4) in Lemma D.1. Then, we get

. el -2
Aging :%M HSOIRD(S(B) 20 ) (—i) =B
T n

(7.70) x hEE)/221(_ 1 ) =2(E)/ X ( / e o(e) dag + o(1)>,
as h goes to 0. The rest of the proof follows that of (7.57).

Lastly, the proof of Theorem 2.6 in the case (c) can be obtained along the same lines, and
we omit it.

APPENDIX A. PROOF OF PROPOSITION 2.5

We prove that A; N Ay # 0. From Assumption (A2), the Lagrangian manifold A, can be
described, near (0,0) € T*(R"), as
(A.1) Ay ={(z,&); = =Vo (O},

for |¢] < 2¢, with ¢ > 0 small enough. For n € S"~1, let (z(t,n),£(¢,n)) be the bicharacteristic
curve with initial condition (¢(en),en). We have

(A.2) Ay = {(z(t,n),&(t,m)); t R, n e S"TFU{(0,0)}.
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The function £(¢,7) is continuous on R x "7, From the classical scattering theory (see [13,
Section 1.3]), we know that this function £(¢,7n) converges uniformly to

(A.3) g(oo,m) = lim £(t,7),

as t — +oo and £(co,7n) € V2ES L,

Then, the function
(A4) F(t,n) =

is well defined for 0 < ¢ < 1 with the convention F'(1,n) = £(co,n)/v2E. Here we used that
|€(t,n)| # 0 for each t € [0,+00], n € S"!. The previous properties of &(¢,n) imply the
continuity of F(t,n) on [0,1] x S*~1.

From (A.2), to prove that Aj NAy # 0 for all § € S"™!, it is enough (equivalent) to show
the surjectivity of n — F(1,n). But if n — F(1,7) is not onto, then Im F(1,-) C S*1\ {a
point}. And since S"~1\ {a point} is a contractible space, F(1,-) is homotopic to a constant
map

(A.5) fosvt sl

On the other hand, F : [0,1] x S* ! — S"~! gives a homotopy between F(0,-) = Idgn-1 and
F(1,-). In particular, we have

(A.6) 1 = deg(F(0,-)) = deg(F(1,-)) = deg(f(-)) =0,

which is impossible (see [16, Section 23| for more details).

APPENDIX B. A LOWER BOUND FOR THE RESOLVENT

Let x € C*°(]0, +o00[) be a non-decreasing function such that

z forO0<azx<l1
x(w)—{

(B.1) 2 for2<u,

Let also ¢ € C§°(R) be an even function such that 0 < ¢ <1, 1/_; 3} < ¢, and suppyp C
[—2,2]. We set

_ ixjz2/2h, (L) h _ ]
(B2 o) =TT () () = I
where 0 < a < 23 will be fixed later on. The u;’s are of course C° functions, and we have
h? - )‘12' 2 3
(B.3) (P — Ep)u = —?Au(:r) - Z ?x]u(w) + O(zu(x)).

Lemma B.1. For any h small enough, we have
(B.4) WM ™ S Jlul ey S B In k|2,
(B.5) lePu(@)]| 2 gy S B2 In h|™/2,
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Proof. First of all, the second estimate follow easily from the first one: we have
2
llafu@l = [ lafluo) s < 1l

since w vanishes if x| > 2h®. Thanks to the fact that u is a product of n functions of one
variable, it is enough to estimate

1= [A(Ee(ma=2 [ (e (e
o o 203
z/h’; X2(:f2)dtg§2/}: Xa(g/i)dm/oh Xz([;i)dt,

he p2p 2h p20 h28
2/ dt§I§2/ dt+2/ 4dt.
h2/3 t hQB t 0

The first estimate follows from the fact that 26 — a > 0, once we have noticed that

We have

so that

Ah® hZﬁ
/ —dt = h*((28 — @)|Inh| +In A).
h28 t

On the other hand, we have

From Lemma B.1, we get

(P — Eo)ul| SV h|"=D/2 sup ||h*uj(t) + X t2uk(t)}|+h3ahﬁn|mh\"/?

1<k<n
(B.6) (h B|1n p| =12 1iup Hh2 1(t) + Nit ug(t)|| + h3°‘> |||
We also have
(B.7) R2u)(t) + N tPu(t) = M2 (R200/ () 4 ihAg (268, + 1oy (t)),

where we have set v, (t) = cp(h%)x(wl/g) Notice that the right hand side of (B.7) is an even

function, so that we only have to consider ¢ > 0. The point here, is that we have, for ¢ > 0,

26
2 ifo<t< —,

(B.8)  (2t0; + 1)(X<:/62>) = t]f/ﬁgx (:fz) +X(£fz) Yo if hzﬁ <t<h?,

0 if B2 < t.
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Therefore, we obtain

B

o+ vl =2 [ (o) @100+ 0 (7))
2he B
+ 2/0 <2tat(<p(};))x<‘t}‘ll/2)>2dt

& < [ GG s

On the other hand, an easy computation gives, still for ¢ > 0,
t hP R ot P
" _ 1 —2a, I / /
) =h 7 (52 )x(572) = ¢ (e ¥ ()

o e () ) i)

Computing the L2-norm of each of these terms as in Lemma B.1 and (B.9), we obtain

(B.11) [P2vg|| S RPHP720 4 p2HO72 2730y 278
and, eventually, from (B.6), (B.7), (B.9) and (B.11),
|(P = Eoyul| S (B bl 72 (49 4 249720 4 p2799) 4 3 )
Therefore we obtain Proposition 2.2 if we can find o > 0 and 2 > 0 such that
2—2a>1,2—-46>1, 3a>1and 20 > q,

and one can check that « = 5/12 and § = 11/48 satisfies these four inequalities.

APPENDIX C. LAGRANGIAN MANIFOLDS WHICH ARE TRANSVERSE TO A4

Let A C p~1(Ep) be a Lagrangian manifold such that A N A_ is transverse along a Hamil-
tonian curve v(t) = (x(t),£(t)). Then, there exist a # 0 and v € {1,...,n} such that

(C.1) ¥(t) = (a+O(e™))e™™,

as t — +o0o. The vector a is an eigenvector of

- (14,

for the eigenvalue A,. Thus, up to a linear change of variable in R", we can always assume
that Il.a is collinear to the x,—direction. The goal of this section is to prove the following
geometric result.

Proposition C.1. For t large enough, A projects diffeomorphically on R! near «(t). In
particular, there exists ¢ € C°°(R"™) defined near 11,7, unique up to a constant, such that
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A=Ay = {(z,Vy(x)); v € R"}. Moreover, we have
A1

(C.3) " (z(t)) = Y +O(e™),

An
ast — +oo.

Remark C.2. The same result holds in the outgoing region: If v = AN A is transverse,
A projects nicely on R} near y(t), t — —oo. Then A = Ay for some function 1) satisfying
¢//($(t)) =diag(—A1, ..y = A1, A, —Aug1, .o, —Ap) F O(est).

Proof. We follow the proof of [20, Lemma 2.1]. There exist symplectic local coordinates (y,n)
centered at (0,0) such that A_ (resp. A4) is given by y =0 (resp. n = 0) and

1
(C.4) yj ==& + Ajz;) + O((x,€)%),
V2
1
(C.5) N =—m=(& — Njaz) + O((x,€)?).
V2
Then, p(x, &) = A(y,n)y - n with Ag := A(0,0) = diag(A1,...,A,). In particular, the tangent
vectors (dy,0,) to A at y(t) satisfy the following evolution equation

co () (MO e V().

We denote by U(t, s) the linear operator such that U(t, s)d solves (C.6) with U(s,s) = Id.

Since the intersection AN A_ = v is transverse, there exists E,_1(to) C T, «,)A, a vector
space of dimension n — 1 disjoint from T’,)A—. For convenience, we set E,(to) = En—1(to) ®
Rov for some v ¢ T4\ A + Ty A—. Let Ee(t) = U(t,to)Ee(to). From [20, Lemma 2.1],
there exists a n x n matrix By = O(e~*?) such that E,(t) is given by 6, = B;d,. Now, if
§ € Ep_1(t), we have o(Hy,5) = 0 since Ej,_1(t) ® RH, = T, ;A and A is a Lagrangian
manifold. From (C.1), we have

(C.7) Hy(1(t)) = 4(t) = =Au(@ey, +O(e™))e ™",
where e, is the basis vector corresponding to 7,, @ = %|a|, and then
(C.8) 0= (e H,,8) = \,ad,, + O(e")|5].

It follows that § € E,,_1(t) if and only if (6y,,6,) = Etdy/ where B; = O(e™!) is a (n+ 1) x
(n — 1) matrix. Using T,yA = Ej,1(t) ® RH), we obtain that 7., A has a basis formed of
vector f;(t) such that

(C.9) fi=ey, + O(e™) for j #v
(C.10) fo =en, +O(e™).
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In the (7, {)-coordinates, T, ;A has a basis formed of vector ]?j(t) of the form

(C.11) j?j =e¢, + Ajea, + O(e™) for j #v
(012) ﬁ, =€e¢, — )\jexl/ + 0(6_8t),
and the lemma follows. O

APPENDIX D. ASYMPTOTIC BEHAVIOR OF CERTAIN INTEGRALS

Lemma D.1. Let a € C, Rea > 0, B € R and x € C§°(] — 00, 1/2[) be such that x =1 near
0. As A goes to +00, we have

(D.1) /OO e n 1) (1) % — D) (I AP (=)~ (1 + o(1)).
0
Moreover, if B € N, we get
> ity Jé] dt _ Sy \—a 2 J() J P —o0
(D.2) /O M () (1) T = (<i3) 7 3 OATO (@) (1) (In(=i)) " + O %),
=0
Finally, if s(t) € C*°(]0,+00]) satisfies
(D.3) 10]5(t)| = o(t*~I(—Int)?),
forallj e N andt — 0, then
(D.4) /O T M)y (t) % — o((lnX)PA~).

Here (—i\)~® = €' 7/2\=% gnd In(—i)\) = In \ — i7w/2.

Remark D.2. Notice that one obtains the behavior of these quantities as A — —oo by taking
the complex conjugate in these expressions.

Proof. We begin with (D.2) and assume first that 5 = 0. Then, we can write

oo dt oo
/ el)\ttax(t) Z — lim ez()\+l€)ttax(t) @
0 t e—0 0 t
(D.5) :liI% (11(01,6) —IQ(Q,E)),
e—
where
(D.6) (o, e) = / e~ (EmiNta % :
0
_ > (A ie)t o dt
(D.7) I(a,e) = e (1 —x(1)) 5
0
It is clear that
(D.8) Li(a,e) = (e —iN) T(«a),

where z7¢ is defined on C\] — oo, 0] and is real positive on |0, +o0c[. In particular

(D.9) gl_{I(l) Ii(a,e) = (—iN) " “T(a).
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Concerning Iy(a, ¢), we remark that (¢, o) = t* (1 — x(t)) is a symbol which satisfies
(D.10) 0]0hr(t. )| S (B Int)",

for all j,k € N uniformly for ¢t € [0, +oo[ and « in a compact subset of {Rez > 0}. Then,
performing integration by parts in (D.7), we obtain

1 too :
5 / A= r (¢, o) dt,
0

(D.ll) 12(04,6) = (6—71)\

for all j € N. Now, if j is large enough (j > Re«), 8{7“(75, «) is integrable in time and does
not depend on ¢. In particular, for such j,

.. . +w . .
(D.12) liII(l] I(a,e) = 7™\ / eMalr(t, ) dt,
E— 0

and then (see (D.10) or Cauchy’s formula)

g oo proo
o lir% Lo, ) =e9™/2 )\ / M OFr(t, o) dt
E— 0
(D.13) =0(\™),

for all k € N. Then we obtain (D.2) for 5 = 0. To obtain the result for 8 € N, it is enough
to observe that

o . dt © . dt

/ M (int)x () 5 =02 / My ()

0 0

=95 ((—i\)™°T(a)) + 92 lim I(av, )

®

(D.14) =(—iN) "> O (o) (— In(—iN) 7 + O(A ),
§=0

from (D.13). Thus, (D.2) is proved.
Let u € C*°(]0, 400]) be such that
(D.15) Bhu()] < 2 (~ ),
near 0. Let ¢ € C*°(R) be such that ¢ =1 for t < 1 and ¢ =0 for t > 2. For § > 0, we have

at _
'

+oo
(D.16) /0 Aut)(t) (1 p(t/6))

for all N.

(N [ Mo (utn(e) (- ptt/5) e .

If one of the derivatives falls on 1 — ¢(t/d), the support of this contribution is contained
in [8,26]. Therefore, the corresponding term will be bounded by §8¢*=N=1(In )% and will
contribute like 08¢~V (—1n§)? to the integral.

If one of the derivatives falls on x(¢), the support of the integrand will be a compact set
away from 0 and then this function will be O(1). The contribution to the integral of such a
term will be like 1.
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If all the derivatives fall on u(#)t~!, the corresponding term will satisfies

0o +oo
/0 eMON (u(t)t™ ) x(8) (1 — (t/8))dt =O(1) /5 tRea=1=N(_1n )8(1 — x(t))dt
(D.17) S(=Ing)laRea

for N large enough (N > Re ).

From these three cases, we deduce

+oo |
(D.18) /O eMu(t)x(t) (1 — @(t/5)) % — O((= ) 5= NA=N).

Taking § = (e\)~1, we get

+oo
(D.19) / At () (1 - o(t/5)) % — O((InN)PA),

0
as A — +oo.

We now assume (D.3), and we want to prove (D.4). Since, for ¢ small enough
(D.20) thea=l(_ne)f < (tReo(—nt)?),
we obtain
O dt % Rea_1 8
[ esonoet/o) §| =osafv) [ e (- e
0 0
(D.21) —05_0(1)0%¢%(=1nd)".

Here 0s_0(1) stands for a term which goes to 0 as & goes to 0. If § = (e\)~!, we have

+oo
(D.22) [ s Ox (/8 T = o1 (DA )"

when A — +o00 and ¢ fixed. Taking & small enough in (D.19), and then A large enough in
(D.22), we obtain (D.4).

It remains to prove (D.1). We need to compute

oo dt
(D.23) 7= / (- Int) (/) -
0
Performing the change of variable s = At, we get

2/e d
Z=\"" / e¥s%(In X — In s)Pp(es) &
0 S

2/e ) ds
(D.24) =(In )\)5)\_0‘/ e®s*(1 —1Ins/In \)Pp(es) -
0
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We remark that, in the previous equation, —Ins/InA > —1In(2/¢)/In X > —1/2 for X large
enough. Using (1 +u)? =1 4+ O([u| + |u|™>*1A) for u > —1/2, we get

2/e
d
=(n NP\~ / es%p(es) ss

2/e |In s| [ In 5|\ max(1,5) ds
By—a Rea
+ (In A)PA /0 O( oy T <7ln)\ ) ><p(es) .

_ I} e It o B—1y—a
(D.25) —(ln \) / ¢M0 (1 1)° (t/5) L 0. (lmn)f ).
0

Note that the O, in (D.25) depends on €.

Then, using (D.19), (D.25) and (D.19) again, we get
dt

/ e (—Int)Px(t) =
0 t

=T + O(e(In\)’A™9)
=(In \)? / o e (— Int)? (t/é) Lo, (I X)PIA"%) + O(e(In X)A™)
0

dt

—(In \)? /0+OO Mt (—Int)Px(t) s O(e(InA)PA™) + O ((In A)P~IA)

(D.26) + O (e(In N)PA™).

Choosing ¢ small enough, then \ large enough, and using (D.2) with 5 = 0 to compute the
first term, we obtain

> . dt
(D.27) / e (—Int)Px(t) — =T(a)(n NP (=iN) 7 (1 4 o(1)),
0
and this completes the proof of (D.1). O
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