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MEASURES MAXIMIZING TOPOLOGICAL PRESSURE

AMROUN ABDELHAMID

Université Paris-Sud, Département de Mathématiques, CNRS UMR
8628, 91405 Orsay Cedex France

ABSTRACT. We give a general method on the way of approximat-
ing equilibrium states for a dynamical system of a compact metric
space.

1. INTRODUCTION

We show in this paper how to buit equilibrium states for a dynamical
system on a compact metric space X starting from the definition of the
topological pressure. For each finite set E of “sufficiently separated”
points, we consider the probability measure pup with support £. We
then prove that the weak limits of up, as |FE| — oo, are equilibrium
states. In fact, |E| increases exponentially fast and |E| ~ eth*r where
hiop is the topological entropy of the dynamical system. The result
works for flows as well as for maps of X. We begin with a general
and abstract result which gives a sufficient condition under which the
weak limits of a sequence of probability measures are contained in a
given closed and convex subset of P(X), the space of probability mea-
sures of X. We apply this result to convex and lower semicontinuous
functionals on P(X). It results a way of approximating zeros of such
functionals. In the setting of dynamical systems, these functionals are
given by the Legendre transform of the topological pressure considered
as a functional on continuous potentials on X. In certain cases, the
result follows from a direct application of the ergodic theorem. We
give an example of such situation, by considering probability measures
supported on finite trajectories of a diffusion process associated with a
second order differential operators.

2. AN ABSTRACT MODEL AND MAIN RESULT

Let X be a compact metric space and denote by P(X) the space of
probability masures on X equipped with the topology of weak conver-

gence of measures. Let (;, t € IR, be a probability measure on X and
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consider a random variable §; on the measure space (X, ;) with values
in P(X). Thus, for each z € X, 6,;(z) is a probability measure on X.

Consider the law v, of §; with respect to 3, that is, v, := 3, 0 §; '
Also, the expectation of J, is given by the probability measure

1) = Es(6) = [ dla)a.

We state the main result of this section.

Theorem 1. Let (;)i>0 be a family of probability measures on X, and
for each t > 0 a map 6, on (X, B;) with values in the space P(X).
Suppose there is a nonempty closed and convez subset T of P(X) such
that: for any open neighborhood U C P(X) of T we have,

(2) tEeroo n(U) =1.

Then, any weak limit jv of py == Eg,(6:), ast — +oo is contained in I'.
In particular, if T' = {m} then p, converges to m.

Note that the condition (2) in the theorem is equivalent to assume
that limy . 14(U¢) = 0 since 1 (U) + 11(U°) = 1. This condition
means that the proportion of probability measures of the type ¢; which
are close to I' is assymptotically 1. On the other hand, in the case
where ; do not depend on ¢, there are non trivial examples where the
convegence of E3(d;) to some measure is a consequence of the ergodic
theorem (see section 4).

The applications given below are based on the following special case
of the main Theorem 1. Let J : P(X) — [0,00] be a lower semicon-
tinuous functional and set I' := {J = 0}. This is a compact subset of
P(X) and furthermore, the convexity of I' follows from the convexity
of the functionl J.

In practice, to obtain (2) one can prove a stronger result, namely a
large deviation upper bound for the process v;: for any closed subset
K of P(X),

1

(3) limsup — log 4 (K) < — inf J(m).

t——4o00 t meK
A sufficient condition which imply this upper boud is given in [11]
(condition (1.3) p506). In the notations of Theorem 1, this condition
is equivalent to say that the limit

1

(4) tLiELnoo t log B, (et Ix fdét)

exists for any continuous function f on X. When this limit exists, it
coincides with the topological pressure P(f) introduced in the sequel.
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Furthermore, the functional J in this case will be the convex conjugate
of P in a certain sens (see section 3).

Let then U be an open neighborhood of I := {J = 0}. Since J is
lower semicontinuous and the set U¢ is compact, there will exist mg €
U¢ such that inf,,cpe J(m) = J(mg) > 0. Thus, for ¢ sufficiently large
we will have v,(U) > 1 — e7#/(m) which implies (2). We summarize
this discussion in the following result which is a corollary of Theorem
1.

Theorem 2. Let (f;)i>0 be a family of probability measures on X,
and for each t > 0 a map & on (X,B;) with values in the space
P(X). Suppose there exists a lower semicontinuous convez functional
J : P(X) — [0,00] such that, for any open neighborhood U of {J = 0}
we have,

(5) limsup%log v (U°) < — inf J(m).

t—+o0 meUe
Then, J(u) = 0 for any weak limit u of py == Es,(0;), as t — +o0.
2.1. Proof of the main result.

Proof. We endow P(X) with a distance d compatible with this topol-
ogy: take a countable base {g1, g2, - } of the separable space Cr(X),

where ||gx|| = 1 for all k, and set:
d(m,m’) := ZQ‘k /gkdm - /gkdm" .
k=1

Let V C P(X) be a convex open neighborhood of I' and v > 0. Con-
sider a finite open cover (B;(7))i<ny of I' by balls of diameter 7 all
contained in V' (if B;(7y) is not entirely contained in V' we just take its
restriction to V).

Decompose the set U := UY, B;(7) as follows,

U= U;V;IU], for some N' > N,
where the sets U] (which are not necessarily open) are disjoints and
contained in one of the balls (B;(7))i<n. We have
rcucy,
and Zﬁ\; vn(Uj) = vu(U). We fix in each U] a probability measure

pj, 7 < N', and let py be a probability measure distinct from the above
ones (for example take py € V\U). Set,

N/
Wy 1= ijlat—l(U]'y) + (1 — Vt(U))pU-
j=1
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We have,
(6) Eg, (wi) = Z vi(U] )pj + (1 = v (U))po.

The probability measure Fj,(w;) are contained in V' since it is a convex
combination of elements of the convex set V. We have then d(p, V') <
d(pu, Eg,(wt)). We will show that

d(pe, Ep, (wi)) < v (U) + 3u(U°),

where U¢ = P(X)\U.
Consider the finite positive measures,

IUJLV = Eﬁt ((1‘/ o 5t)5t) .

Evaluated on a function g this gives,

) i= B (1 00)3(0)) = [ 1vloe)) ([ atanto)) o)

X
Note that for any continuous function g on X with ||g|| = 1 and any
subset E of P(X) we have

(7) |t,6(9) < Ep (1g 0 0r) = vi(E),

By the definition of d we have to estimate:

d(pe, Bp, () = > 27 (i) — Eg, (wi)(gw)] -

First write,
d(pir, B, (wt))
< > 27 Muge) — v (o) + Y 27 v (gk) — Ep (i) (gr)]-

k>1 k>1

From (6) — (7), the definition of y; and p; v and the fact that U C V,
we get

®) D27 Mmalgr) = pev (ge)] = D 27 e (gr)| < m(U).
E>1 E>1
It remains to show that
> 27y (gk) — Eg, (i) (gx)] < y(U) + ma(U°).
E>1
We have
> 2 |y (gr) — Eg (wi)(ge)] = Y 27 |A— B

k>1 k>1
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where,
N/

A = Z (Egt ((1Ujv o (5t)(5t> (9x) — l/t(U])pj(gk)) , and

j=1

B = Ej ((1V\U © 5t)5t) (k) + (1 = 14(U))po(gr)-
We have for all £ > 1,

(9) D27 A<y w(U]) = (V).
and _
(10) > 2 B <u(V\U) + (1= w(U)) < 2u(U°).

k>1
Putting toguether (8) — (10) we get,
(e, Bg, (wr)) < v (U) + 3m(U°).
This implies the desired inequality,
d(pz, V') <y (U) + 31(U°).

Now, since U is open, we have by assumption, lim; ., v4(U) = 1 and
limy oo 4 (U€) = 0. Thus, limsup,_, . d(p, V) < 7, for all v > 0. We
conclude that limsup,_, . d(ut, V') = 0. The neighborhood V' of I" being
arbitrary, this implies that the all limit measures of u; are contained
in I". U

Remark 1. [t is not necessary for V to be convex. Indeed, let V be
an open neighborhood of I', and consider finite open cover (B;(7))i<n
of T' by balls of diameter v all contained in V where each ball B;(7)
1s centred at a measure m; € I'. Fix also a measures mqy € I' distinct
from the above ones (since T' is convez, if it contains two elements it
contains the segment formed by them). Now define Eg,(6;) as in (6).
The difference here resides in the fact that each m; can appear more
than one time in (6). However, Eg,(3;) is still a convex combination of
elements in I', so that Eg,(0;) € I

3. APPLICATION TO DYNAMICAL SYSTEMS

Let us explain how to apply the above results in the context of dy-
namical systems. Leaving the details and the precise statements for
later, we begin by a general description of the method. Let X be a
compact metric space and ¢ : IR x X — X a continuous (smooth) flow
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acting on it. The same can be done for maps of X. Set ¢' := ¢(-, 1) :
X — X. The functional J has then the following form,

(1) T = s (fwtn-ow).

wEC’IR,(

where @) : Cr(X) — IR is continuous and convex, ¢-invariant i.e,
Qwo ¢') = Q(w) for t € R, and Q(0) = 0. Thus J > 0 and J is
lower semicontinuous. Since for any w, the map p — ([ wdp — Q(w))
is convex, we deduce by duality that,

(12 Q)= s ( [otu—1).

HEP(X)
We are interested in the subset Py(X) of P(X) of probability measures
w such that J(u) =0,

(13) Po(X) = {p € P(X) : J(u) = 0}.

Elements of Py(X) which are invariant by A, are called equilibrium
states of the dynamical system. Theorem 2 in this case says that, if
we have the upper bound (5), then p € Py(X) for any weak limit p of
He = Eﬁt (51‘/)

The objective in what follows is to specify all the ingredients of
Theorem 2 and to establish (5).

A probability mesure p on X is said to be invariant by ¢, if for
all continuous function w and all t € IR we have [, w(¢'(z))du =
Jx w(z)dp. Let Py (X) be the closed and convex subspace of P(X)
which are invariant by the flow ¢.

3.1. Topological pressure and the functional J. The topological
pressure P(f) of a continuous function f : X — X is defined using
separated sets of X (see [17]) as follows:

1 o
(14) P(f) = lim lim sup n log sup Z elo f(® z)ds.

0 todoo el

where the sup is taken over the (t, €)-separated sets £ C X. Since X is
a compact, in formula (14) we can take the sup over maximal separated
sets [17]. There is also an equivalent definition based on spanning sets
[17].

It is well known that P(f) satisfies the following variational principle
17,

(15) P(f)= swp (h(u) -/ fdu) |

/J'epinv (X)
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For f = 0 formula (12) gives the usual variational principle for the
topological entropy hy,, of the flow ¢,
(16) hiop = sup  h(u).

HEPiny(X)
Let P.(f) be the subset of measures p € Py, (X) realizing the sup in
(15). These maximazing measures are called equilibrium states corre-
sponding to the potential f.

We assume in the sequel that the entropy map m — h(m) is upper
semicontinuous (u.s.c). Then hy,, < 400 and P.(f) is a nonempty
closed and convex subset of P, (X) (see [17]). For example, by an
important result of Newhous [15], if X is a compact manifold equipped
with a C'* Riemannian metric then the entropy map is u.s.c. In this
context, the main example of flow we have in mind is the geodesic flow
[1].

Define the functional Qs by,
(17) Qf(w) :=P(f+w)— P(f), for we Cx(R).

The functional J; is then defined on the space of probability measures
on X by,

(18) Istu) = s ( fodn = @r))

w

where the sup is over the continuous finctions w on X. Since Q;(0) =0,
we have Jy > 0. In [1] (Lemma 1,2) we proved,

Lemma 1.

(1) Qf is ¢-invariant, that is Q¢(wo @) = Qf(w) for all continuous
function w and t € IR. Moreover, Q5 is convex and continuous
on continuous functions. Jy is convexr and lower semicontinuous
functional and by duality,

Qs(w) = sup (/wdu—Jf(u)>.

HEP(X)

(2) Set for any invariant probability measure pu,

1) = P(f) - (h(u) </ fdu> |

Then Qf(w) = SUp,ep,..(x) (fwdp—I(p). In other words,
the functionals I and Jy agree on invariant measures.
(3) We have,

Pe(f) ={Jr =0} N Pip(X).
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(4) The uniqueness of the solution of the equation J; = 0 in P(X) is
equivalent the uniqueness of the equilibrium state corresponding

to f.

Note that a probability measure m for which we have J;(m) = 0 is
not necessarily invariant, however the set {J; = 0} is invariant by the
flow. Given z € X and ¢t > 0, we define a probability measure é,;(z) on
X by:

(19) / by () = % /0 (s,

The main result of this section is,

Theorem 3. For any real continuous function f on X we have:

(1) Let v > 0. There exists ¢g > 0 such that for all € < €, there
exists a sequence (E,,t,)n>0 where E,, is a (t,,€)-separated set
m X and t, > n such that,

Z elo™ F@°@)ds > (P for qil n > 0,
zeE,

(2) Let p, be the probability measures defined by,
erEn efotn f(¢s$)d35tn (l’)

S ep, el 1@

where (t,, E,) is the sequence determined in (1). Then any weak
limit @ of py,, as n — oo s tnvariant by the flow and satisfies
Je(p) = 0. The measure p is then an equilibrium state.

/‘Ln = /‘I’tn =

Y

As the proof will show, the conclusion in part (2) of Theorem 3 is true
for any sequence FE,, of (t,,€)-separated sets in X for which Theorem
3 (1) holds. We describe now examples of such situations.

Consider a smooth compact Riemannian manifold M with negative
curvature. The set of primitive closed geodesic (which represent dif-
ferent free homotpy class) of period < t is (¢, t)-separated whenever
e < inj(M), where inj(M) is the injectivity radius of M. Moreover,
condition (1) of Theorem 3 holds here since the exponential growth
rate of these geodesics is given by the topological pressure [4] [3] [5]
[14],

1
P(f)= lim —log » e/,
c: l(e)<t
where the sum is over closed geodesics (primitive) of length at most t.
The precise statement is as follows.
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Corollary 1. Let M be a compact manifold equipped with a C*> Rie-
mannian metric of negative curvature. Let ¢t : X — X be the geodesic
flow acting on the unit tangent bundle X = T*M of M. Then, for
any Holder continuous function f : X — IR, the probability measures
defined by

Ec: I(c)<t ejcf (% fc w)
Zc: l(c)<t efo

converge to the unique equilibrium state of the geodesic flow correspond-
ing to f.
3.2. Proof of Theorem 3.

pe(w) ==

3.2.1. Proof of Part (1).

Proof. The proof is a consequence of the definition (1). Indeed, let
1n > 0 be fixed. There exists ¢y > 0 such that for all 0 < e < ¢q:

1 s
inf sup - log sup Zefot f(@7a)ds > p(f) — .
n20 ¢>p E:(t,e)—separated 2CE

From this we deduce that for each n > 0 there exists ¢,, > n and an
(t,, €)-separated set E,, such that,

3 elo™ H(@a)ds < ta(P(H)=n)

€L,

3.2.2. Proof of Part (2).

Proof. Define the atomic probability measures with support in E,,:

ZxEBﬁE efotn Jorayds
e, el f@rs

Then, the measure d;, defined in (19), can be seen as random variable
on the measure space (X, 3,) and the measures p, in Theorem 3 as
the expectation p,, = Ej, (6, ). Consider the image v, of 3, under the
map 0, :

(21) Vn i= (06, ".

To prove part (2) we have to check the upper bound in Theorem 2 for
{v,} namely, for any closed subset K of P(X),

(20) Bn(B) = B,(B) :=

1
limsupt—logyn([() < —Jp(K) := — inf Jg(m).

n—+oo Un mekK
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We follow [16], [11] and [1]. Let n > 0. Observe that the compact set
K is contained the union of open sets,

K cU{pePX): /wdm — Qf(w) > J(K) —n}.

There exists then a finite number of continuous functions wy, - - -, w;
such that K C U!_, K;, where

K,={meP(X): /widm— Qf(w;) > Jp(K) —n}.
We have v, (K) < ZZ o Un(K;) where,

tn
ZZEGEniétn (Q?)EK,L 6«]‘0 f(¢

S en elo" Foz)d

For n sufficiently large we have,

S st

zeE, :6tn (I) eK;

(22) valK) =

< S s g s ()= Qs )= ()
feEn'(;tn( ) ceK;
S tn( Qf wl ) Z ef f+wl) ¢5x)d8

xGEn

By the definition of the pressure and the fact that ¢,, > n we also have,

1 tn .
lim sup — log Z elo" (f+wi)(¢x)ds

n—oo n
.”,UEEn

1 tn s
< limsup . log sup Z oo™ (fwi)(@*x)ds

n—oo Un E:(tn,€)—separated 2eE
1 : .
< limsup - log sup Z elo (FHwi)(¢°x)ds
t—oo T E:(t,e)—separated 2cE
- .P(f%—wﬁ.

Thus, for n sufficiently large we obtain,

3 o e (@ a)ds < ta(P(f+wi)+n)

ek,
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Consequently we obtain for v, (K),

l
vo(K) < Z vn (KG)

l
3 (etmp(f)m@f(wi)(Jf(K)en 3 ef&”(fm)(wz)ds)

=1 zeE,
I
< 37 (e PO (Pl )
i=1
But by (17) we have P(f + w;) — P(f) = Q¢(w;). We deduce finally
that,

IN

Un(K) < etr(=IrE)+2m)

Take the logarithme, divide by ¢,, and the lim sup,

1
limsup — log v, (K) < —J¢(K) + 2n.

n—oo n

n being arbitrary, this proves part (2). O

4. SECOND ORDER DIFFERENTIAL OPERATORS

The main futers of this section is to give an example of what happend
if the measures ; do not depend on ¢ (Theorem 1). As we will see, the
convergence of y; towards the unique equilibrium state is a consequence
of the ergodic theorem. The materials of this section are taken from
[11] and [12].

Let M be a locally compact finite dimensional manifold M equipped
with a C? Riemannian metric and G a connected open subset of M
with smooth boundary G such that G = G U 0G. Let L be a second
order elliptic differential operator with C? coefficients on M if G = M
(i.e M compact) or in some neighborhood of G if G # M and L1 = 0.
This last condition means that L has locally the form

g 0? 0
— v ?
L %:a (x)axia% —I—Zb(x)axi.

7

We denote by P(G) the space of probability measures on G. For any
continuous function V' on M define the operator

Ly :=L+V.



hal-00827783, version 1 - 29 May 2013

12 AMROUN ABDELHAMID

Let ¥(V) be the spectrum of Ly corresponding to the Dirichlet bound-
ary conditions on OG (with no boundary conditions if G = M is com-
pact). Consider,

Av :=sup{Re(\) : A € X(V)}.

Then Ay is a spectral value for Ly i.e Ay € (V') and by [6, 7] on hase
the representation

(23) e ([ vau-100)

where I(u) is the entropy of the measure p given by

(24) I(p) = — sup /—d,u

ueD4 (L)
and D, (L) is the set of functions from the domain of L having positive
lower bounds.

For Holder continous function V' it is well known [13] that Ay is an
eigenvalue of Ly, in fact it is the leading eigenvalue. The corresponding
eigenspace is one dimensional and the corresponding eigenfunction ry
is positive. Moreover [12], there exists a unique probability measure
py on G solving the variational principle (23),

(25) Ay = / Viy — ().

Let Xy (t) be the difusion process with values in M and generator Ly
[9], defined on a probability space (£2,F, P). Consider the semigroup
of operators (Perron-Frobenius operators) acting on C(G)

(26) Ty (1)9(2) = Ex (Ligmag(Xo(1))eli VXV O)8)
where FE, denotes the expectation for Xy (0) = = and
=inf{t > 0: Xy(t) ¢ G}.
Set P.(A) = E.(14).
If G = M is compact just set 7o = co. In case of Holder continous
function V' then eV is an eigenvalue of Ty/(1) and in fact its leading
eigenvalue and we have

(27) Ay = lim - log (Ty (1)), where 1(z) = 1.

t—+oo t

Furthermore, the measure py maximize (20) if and only if it is an
invariant measure for the Markov process with transition operators

Ty (t)g(z) == e NVry(z) " Ty () (grv) ().
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Then for any continuous function v on G

[ TOu@in @) = [ u@in @),

Thus for Holder continous potentials V', the maximizing measure py
is the the only invariant measure for the Markov process above. uy is
then ergodic.

Consider now the random probability measures supported on the
finite trajectories of the diffusion Xy (¢)

(28) / 5y (o)

where dx, (s) is the Dirac measure at Xy (s). By the ergodic theorem,
for py a.e x € M, and P, a.e w € (), the probability measures d;
converge wealky towards py. Thus, it is easy to see that the measures
E,(6;) = [ 6;dP, converge towards py .

Now it follows from [11] that the measures v, := P, o §; ' satisfy a
large deviation principle in particular the following upper bound : for
any x € G and any closed subset K € P(G) we have

lim sup — logP(étEK) < — inf J(u)

t+oo t meK

where J(m) = Jy(m) := I(m) — [ Vdm + \y. Note that for V =0
this is just the conclusion of Theorem 4.1 from [11]. The functional
J is non negative and J(m) = 0 if and only if m = py (recall that
V' is Holder continous). Since uy is unique, Theorem 2 tell us that
E,(6:) = [ 0,dP, converge towards py, which is the statement proved
above.
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