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On the concentration of Sinai’s walk
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Abstract: We consider Sinai’s random walk in random environment. We prove that for an interval
of time [1,n] Sinai’s walk sojourns in a small neighborhood of the point of localization for the quasi
totality of this amount of time. Moreover the local time at the point of localization normalized by n
converges in probability to a well defined random variable of the environment. From these results we
get applications to the favorite sites of the walk and to the maximum of the local time.

1 Introduction

Random Walks in Random Environment (R.W.R.E.) are basic processes in random media. The one
dimensional case with nearest neighbor jumps, introduced by [[973], was first studied by
[Kesten et al] [[973), Sinaj [[987], [Golosov [[984], Golosoy [[986] and [Kested [[98@] all these works
show the diversity of the possible behaviors of such walks depending on hypothesis assumed for the
environment. At the end of the eighties Deheuvels and Révésy [[198] and [Révésq [[1989] give the first
almost sure behavior of the R.W.R.E. in the recurrent case. Then we have to wait until the middle
of the nineties to see new results. An important part of these new results concerns the problem of
large deviations first studied by [Greven and Hollandeq [[994] and then by Feitouni and Ganterd [1999],
[Pisztora and Povel [1999], [eitouni et al] [1999] and Comets et al| [R000] (see [R00T)] for a

review). In the same period using the stochastic calculus for the recurrent case Shj [[999, | d
[[9984], [Hu_and Shi [[[998H], [Ad [R0004], [H [R000H] and [Hu and Shi [2000] follow the works of
Bchumachet] [1985] and Brox [[986] to give very precise results on the random walk and its local time
(see [R001)] for an introduction). Moreover recent results on the problem of aging are given in
Dembo et al] [P00T]], on the moderate deviations in [Comets and Popoy [2003] for the recurrent case,
and on the local time in [Gantert and Shi [R009] for the transient case. In parallel to all these results
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a continuous time model has been studied, see for example Schumacher [[1985] and [L984], the
works of [Tanakd [[994], Mathied [[995), [Fanakd [[997), [Fanaka and Kawazu [[997], Mathied [[99]
and [[ale (2007,

Since the beginning of the eighties the delicate case of R.W.R.E. in dimension larger than 2 has
been studied a lot. For recent reviews (before 2002) on this topics see the papers of Bznitmar] [1999]
and [R00T]. See also, Bznitman| [2003], Maradhan [2003], Rassoul-Aghd [R00J] and [Comety
and [Zeftoun] 001

In this paper we are interested in Sinai’s walk i.e the one dimensional random walk in random
environment with three conditions on the random environment: two necessaries hypothesis to get
a recurrent process (see Solomon [[978]) which is not a simple random walk and an hypothesis of
regularity which allows us to have a good control on the fluctuations of the random environment.

The asymptotic behavior of such walk was discovered by [], he showed that this process
is sub-diffusive and that at time n it is localized in the neighborhood of a well defined point of the
lattice. This point of localization is a random variable depending only on the random environment
and n, its explicit limit distribution was given, independently, by 98] and A. [984).

We prove, with a probability very near one that this process is concentrated in a small neighborhood
of the point of localization, this means that for an interval of time [1,7n] Sinai’s walk spends the
quasi totality of this amount of time in the neighborhood of the point of localization. The size of
this neighborhood ~ (loglogn)? is negligible comparing to the typical range (logn)? of Sinai’s walk.
Extending this result to a neighborhood of arbitrary size we get that, with a strong probability, the
size of the interval where the walk spends more than a half of its time is smaller than every positive
strictly increasing sequence. We also prove that the local time of this random walk at the point of
localization normalized by n converges in probability to a random variable depending only on n and
on the random environment. This random variable is the inverse of the mean of the local time at
the valley where the walk is trapped within a return time to the point of localization, we prove that
the mean with respect to the environment of this mean is bounded. We generalize this result for
neighboring points of the point of localization. All our results are ”quenched” results, this means that
we work with a fixed environment that belongs to a probability subset of the random environment
that has a probability that goes to one as n diverges. We give some consequences on the maximum of
the local time and the favorite sites of Sinai’s walk.

This paper is organized as follows. In section 2 we describe the model and recall Sinai’s results. In
section [J we present our main results. In sections f| and [ we give the proof of these results.

2 Description of the model and Sinai’s results

2.1 Sinai’s random walk definition

Let o = (a;,7 € Z) be a sequence of i.i.d. random variables taking values in (0,1) defined on the
probability space (21, F1,@), this sequence will be called random environment. A random walk in
random environment (denoted R.W.R.E.) (X,,,n € N) is a sequence of random variable taking value
in Z, defined on (2, F,P) such that

e for every fixed environment «a, (X,,n € N) is a Markov chain with the following transition proba-
bilities, for alln > 1 and 7 € Z

(2.1) PY (X, =i+ 1|X,1 = i] = ay,
PY[X, =i—1X,1=d=1—0o; = 3.



We denote (g, F2,P¥) the probability space associated to this Markov chain.
o Q=0 x Dy, VA € Fy and VA € Fy, P[A1 x Ag] = [, Q(dwr) [, P (duwy).

The probability measure P [.| Xy = a] will be denoted P¢ [.], the expectation associated to P%: EZ,
and the expectation associated to Q: Eq.

Now we introduce the hypothesis we will use in all this work. The two following hypothesis are the
necessaries hypothesis

1—
(2.2) Eg [log ao} =0,
o
(2.3) Varg [log ;ao} =02 > 0.
0

[1975] shows that under P.3 the process (X,,n € N) is P almost surely recurrent and P.3
implies that the model is not reduced to the simple random walk. In addition to .2 and R.3 we will

consider the following hypothesis of regularity, there exists 0 < 79 < 1/2 such that

(2.4) sup{z, Qag > z] =1} =sup{z, Qo <1—2z] =1} > np.

We call Sinai’s random walk the random walk in random environment previously defined with the

three hypothesis .2, .3 and p.4.

2.2 The random potential and the valleys
Let

1—0o; .
Z, 1 €7,
o5

(2.5) €; = log

define :

Definition 2.1. The random potential (S,,, m € Z) associated to the random environment « is
defined in the following way: for all k£ and j, if k > j

Z‘ 1<i<k €i» k # 0,
S, — S = J+1<i<
i I { - ngzg_l €5y k= 07
Sy =0,

and symmetrically if k& < j.

Remark 2.2. using Definition P.1 we have :

(2.6) Sp = { Dicick €y k=12,
k<i<-—1 €, k= —1’—2’... ,

however, if we use P.q for the definition of (S, k), €y does not appear in this definition and moreover
it is not clear, when j < 0 < k, what the difference Sy — S; means (see figure .



(Sk, k)

Figure 1: Trajectory of the random potential

Definition 2.3. We will say that the triplet {M’,m, M"} is a valley if

(2.7) Sy = max Sy,
M'<t<m

(28) SM” = max_ St,
m<t<M"

(2.9) Sm = L St .

If m is not unique we choose the one with the smallest absolute value.

Definition 2.4. We will call depth of the valley {M',m,M"} and we will denote it d([M’', M"]) the
quantity

(2.10) min(Syy — Sy, Sy — Sm)-

Now we define the operation of refinement

Definition 2.5. Let {M’,m, M"} be a valley and let M7 and m; be such that m < My <my < M”
and

(211) SMl — Sm1 = max (St/ — St//).

mgt/ St// SM//

We say that the couple (mq, M;) is obtained by a right refinement of {M',m, M"}. If the couple
(mq, My) is not unique, we will take the one such that m; and M; have the smallest absolute value.
In a similar way we define the left refinement operation.

We denote log,, with p > 2 the p iterated logarithm. In all this work we will suppose that n is large
enough such that log, n is positive.

Definition 2.6. For v > 0, n > 3 and I';, = log n+log, n, we say that a valley {M', m, M"} contains
0 and is of depth larger than I';, if and only if

1. 0 e [M', M"],
2. d([M',M")) >T, ,

3. if m <0, Sy — maxy,<i<o (S¢) > ylogyn
if m >0, Sy —maxo<i<m (S¢) > vlogyn .

v is a free parameter.



Figure 2: Depth of a valley and refinement operation

2.3 The basic valley {M,', m,, M,}

We recall the notion of basic valley introduced by Sinai and denoted here {M,', my, M,,}. The
definition we give is inspired by the work of [[98q]. First let {M’ , m,,, M"} be the smallest
valley that contains 0 and of depth larger than I',,. Here smallest means that if we construct, with
the operation of refinement, other valleys in {M’, m,, M"} such valleys will not satisfy one of the
properties of Definition P.§. M, and M,, are defined from m,, in the following way: if m, > 0

(2.12) M, = sup {l €EZ_,l<mp, S;—Sm, >y, Si— 0533},%” Sk > 7vlog, n} ,
(2.13) M, = inf {l € Zy, 1> mn, Si—Sm, >Tn}. o

if m, <0

(2.14) M, =sup{l €Z_, | <my, S;— Sm, >Tu},

(2.15) M,, = inf {l €Ly, L >my, S;—Spm, >Tph, Si— ming&}cxgosk > vlogsy n} .
if m, =0

(2.16) M, =sup{l€Z_, 1<0, S;—Spn, >T,},

(2.17) M, =inf{l€Zs, 1>0, S~ Sm. >Tn}.

{M,',my, M, } exists with a @) probability as close to one as we need. In fact it is not difficult to
prove the following lemma (see Section .9 for the ideas of the proof)

Lemma 2.7. There exists ¢ > 0 such that if [2.3, .3 and hold, for all v > O there exists ng
no(7, @) such that for all n > ng

cylogyn
2.18 M, , M gl >1 - ————.
( ) Q[{ n's M, Mp} # ]_ log n
In all this paper we use the same notation ng for an integer that could change from line to line.
Moreover in the rest of the paper we do not always make explicit the dependence on the free parameter
v and on the distribution @ of all those ng even if Lemma P.7 is constantly used.



(k€ 2)

d([M,, mn, My)) > Ty,

Figure 3: Basic valley, case m, >0

2.4 Localization phenomena (Sinai [1987))

Theorem 2.8. Assume [2.3, and hold. For all v > 6, € > 0 and 6 > 0 there exists ng such
that for all n > ng, there exists G,, C Q1 with Q [G,] > 1 — € such that

(2.19) lim sup Pg [| X, — mp| > 6(logn)*] =0

n—-+00 aEGp

This result shows that with a Q@ and P probability as close to 1 as we want, at time n the R.W.R.E. is
localized in a small neighborhood of m,,. The parameter v comes from the definition of m,, = m, ().
Y. Sinai shows also, with a probability close to one, that for a given time interval [0, n], the R.W.R.E.
is trapped in the basic valley and therefore is sub-diffusive. In fact if we define

(220) Wn:{Mn/, Mn,+1a"'a My, Mn_la Mn}a
we have

Proposition 2.9. Assume 2.3, .3 and hold. For all v > 6, € > 0 there exists E = E(e) and ng
such that for all n > ng, there exists G, C Q1 with Q [Gy,] > 1 — € such that

n
(2.21) Jim - inf P WQO{Xm € Wn}] =1,
moreover
n
(2.22) im aientn Py LOO {Xm € [-E(c " logn)?, E(c~ " logn)? }] = 1.

See for example [eitouni [R001] or [Andreoletti [R004a] for alternative proofs of these results.

3 Main results: concentration phenomena

Let us define the local time at k (k € Z) within the interval of time [1,7] (T' € N*) of (X,,,n € N)

T
(3.1) L(ET) = Tix,opy
=1



I is the indicator function (k and T can be deterministic or random variables). Let V' C Z, we denote

T

(3.2) LOVT)I=Y LGT) =D Ly

jeV i=1 jev

3.1 Local time in a neighborhood of m,,

Let us define the following sequences, let p > 2 and n large enough, define : :

(3.3) fp(n) = [(logg nlog, n)?] ([-] is the integer part of —),
(3.4) Ry(n) = (10g, 1 m)/2(log, m) /2

For all n > 1 define the set :

(3.5) Fp(n) = {my, — fp(n),mp — fp(n) +1, -+ ;mp,mp+1, -+, my + fp(n)}.

Theorem 3.1. There exists ¢ > 0 such that if .3, 2.3 and hold, for allp > 2,0 < p < 2 and
v > 11, there exists 1 = ¢1(Q,y) > 0 and ng such that for all n > ng there exists G|, C Q1 with
Q[G}) > 1—cR,(n) and

(3.6) nf, {Pg [M > (1 - Wﬂ} >1- W

Remark 3.2. The set G}, called the set of good environments will be defined in section [L.1].

In fact ng and ¢; depends only on @ through I,,; = log[(1 —n9)/(n0)], Q [€0 > 1, /2], Q [0 < —1I;,/2],
o and Eg[|eo|?], however to simplify the writing we do not make it explicit. In all this work we denote
¢ a strictly positive numerical constant that can grow from line to line if needed.

If we choose p = 2 in Theorem B.1] we get better rates for the convergence of the probabilities, however
using B.5 we get that |F,(n)| = (logyn)* (JA| denotes the cardinal of A C Z), whereas for p > 2,
[Fp(n)| = (logyn)?(log,n)?. Recall that v comes from the definition of the point m, = my(y), the
condition v > 11 will become clear in Section [£.3 when we will prove this theorem.

In addition to Y. Sinai’s results on localization, with a P® and ) probability very near one, in a
time interval [0,n] the R.W.R.E. does not spend a finite proportion of this time interval outside
Fp(n). In fact the time spend outside IFj(n) does not exceed n/(logy nlog, n)?. Moreover, notice that
[Fp(n)]/|Wy| = (logy nlog, n)*(log n) =2 \, 0 that is the subset Fj,(n) of W;, where the R.W.R.E. stays a
time greater than n(1—1/(logy nlog, n)”) has no density inside W), in the limit when n goes to infinity.

Remark 3.3. Notice that if we look for an annealed result, that means a result in P probability, with
the same condition of Theorem we get

L (Fy(n),n) 1 c
(3.7) P[ n 2(“%mmw9]2“%mmﬁwf”&m)

By definition £ (IF,(n),n) < 1, therefore we also have

C1

£ (F,(n),n) | )
<mme21 ()72

n

(3.8) P H — cRy(n).

_1'§



To prove this theorem we will prove the following key result on the environment, define

(3.9) _ { inf{k € N*, X; = x}

400, if such k does not exist.

Proposition 3.4. There exists ¢ > 0 such that if .3, [2.3 and hold, for all p > 2 there exists ng
such that for all n > ng

- 2 1
no fp(n) +1

where Fp(n) is the complementary of Fp(n) in W,,.

(3.10) @ B8, (L), T, < cRy(n)

This implies that with a @ probability going to one when n goes to infinity, in E* mean, the R.W.R.E.
will never reach a point k € Fp(n) in a return time to m,, in spite of the that |F,(n)|/|W, |~ 1. The
proof of this proposition is given Section .4

If we want to replace in Theorem B.1] the neighborhood F,(n) by an arbitrary small neighborhood
(©p,n) but such that £(©,,n)/n converge in probability to one, we get with a similar method the
following result:

Theorem 3.5. There exists ¢ > 0 such that if 2.3, and hold, for all 0 < p < 1/4, all strictly
positive increasing sequences (0(n),n > 1) and v > 11, there exists ¢c; = ¢1(Q, ) and ngy such that for
all n > ny there exists, G, C Q1 with Q[G)] > 1—¢(0(n))~" and

. o . 1 _ €1
(310) {78 [0 =0 (1= s ) | 21— et
where O(n) = {my —0(n),my, —0(n) +1, -+ My, Mpq1,- -+ ,my +60(n)}.

The key result on the environment for the proof of this result is the following, assume that (0(n),n)
is a strictly positive increasing sequence,

Proposition 3.6. Assume P.3, 2.3 and hold, for all 0 < p < 1/2 there exists c; = ¢1(Q) and ng
such that for all n > ng

1 C1

(312) Q E%n [ﬁ(@(n)7Tmn)] > (e(n))l/Q—p

where O(n) is the complementary of ©(n) in W,.

We call this facts (Theorem B.1] and B.5) concentration even if it could be more appropriate to define
the concentration in term of the random variable

(3.13) Y, = in%min{k>0 : L([x — k,x + k],n) >n/2}.
Te

In fact Theorem B.§ implies the following result

Theorem 3.7. There exists ¢ > 0 such that if[2.3, L. and hold, for all strictly positive increasing
sequences (6(n),n), there exists c1 = ¢1(Q) > 0 and ny such that for all n > ng there exists G, C O
1

with Q[G"] > 1 —¢(8(n))~/* and
(3.14) inf, {PS Y, <O(n))} >1— W



Notice that the annealed result is given by

C2

(3.15) PlY,<0(n)]>1- Wa

with co = c2(Q) = c+ ¢;.
It would be now interesting to study the P almost sure behavior of Y;,, these questions are beyond the
scope of this paper, see Andreoletti [R004H] for a first approach.

3.2 Local time on m, and on its neighboring points

The following theorem is a result of weak law of large number type for the local time of the R.W.R.E.
at m,,. We obtain the convergence of the local time at m,, normalized by n to a () random variable
as Y. Sinai obtain the convergence of X, to m, which is also a ) random variable.

Theorem 3.8. There exists ¢ > 0 such that if 2.3, 2.3 and hold, for all v > 11, there exists
c1 = a1(Q, ) and ng such that for all n > ng there exists G, C Q with Q [G)] > 1 — cRa(n) and

L(mp,n) 1 1 1
3.16 sup {]P’O‘ H — ‘ > }} < ——
(3.16) ST B LW Tl| T Gogan)2) ] = Tlogyn)?

We can easily give an intuitive idea of this result. From Proposition .9 we know that the R.W.R.E.
, within an interval of time [1, n|, spends all its time in the valley {M,', m,,, M,} with a probability
very near one. So, in spite of the fact that Ky, [T,,] = +00 Q.a.s. as it is easy to check, until the
instant n, the mean of the return time to m,, is, heuristically, of order ES, [L(Wp, Tr,)]. So we can
chop the interval [1,7n] in L£(my,n) pieces of length ES [L(Wy, Tr,, )], therefore

L(mp,n)

n

n =~ L(my,n)E -

Mn LWy, T, )] < ~ (Efnn [E(Wmen)])

Now let us give some precisions on the random variable Ef, [L(W,, Ty, )], first for all fixed environ-
ment we have the following explicit formula :

Proposition 3.9. For all fired o and n, we have

k 1
exp(S; — S
k=mp+1 Zj —mn 1 eXp(S — Sm,)

N m"zl B S exp(S; — Sk)
k=M, ;nn+11 exp(S; — Sm,,)

Remark 3.10. Trivially we have E¢ [L(W,, T}, )] > 1 because m,, € Wy, and L(my,, Tp,,) = 1.

We see that Eg, [L(Whq, T, )] depends on the random environment in a complicated way, however
using the hypothesis P.4 we easily prove the following result :

Proposition 3.11. With a Q probability equal to one, for all n we have :

m_ooy L R W) -1~ Y — L
> By, ny Lmy S — .
L=10 e, Pk = Sm,) M0 pew’ T, Pk = Sm,)




So we can have a good idea of the fluctuations of ES, [L(W,,T,,)] only by studying the random
variable

1
(3.17) ) DL
kEWn k#£mn exp(Sk — Sm,.)
The following result is a key result for the random environment :

Proposition 3.12. There ezists ¢ = ¢1(Q) > 0 such that for alln > 1
(3.18) 1 <Eq [Ep, [L(Wy, Tm,)]] < 1.

In particular, using Markov inequality, we get that for all positive increasing sequences (0(n),n) :

C1

(3.19) Q [ES, [£(Ws, Ty, )] > 0(m)] < 5.

mn

Remark 3.13. ¢; depends only on @ through 19 and Q [eg < —1,,/2] but for simplicity we do not
make explicit this dependence, see Section for the proof of Proposition B.13.

One can ask ourself about the convergence in law of Eg, [L(Wy, Ty, )] this problem is not an easy
consequence of our computations and can be by itself an independent work.

One can notice the specificity of the result B.16, however easy modifications of our method give the
following generalization.

Theorem 3.14. There exists ¢ > 0 such that if [2.3, .3 and hold, for all v > 11, there exists
c1 = a1(Q, ) and ng such that for all n > ng there exists G, C Q with Q [G)] > 1 — cRa(n) and

L(k,n) 1
3.20 sup < Pg {' - =
(320 2T YU AT mrenm

S 1 ca logsn
(logy n)? logy 1

where L(n) = {my, —l(n),m, —l(n) +1, - mp, Mpy1,--- ,my +1(n)}, [(n) =logz(n)/I,, and I,
is given Remark [.3.

Remark 3.15. We deduce this results from the computations we made to prove Theorem B.§, the
point is that, under the hypothesis of Propositions B.4 and B.13, we have the following results, for all
keL(n):

o _ 2 logyn
(3.21) QM@@MHM>%EﬁfIS@M%
(3.22) Q [Eg [L(Fy(n), Ty)] > c1(loggn)log, n] < cRpy(n).

However we think that Theorem is certainly true for a neighborhood V,, of m, (F,(n) C V,)
of size larger than (loglogn)® for some a > 0, but it does not seem to be a simple extension of our
computations.

The following corollary is a simple consequence of and Theorem B.§

10



Corollary 3.16. There exists ¢ > 0 such if 2.3, .3 and hold, for all p > 2, v > 11, there
exists c1 = ¢1(Q) and ng such that for all n > ng there exists co = c2(Q) > 0 and G, C Q1 with
Q[G)) > 1—cR,(n) and

. n C1
3.23 f <Py |L >— >l - —
(3:23) aed, { 0 [ (ma,n) 2 2c210g,, 44 n} } - logy nlog, n’
. n C1
(3.24) inf ¢ P§ {L(k,n)} > >1- .
acdl, keg(n) 2c2(logy ) log,, 11 1 log,, n

All these results show that in addition to be localized the R.W.R.E. is concentrated and the region of
concentration and localization are extremely linked together.

In the following subsection we give some simple consequences on the maximum of the local time and
on the favorite sites of Sinai’s walk.

3.3 Simple consequences on the maximum of the local time and on the favorite
site of the R.W.R.E.

Let us introduce the following random variables
(3.25) L*(n) = max (L(k,n)), F(n) ={k € Z, L(k,n)=L*(n)}.
€
F(n) is the set of all the favorite sites and £*(n) is the maximum of the local times (for a given instant
n). The following Corollary is a simple consequence (just inspection) of B.19, Theorem B.1 and B.§.

Corollary 3.17. There exists ¢ > 0 such if 2.3, .3 and hold, for all p > 2, and ~v > 11, there
exists c1 = ¢1(Q,) and ng such that for all n > ng there exists ca = c2(Q) > 0 and G, C Q1 with
Q[G}) > 1—cR,(n) and

(3.26) inf {Pg [L*(n) > #H >1 a

e ~ 2cplog, 1 n ~logyn log, n’
. = C1
s (e [F By} 21—
( ) alenG’n 0 [F(n) )= log, nlog, n

To finish we give an interesting application (just inspection) of B.26, Theorem B.j and :

Corollary 3.18. There exists ¢ > 0 such that if[2.3, .3 and hold, for all v > 11, and all strictly
positive increasing sequences (6(n),n) there exists ng and ¢; = ¢1(Q) such that for all n > ng there
exists G!, C Qy with Q [G"] > 1 — ¢(8(n))~/* and

(3.28) sup {Pg [

E*;Ln) " keb(n) {Ek wvlvn, ) H g <1ogi n>2} } = 12(2)

acGy,
recall that ©(n) = {m, —0(n),m, —0(n) +1, -+ ;mp, Mpy1,-+ ,my +6(n)}.
Notice that if we are interested in an annealed result Corollary implies :
L*(n) 1 1 c160(n) c
3.29 P - > < .
529 |5 - s e || Toar] < aan *

The delicate problem of the limit distribution of £*(n)/n considered by can not be
directly deduced from these results, however they are a good starting point for further investigations
on this topic. We think that this limit distribution is very linked to the @ limit distribution of the
random variable E7, [L(W,,, Tp,, )], recall moreover that we have good knowledges on W, thanks to

the works of [Kester| [[1986] and [Golosov] [[1986].
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4 Proof of the main results
First we define what we call a good environment and the set of good environments.

4.1 Good properties and set of good environments

Definition 4.1. Let p > 2, v > 0, ¢; > 0 and w € Qj, we will say that « = a(w) is a good
environment if there exists ng such that for all n > ng the sequence (o, i € Z) = ((w), @ € Z)

satisfies the properties [i.]] to

0<m<mp,

1 e The valley {M,’, m,, M,} exists, in particular:
2 0 € [M,, M,),

3 If my, >0, Sy, — max (Sy,) > vlogyn,

4

; — >
if m, <0, Sy, mf%?ﬂgo (Sm) = vlogyn,

Sy, — Sm,, = logn + ylogyn,
Sm, — Sm,, = logn + vlogyn.

N O Ot
—_ D D D D O —

A~~~ N /N /N A/~ /N
ol B ol ol

o M, > (c7'logn)*log,n, M, < (o 'logn)®log,n.

Define M| and m/, respectively the maximizer and minimizer obtained by the first left refinement of
the valley {M,’, my, M, } and in the same way M; and m1, respectively, the maximizer and minimizer
obtained by the first right refinement of the valley {M,,', m,,, M, }.

(4.8) o Sy — Spy < logn —vylogyn,
Sny — Sy < logn — ylogy n.
Define Ff (n) = {m, +1,---, mn + fp(n)}, F, (n) = {my — fp(n), -+ ,mn — 1} where f,(n) is given
by B3
4.10 1 P¢ T, > Tm > 71’
(4.10) o i (AP Tk > Tn,]) 2 (91(n))
(4.11) i (@ [T > Thd) 2 ()

where g1(n) = exp (((4V30.f,(n))* logs(m) %)

(4.12) o E5, [L(Fp(n), Tn,)] < c1log, qn.

(4.13) o Ep. [L(Fp(n), Tn,)] < 20m0(fp(n) + 1)

See B.§ for the definition of F,(n), and we recall that F,(n) is the complementary of Fy(n) in W,.

Define the set of good environments
(4.14) Gl ={w € N, a(w) isa good environment} .
G, depends on p, 7, ¢; and n, however we do not make explicit its p, v and ¢; dependence.

Proposition 4.2. There exists ¢ > 0 such that if .3, B. and hold, there exists c; > 0 such that
for all p > 2 and v > 0, there exists ng = no (7y) such that for all n > ng

(4.15) Q[G] =1 —cRy(n).

12



Proof.
The main ideas of the proof is the subject of section f. W

For completeness, we recall some results of Chung [1967] and Révésy [1989 on inhomogeneous discrete
time birth and death processes.

4.2 Basic results on the random walk in a fixed environment

We will always assume that « is fixed (denoted o € € in this work). Let x € Z, assume a < x < b,
the two following lemmata can be found in [[[967] (pages 73-76), the proof follows from the

method of difference equations.

Lemma 4.3. Recalling 5.9, we have

rz—1
o exp (S; —S,) +1
(4.16) P21, > 7)) - St P TS L
>i—ar1exp (Si — Sa) +1
b—1
(4.17) P (T, < Tj] = X O (5= %) 41
. ol = — )
?:01L+1 exp (i — Sp) +1
Let T, AT}, be the minimum between T, and Tp.
Lemma 4.4. We have
b—1 b—1 1 .
_ -, =—F(j,1
(4.18) By, 1, ) = et 2 a0
Zj:aJrl F(]a a) +1
z—1 z—1 x—1 1
(119 B AT = B (LA (14 30 Fl.a | = 30 30 ~F(,
j=a+1 l—at1 j=1 L

where F(j,1) = exp (S; — 5)).

Now we give some explicit expressions for the local times that can be found in 1989 (page
279)

Lemma 4.5. Under P¢, L(x,Ty AT,) is a geometric random variable with parameter
(4.20) p=o0,Po [T < Ty + B.P5 1 [T < T,

that is for all 1 > 0, PY [L(z, Ty AT,) = 1] = p'(1 — p).

Lemma 4.6. For all i € Z, we have, if x > 1

a;P, [T <Ti

(4.21) E [L(x,T})] = B ST
ifx <i
(4.22) B (L2, T)] BiPY | [T, < T}]

a, P [T, > Ty

13



4.3 Proof of Theorem B.1], B.5 and B.7

First we recall the two following elementary results

Proposition 4.7. There exists ¢ > 0 such that if 2.3, B-3 and [2-4 hold, for all p > 2 and v > 2 there
exists ng = ng () such that for all n > ng, Q[G)) > 1 —cRy(n) and for all a« € G,

" 2log, n
(4.23) pa LUO (X, ¢ Wn}] < ﬂTgnp)v—z'

Proof.
We use the properties .39 and make computations similar to the ones done by [1982]. The

constraint v > 2 is here to get a useful result. W

Lemma 4.8. There exists ¢ > 0 such that if .3, 2.3 and hold, for all p > 2 and v > 11, there
exists ng = ng () such that for all n > ng, Q[G)] > 1 —cRy(n) and for all a« € G,

n 2(log, n)?
(logn)*] ~ noob(logn)r—10°

Remark 4.9. The constraint v > 11 that appears in the Theorems B.1], B.j, B-§, and in their
Corollaries comes from [£.24.

(4.24) Py [Tmn >

Proof.
Assume m,, > 0, first we remark that

n
(logn)*

n
(logn)*
Using [1.7 and [£.§ and making computations similar to the ones done by [1987] we get that, for
all v > 0, there exists ng = ng () such that for all n > ng and o € G/,

4.26 PO [Ty > Ty ] < B0
(420 b i = Do) = atog

Using Markov inequality, Lemma .4, the properties [I.§ and [L.7 we obtain for all v > 11, n > ng and
aeG

n (log, n)®
(logn)*] = noo®(logn)r—10°

(4.27) P§ | T ATarr 1 >

Collecting {£.27, #.26, and §.25 ends the proof of the lemma. W

Proof (of Theorem B.1)).

Let v > 11 and p > 2, using Proposition .q we take ¢ > 0 and n; such that for all n > ny,
Q[G!] > 1 —cRy(n). Let 0 < p < 2, denote &, = (f,(n))~#/2, to prove Theorem B.1 we need to give
an upper bound of the probability P§ [£ (F(n),n) > 6,n| where F5(n) is the complementary of Fp,(n)
in Z.

First we use Proposition [I.7 to reduce the set Fo(n) : there exists ng such that for all n > ny and
ae Gl

2log,n

(4.28) PG [£ (F5(n),n) > ban] < BG £ (Fp(n),n) = 0nn] + 5o ==
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recall that Fp(n) is the complementary of F,(n) in W,. By Lemma l.§, there exists n3 such that for
all n > ng and a € G,

(429) Bf [£ (Fy(n),n) 2 0un] < Pf [E(Fp(n)7n)25nn, Ty, < ] S

(logn)*|  noo®(logn) =10

Let us denote Ny = [n(log n)_4] +1 and ¢], = 6,,— Ny /n. By the Markov property and the homogeneity
of the Markov chain we get

Q n n le% -
(4.30) P§ | £ (Fp(n),n) = 6un, T, < (logn)‘l} < P2, [Z I,y cF )} 2 5;Ln] :
k=1

Let j > 2, define the following return times

T L 1nf{k: > Tmn,jfl, Xk = mn},
M, 400, if such k does not exist.

Tmn71 = Tmn (See @)

Since by definition 7},, , > n, we have

n Tmn,n
le% E : / le% § : /
=1 =1

By definition of the local time and the Markov inequality we get

Ty n
o /
P, Z H{Xker(n)}Z‘snn
k=1
Mp mp—fp(n)—1
(4.32) < > B [£(s1, Tnan)l + > By [£(52, Tn)] | (6,0) 7
s1=mn+fp(n)+1 sa=My’

Now we use the fact that, by the strong Markov property, the random variables £ (s, Ty, i+1 — T, i)
(0 <i<n-—1) are i.i.d., therefore the right hand side of is equal to

(4.33) E2, [£(Fp(n),Tm,)] (6,)7 "

m

Using the property .13, for all n > n; and all a € G,

_ 2 1
(131 2 )] < 2 d
recall f,(n) = [(logynlog,n)?]. Collecting what we did above, we obtain for all n > ni V ng V ng
(a Vb= max(a,b))

2 1 2log, n 2(log, n)?

4.35) Pg L (FS(n),n) > 6 < — .
( ) 0 [ ( p(n) n) nn] = (logznlogp n)Q% 02(10g n)’yf2 noaﬁ(log n)%lo
Taking v > 11 and choosing ng > ni V ny V ng ends the proof of the theorem. B

In a similar way, we can prove the following proposition that will be used in the next section
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Proposition 4.10. There ezists ¢ > 0 such that if 2.4, [2.3 and [2.4 hold, for allp > 2,0 < p < 1 and
0 < ¢ <1, there exists ng such that for all n > ng, Q[G),] > 1 — cRy(n) and for all a € G,
2 1

(4:36) B3, [£ (Fy(n), ') 2 1€ (1~ g nlog, m*#) )] 2 1= g

Proof (of Theorem B.5 and B.7)).

First, to prove Theorem B.J we use exactly the same method of the proof of Theorem but instead
of using Proposition .4 we use Proposition B.6. Now, to get Theorem B.7 it is enough to find a point
x such that L([z — 0(n),z 4+ 6(n)],n) > n/2 in probability, so choosing © = m,, and using Theorem
B.J we get the result. W

4.4 Proof of Theorem

Let p > 2, v > 11 in all this proof we take ¢ > 0, ¢; and n; = ny (7) such that for all n > nq,
QI[G}] > 1—cRy(n). Let 0 < p < 1, denote v, = (loggn)~*(log,n) ", x1 = B, [L(Fy(n), T, )] and
z9 =K [L(Fp(n),Tm,)], by definition we have

(4.37) ES [L(Wp, T, )] = 21 + .

mn

Notice that m,, € F,(n) so ; > 1. Moreover the property implies that for all & € G), z3 <
2(no(fp(n) +1))~1. We have (z1 + x2)~! = (21)! — z2(2z1(21 + 22)) ! and one can choose ny such
that for all n > ng, xa(x1 (71 + 22))~! < v, /2. Therefore, for all n > ny V ny and all a € G/, we get

L(mp,n) 1 L(mp,n) 1 Vn:|
-~ —m s
n T + X9 2

(4.38) Pg [

>l/n:| < IP’S‘[

n T
We are left to estimate the right hand side of [l.3§, we have
L(my,n) 1

(4.39) Pg [

) ] >un/2} < BS [L(mn,n) < np] + B [£(mn,n) > ).
1

where m = (p) = (21)7" = v /2, 12 = 12(p) = (21) 7" + v /2.

We give an estimate for each terms in the right hand side of in the following proposition.

Proposition 4.11. There exists n such that for alln > n) and o € G,

4 1
14 P2 (£ (m,, < -
(1.40) 5Ll m) <] < e
32(log, n)?
(1.41) B (£ () > man] < —2008p™)
oS (logn)’

Proof.
We will only prove [.40, the proof of is easier, one can check it with a similar method. By Lemma
[.d, there exists ny such that for all n > ny and o € G,

n 2(log,,(n))?
(logn)*| ~ noo®(logn) =10

(4.42) PG [£ (mp,n) < mn] < Pg [ﬁ (mp,n) <mn, T, <
Using the strong Markov property and the fact that Zf’:"f Ix;=m, =1 we get that

n

16
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where (,, = Ny/n, with Ny = [n(log n)*4] + 1. Using Proposition with ¢ =1 — &, there exists
ns such that for all n > ng and all a« € G,

B, [£ (mn, (1 = Cu)n) < min]

(A< B [ (s (1 ) < mim, £(Fp(m), (1= ) > (1= 82)(1 = Gun] + 200

(logy n)(log, n)P"

where 8], = (logynlog,,;)~!. Let us denote n; = n1((1 — &)(1 — ()~ F, we have

L (mp,n(1 —¢,)) < mn, and B , o) (1 —
(aas) { it o) S e = £l = G)) <L)l = G,)

therefore

P, [L£ (mn,n(1 = Ca)) < mn, L(Ep(n), (1 - Cu)n) > (1 —80)(1 — Gu)n]
(4.46) < PR, [£(mn,n(1 =) <mL(EFp(n), (1= Cu)n)] -

To estimate the right hand side of [L.4€, first we prove the following lemma

Lemma 4.12. For all 0 < & <1 there exists ngy > ny such that for alln > ny and o € G,

16(log, n)3
Pe L (mn, €n)> — | >1— e
e ! (logn)T ngo(log n)%g
Proof.
Let us define the two points M. € [M,,m,| and M~ € [my,, M,] by
(4.47) M. =sup{t, 0>t>M,', Sy — Sy, >logn—(6+1/2)logyn},
(4.48) M- =inf{t, 0 <t < M,, Si— Spm, >logn—(6+1/2)logyn}.

Using R.4, .5 and [£.§ it is easy to show that for all n > n; and all a € G, these two points exist.
By the Markov inequality and using .19, we obtain that

Py, [Thac—1 A Tar 1 > €n) < [Me — M Pexp [(Sarc — Sm,) V (Sar = Sm, )] (60) 7
Using and and the property [L.7 we get that for all n > n; and all @ € G,

8(log, n)?
P?nn [TM<*1 A TM>+1 > f’I’L] < L

ngo®(logn)3¢
Therefore, for all n > n; and all a € G,

8(1 3
} g [L (M, Tago—1 A Tope 41) > — | - (log, n) _
(logn) naob(logn)z¢&

n
(logn)"

(149) Fs,, | Gmr) >
By Lemma [L.j

n
P%n [ﬁ (mn,TM<71 A TM>+1) > W]

1 -7
(4.50) = (1= m Py 1T, = Traes1] = B P 1 [Ty > TM<—1])[n( ogm) T+
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Using [.14, and the definition of M~ and M. we have

(log n)6+%

n

Now replacing in and noticing that (1 —x)™ >1—muz for all 0 < 2 <1 and m > 1 we have

(451) 1= 0B 1 Ty > To] = Gn B 1 [Ty > Tar] > 1

my—1

n > 1 1
(logn)”| — (logn)t/2’

(4.52) Pe [5 (s Tar ATar.) >

inserting in we get the lemma. W
Coming back to [.46, using Lemma with £ =1 — (,, for all n > ny and all « € G,

P, [ﬁ (mn,n(1 = (n)) < Uiﬁ(Fp(n)a (1- Cn)n)]

< B, L 0manll = G)) <L), (1= G, £ (mnn(1 = 6) > o]

16(log, n)?
. .
5o (logn)2 (1 = Cy)

Let us denote N7 = [n(log n)*7] + 1, we have

(4.53)

P, [ﬁ (1 = G0)) < THL (), (1= ), £, (1 = Gu) 2 o n>7]

i l
450 < Y B, (L), Tuas) > o7
=Ny n

recall T, 141 = inf {k > T, 1, X =my} for all 1 > 1 and Ty, 1 = Ty, (see B.9).
To estimate the probability in we want to use exponential Markov inequality. We need the
following lemma which is easy to prove by elementary computations.

Lemma 4.13. Let (p,,n € N) be a positive decreasing sequence such that lim,,_. o pn(logs n)? = 0,
there exists ns > ny such that for all n > ny and all « € G,

1
— — 11 — pp > (vp2])/4 > 0.
1

where 1} is defined just before [[.43, 1 and vy just before [[.37.
Coming back to [.54, we have

> &5, e, T > L]

=N 771
= 1 1
(455) < Y B, {am(n), Tynoi1) = (L Dy > 1 (—, . (1 ¥ ﬂ)] .
I=N; i1 1

Using Lemma [1.13, with p, = = [n/(loxgw and property [.13, for all n > n5 and a € G,
1 1 1 1 )
— —x 1+—>E——x1——2 vpxy)/4 > 0.
o (1t 3) = - o= 5 > G
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So for all n > nj and all @ € G, we use the exponential Markov inequality to estimate the probability
in the right hand side of [.55. Let A > 0 for all n > n; and all « € G/,

1 1
B, [0, i) = (401> 1 (3= (14 1))
Ui Ny

(456) < E3 [exp{A(LEN), Ty, 141) — (1 + D)} exp [—M (ni—l“ (H%)ﬂ

By the strong Markov property we have
B, [exp {A (L(EFp(n), T,y i41) = (14 1)a1)}]
(4.57) = (B, [exp {A(L(Ep(n), T,) —2)}])

To estimate the laplace transform on the right hand side of we use Holder inequality and the
results of M. Csérgd L. Horvath and P. Révész (see Révésq [[[98]] pages 279-280) : choosing

2

(uyy A uy)
(458) )\ - — )
(IFy (n)] + [F5 (n)])3
where
uwf = min P [Ty > T, ),
qu;(n) (/Bq q 1[ q n])
u, = min (aPf [T, > Tn,l),
q€F, (n)

F, (n) and F;} (n) have been defined just before and a A b = min(a,b), we get

(4.59) ES, [exp {)\ (ﬁ (Fp(n), Tnm,) — Eq,, [£(Fy(n), Tmn)]) }] < exp [|F§()\n)|] .

Now using [[.5G, for all n > ns all @ € G, and all [ > N;

B | L(Fy(n), Tot) = (+Dar > 1 [~ —ar (14 —
| (= (%))

Ui Ny

(4.60) < exp [ Al {m - (ml * mﬁ) (1 " N%) H

Inserting [£.6( in [l.5] and using [£.54, we deduce that for all n > ns and o € G/,

B, [£0mnl = ) < £y, (1= o), £ Gl = ) 2
exp [—Nl)\ <% - <:c1 + \]Fp%n |> (1+1/Ny) )}
1 —exp [—)\ (%— <m1+ i %n)l (I1+1/Ny) )}

Using Lemma with p, = x1/N1 + (2/|Fp(n)]) (1 + 1/N1) we have for all n > n; and all o € G,

(4.61) <

(2 »
(4.62) ?7/1 < 1+ |Fp(n)|> (1+ 1/N1) > ( n 1)/4.
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Using and we obtain, after an easy computation, that for all n > ny and all « € G,

B [ £ 0, n(1 = Gu) < L), (1= Gu)), £ (a1 = ) 2 ot
8exp (—(NiAvya?)/4)
Az '
Now we need a lower and upper bound for A, using and the properties and we deduce
that for all n > n; and all @ € G}, we have
1 2

<A ————
(91(n))?(logy nlog,n)" (logy nlog, n)5

with g1(n) = exp [((4v/30 fp(n))? logg(n))1/2]. We deduce that there exists ng > njs such that for all
n > ng and all a € G,

(4.63) <

(4.64)

(4.65) Py, | £ (mn, (1 = Gn)) < mMLE(n), (L= Ca)n), L (mp,n(l =) > < exp(—n'/?)

n
(logn)?
Collecting [£.65, .53, [£46, [£.44, [£.49 and taking p = 2, n} = na V n3 V ng V ng we get L.40. W

4.5 Proof of Theorem B.14
Clearly the probability in is bounded from above by :

IL(n)| max {[pgé [ L(k,n) 1

keL(n) n o E¢[L(W,,T})]

g <1og21n>1+p} } |

We are left to give an upper bound of the probability into the bracket, uniformly in k € Fp(n). Since
the method we use is exactly the same as the one of the proof of Theorem B.J], we only sketch it. First
replace all the m,, by k except in "Fy(n)”, "Ff (n)”, "F, (n)” and "W,,” that do not change. This will
change of course the definitions of x1, zo and A.

Then the modifications needed are only based on the following fact, let k € F,(n) and I € Wy, [ # k,
with Q probability 1 we have

exp(S; — Sk) = exp(Skg — Sm,,) exp(S; — Sm,,)

1_ |k—my|

(4.66) < <log 770) exp(S; — Sp, ) < (logyn) exp(S; — S, )-
7o

As we will see in section .5, it is from and (respectively [l.1]) that we get (respectively

B-22).

The main steps of the proof of Theorem B.§ have to be modified as follow :

First remark that, using [B.21], remains true. In Proposition [L.11], become :

4 1
P IL(k,n) <mn] < ————.
Rl ) <l < o,y
Notice that, comparing with the log, n disappears, this comes from the fact that we use
(instead of B-10) to prove the equivalent of (replacing P%, by P%). Moreover it is important to
notice that Lemma remains true and \ still verify [£.64
Moreover became

32(log, n)3log, n
B [C(kin) > nn] < 00810827
RS (logn)}

since we use for the proof of the equivalent of Lemma (replacing, as always, m, by k). B
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5 Proof of the good properties for the environment

Here we give the main ideas for the proof of Propositions B.4, B.6, B.11], and Proposition [L.3.
This section is organized as follow : in section .1 we recall elementary results on sums of independent

random variables, in section .9 we prove Lemma P.7 and give standard results on the basic valley,
in section p.3 (respectively p.4) we give some details of the proof of Proposition B.13 (respectively
Proposition B.4). Collecting the results of Section p.3, Lemma R.7, Propositions B.4 and we get
Proposition [[.4. In Section p.J we sketch the proof of and B:23. In all this section we assume
that the parameter v (see Definition P.q ) is strictly positive.

5.1 Elementary results

We will always work on the right hand side of the origin, that means with (S,,, m € N), by symmetry
we obtain the same result for m € Z_.

We introduce the following stopping times, for a > 0,

e _ [ inf{m e N*, 8, >a},

(5.1) Vo =Va' (55,5 eN) = { 400, if such a m does not exist.
I _ [ inf{m e N*, S, < —a},

(5.2) Vo =Va (55,5 €N) = { 400, if such a m does not exist.

The following lemma is an immediate consequence of the Wald equality (see M972)
Lemma 5.1. Assume 2.3, .3 and 2.4, let a > 0, d > 0 we have

_ d+ 1,
5.3 Vo<V < 70 ’
(5:3) Qv d]—d+a+%0
a+1
5.4 VoSV < ——M
(54) Qlva > d]—d+a+gg

recall I, = log((1 — o) (o)~ 1).

The following lemma is easy to prove when the ¢; = 1 with a probability 1/2 and is a simple extension
in our more general case

Lemma 5.2. Assume 2.3, 2.3 and hold, there exists co = Cp(Q) > 0 and ng = ng (Q) such that
for all n > ng

€0

(5.5) QVy >r(n)] < ok

(r(n),n) is a strictly positive increasing sequence.

5.2 Standard results on the basic valley {M,,m,, M,'}

First let us give the main ideas of the proof of Lemma P.7

Proof (of Lemma [2.7).

To prove that {M], m,, M,} # & in probability, it is enough to find a valley {M’, m, M} that satisfies
the three properties of Definition P.g. It is easy to show that {M' = Vrt,m =m,M = VFJ;} with

VI:; =sup{k <0, S >TI';,} and m = inf {]k\ > 0,5, = min{V; <m<Vit ) Sm} satisfies these properties
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in probability. Indeed by definition {Vt,m, VFJ;} satisfies the two first properties of Definition P.6.
For the third one, assume for simplicity that m > 0, by definition of VFJ; and hypothesis P.4 we have
r, < SV; < I'y, + I, with probability 1. So we are left to prove that there exists cg > 0 and

ng = no(Qn) such that for all n > ng
Q|Sy+ —

(5 6) < CoYY 10g2 n
) - logn

S) < ~1 = I, —~l < S)<T, +1
Oggn(t)_vogzn} Q[n vogzn_og%(t)_ n+ Ing

To get this upper bound we make the following remark, the event {I'), — ylogyn < maxo<i<m (St)
<T, +1I,,} asks to the walk to reach a point larger than I',, — vlogyn and then to touch a point
S < 0 before a point larger or equal to I'y, + I;),. So the probability on the right hand side of F.4
can be bounded from above by a constant times the probability Qr, —~10g,n [V(f < Vanm] (where
Qyl 1= Q] - |So = y]) which gives p.f by Lemma p.J. For more details of this computation see for
example [Andreoletti [R00J] pages 56-58. W

Lemma 5.3. There exists ¢ > 0 such that if -3, 2.3 and hold, for all p > 2 there exists ng =
ng (Ino, o,Eq [|60|3]) such that for all n > ng

(5.7) Q [M,, < (0" logn)? log, n, M," > —(oogn)? log,n| >1—cRy(n),
(5.8) Q[M,, > my, + fp(n)] > 1 —cR,(n),
(5.9) Q [SM1 = Sy <logn —vlogyn, Syy — Sy < logn —vlog, n] >1—cRy(n).

See just before [{.4 for the definitions of My, m1, M| and m/, fp(n) is given by B.3.

Proof.
The proof of this lemma is easy and is omitted. W

Lemma 5.4. There exists ¢ > 0 such that if -3, 2.3 and P-4 hold, for all p > 2 there exists ng = no(Q)
such that for all n > ngy

1
min P, | TF > T,’fl_l < , my >0 <cRy(n),
¥ Lemm (ﬂk ' 1[ ’ " D ~ qi(n) = fn)
5.10 min (P, |[TF > T,’ffl < , mp > 0| < cRy(n),
(5.10) Q Lew( WP [T M som < cRy(n)

with g1(n) = exp [((Qﬁafp(n))zlog3(n))1/z], recall that T, (n) and F}(n) have been defined just
before .
Proof.

The proof is omitted it makes use of Lemma p.§ and elementary facts on sums of ii.d. random
variables. W

5.3 Proof of Proposition B.6, 8.9, B.11] and B.12

5.3.1 Preliminaries

By linearity of the expectation we have :

My, mp—1
(5.11) En, [LWy, Tn,)] = Z En, [£0, Tm,)] + Z B, [£(, Tm,)] + 1,
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so using we get Proposition B.9 Now using Lemma and hypothesis P.4 we easily get the
following lemma

Lemma 5.5. Assume .4, for all M,/ <k < M,, k # m,,

Mo 1

1 1
1 —ng eSk=5mn

< E% ——
. Mo ek Smn’

mn

(5.12) [L(k, Tn,,)] <

with a Q probability equal to one.

Proposition is a trivial consequence of Lemma f.J and p.11. The following lemma is easy to prove

Lemma 5.6. For all o € 0y and n > 3, with a QQ probability equal to one we have

M, 1 Natl M,
(5.13) ‘ Z eSi—Smn < Z eai—1) Z L~ Sy, lati-1),ail>
j=mn+1 =1 Jj=mn+1
mp—1 1 Np+1 1 mnp—1
(5.14) Pl Doy B D LRI
j=M/ =1 Jj=M],
where a = %, Ny, = [(Tn+1y,)/a), recall that I, = log((1—no)(no)~t) and I is the indicator function.

Using Proposition and Lemma p.6, we have for all n > 3

Np+1 [ M
1
(5.15) Eq [E%" [E(W"’Tm")]] <1 + Z WEQ Z Ls; -8y, €la(i—1),ail
=1 _j:mn+1
Nn+1 1 -mnfl
+ D D) Q > I, 8,0, lali-1)ail
=1 =

The next step for the proof of Proposition is to show that the two expectations Eq|...] on the right
hand side of are bounded by a constant depending only on the distribution ) times a polynomial
in 4. This result is given by Lemma p.9.

5.3.2 Proof of Proposition

Remark 5.7. We give some details of the proof of Proposition mainly because it is based on
a very nice cancellation that occurs between two I',, = logn + vlog, n, see formulas and p.24.

Similar cancellation is already present in [98q].
Let us define the following stopping times, let ¢ > 1 :

ug = O,
w =V, =inf{m >0, S,, <0},
w; = inf{m > wu;_1, Spm < Su,_,}

The following lemma give a way to characterize the point m,,, it is inspired by the work of
[1984] and is just inspection

=
O
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Lemma 5.8. Let n > 3 and v > 0, recall T';, = logn + vlogy n, assume m,, > 0, for all I € N* we

have
NiZo{ : Si) = Sy, <T d
i=0 maXUiSJSWH( 2) — Oy < n} an
(5.16) My = U = maxy, <j<u; (i) — Su; > Ty and
M, =VT
n Tl
where
(5.17) V:l Ev;_l (Sj,7 > 1) =1inf (m > wy, Sy — Sy, > 2).

A similar characterization of m,, if m, < 0 can be done (the case m,, = 0 is trivial).

Lemma 5.9. There ezits co = ¢o(Q) such that for alli > 1 and all n :

My,

(5.18) Eq | > Ts,—8pclati—tyal| < 0 x i,
_j:mn+1

mp—1

(5.19) Eq Z HSj*Smne[a(ifl),ai[ < co X i
| =My,

Proof.

We will only prove p.1§, we get symmetrically moreover we assume that m,, > 0, computations
are similar for the case m,, < 0. Thinking on the basic definition of the expectation, we need an upper
bound for the probability :

M,
Q Z Is; S, clali—1),ai] = k-
Jj=mn+1

First we make a partition over the values of m,, and then we use Lemma [.§, we get :

M, M,
Q Z Ls; Spn, clai—1),ail = k-| = ZQ Z Is; 8., cla(i-1),ai] = k> Mn =

Jj=mn+1 >0 j=mn+1
5.20 < At max (S;)— S, >Th A
(5.20) - IZ&Q[ ! ulsj'sml( 3) = S 2 Ty Ay
where
Vil
Af = Z ILis;—s.,€lai-1),aily = F»
s=u;+1
-1
S

for all [ > 0. By the strong Markov property we have :

(5.21) QA" max (S))— Sy > T, A;} <QIAS, Vo >ViT1Q[A].

w<j<ui41
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The strong Markov property gives also that the sequence (maxy,<j<u,,,(Sr) — Su, < I'n,r > 1) is
independent and identically distributed, therefore :

1

(5.22) QAT <@ <]

We notice that @ [A+, Vo > VFJ;] does not depend on [, therefore, using p.20, .21 and .29 we get :

M,
(5:23) Q| D> Tg g cai-vai=Fk| < 1+Q[y 2V QAT Vo > V]
j=mn+1

To get an upper bound for ) [.Aar, Vo > VFJ; ], first we introduce the following sequence of stopping
times, let s > 0 :

Hia,O = 07
Hig,s = inf{m > Hig,s, Sm € [(i — 1)a,ial}.

Making a partition over the values of Hj, 1, by the Markov property we get:

QIAT, Vo > V]
ia w inf{{>w,S5;>T'n}
S [ Q|Hu—wsiednNis>0 () (S.>0)
w>0 (i=1a s=0 s=w+1
(5.24) < Q[Hiar <Vy ] max {Q. Vi _, <V, |} =Q[Hiap <Vy | Qia Vi _ia < Via)

(i—1a<z<ia a

IN

To finish we need an upper bound for Q [Hm,k < VO_], we do not want to give details of the computa-
tions for this because it is not difficult, however the reader can find these details in [Andreoletti [2003]
pages 142-145. We have for all i > 1:

B B I B k—1
625) QUtax < V5] <Q[%5 >Vitn] (1-@|w < =P @y m M2 5])

(5:26)  Q[Hax < Vy] < Qleo>0] (1 e [60 < —%D“ .

So using p.23, F.24-5.26, and Lemma F.1] one can find a constant ¢q that depends only on the distri-
bution @ such that for all i > 0 :

Mn + inf Mn
Eq Z Is; Sy, elati—1),ail | = Z kQ Z I, — Sy, €lati—1),ai] = k| < co X %,
Jj=mn+1 k=1 j=mnp+1

which provide [ |

5.3.3 Proof of Proposition 3.6

To show Proposition B.§ we use the same method previously used to prove Proposition B.13, the key
point is to show the following Lemma :
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Lemma 5.10. There exits a constant cy = co(Q) such that for all strictly positive increasing sequences
(0(n),n), 1 >1 and alln :

[ M. co X 2
0
(5.27) EQ Z Hsj_smne[a(i—l),az‘[ < H(n)’
_j:anrG(n)
_mn—e(n) Cco X ’L'2
(5.28) Eq | D Is-smeha-nail| S ==
| = )

We will not give the details of this proof because it is very similar to the proof of Lemma B.4. Just
notice that \/0(n) comes from the fact that the probability @ [ﬂg’;l{SS > 0}} = Q[W > 0(n)] appears

when we give an upper bound of @) {Zjﬂi"mn+€(n) Ls; 5., la(i—1),ai] = k} This comes from the fact

that the event ﬂlgg){SmnH — Sy, > 0} is hidden in the Definition of m,,. A last remark, the upper
bound we get here is good for sequences (A(n),n) that grow very slowly. In the next section we use
another method more powerful for sequences that grow more rapidly.

5.4 Proof of Proposition B.4
5.4.1 Preliminaries

It is here that the explicit form of f,(n) given by B.d will become clear. Using and Lemma .5
we need only to find an upper bound for

My, 1 mp—fp(n)—1 1
(5.29) Z S Smm T Z SIS
I=mn 1 fp(n)+1 =M,

Assume for the moment that
(5.30) Sk — S, > 2log(|k —my|), Vk € {M,’, -+ ,m, — fp(n), mp+ fp(n),--- , M,

with a @ probability larger than 1—cR,(n) with ¢ > 0. Then for all k € {M,/,--- ,my, — fp(n), my, +
fp(n)a cee ,Mnl}, we have

1 < 1
eSkamn — (k _ mn)2 .

This implies the convergence of the two partial sums in and therefore with a ) probability close
to 1

1 My, 1 mn_fp(n)_l 1
B, [LOVZ Tl <0 - DI = oD D =

0\ i—mn )41 € ! =, € "

1 2

no fp(n)+1’

this entails B.10. is a consequence of Propositions proved in the following section.
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5.4.2 Study of the potential (S,,, m € Z) in F,(n)

We will assume m,, > 0, the case m,, <0 is similar.

Proposition 5.11. There exists ¢ > Osuch that if 2.4, -3 and hold, for all p > 2 there exists
co = ¢o(Q) and ng = no(Q) such that for all n > ny

My,
(5.31) Q U {8k = Sm, <2log(k —ma)}, mn > 0| < cRy(n) + lOC_On
| k=mn+fp(n) &p
_mn+fp(”) ‘o
(5.32) Q kLAJJ (S — S, < 2log(mn — k)Y, mn > 0| < cRp(n) + e

Proof (of Proposition p.11)).

We will only prove we get with the same arguments. Let n > 3, we denote L(n) =

(o' log n)?log, n and [L(n)] the integer part of [L(n)]. By p-qand[F.g, there exists n1 = ny (I, 0, Eq [|eo]?])
such that for all n > ny

M,
(5.33) Q U Sk — Sm, <2log(k —my)}, my > 0] < cRy(n) +Q[A],
k=man+ fp(n)

where

M,

A= U {Sk— S, < 2log(k —mn)}, my + fp(n) < M, < L(n)
k=man+ fp(n)
Using the same method details for the Proof of Lemma p.9 (from line to p.23), we get :
(5.34) QM <(1+@Q[Vy =2V he [4f]
where
Vi,
AT =9 U {85 <2l08(i)}, fo(n) < Vi < L(n)
j=fp(n)
Let us denote C,, = ;/Jrf (n) {S; < 2logj}, to estimate Q [.A+] we make a partition over the values of
Stp(n)>
Q [A7]

(5.35) = Q[Cas Vi > Vi, fon) < Vi < L(n), Sy < 2log foln)] +
(5.36) Q[Cn, Vo > VT, fp(n) < VIT < L(n), Sy n) > 2log f(n)] .

First let us estimate p.35, we remark that {V; > VF—;, fp(n) < Vlj; < L(n)} = Sy, n) = 0, so by the
Markov property

Q Cn, Vo > VIJL, fp(n) < VFJ; < L(n), St,m) < 210gfp(n)]

IN

2log fp(n)
[ QD > Vit S < < L), Sy € ]

[e=]

Ip(n)

2log fp(n)
o ﬂ {8k 20}, Spm €dy| Q [Vo > Vil ]

(5.37) -

S~
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where Qy[.] = Q[.|So = y]. Since @ [VJ > Vrt_y] is increasing en y, the term in the right hand side
of is bounded by

2lo n fP(n)

g fp(n)

Q210g f,(n) [Vo > VFn—Qlog(fp(n))] /0 Q ﬂ {5k 20}, Sp,m) € dy
k=1

(538) = Q [‘/07 > fp(n)] QQIngp(n) |:‘/07 > VI‘J;72logfp(n)] :

To estimate .36, let us define the stopping time Uy () = inf {m > fp(n), Sp < logm}. We remark
that

{Cn, Sfp(n) Z 210g fp(n)} = {fp(n) S Ufp(n) S VI‘—:} .

Defining
AI(Z) = {Cn, V[)i > VI‘J;, fp(n) < V[ﬂ;a Sfp(n) Z 210g fp( Ufp - l}
we have
[L(n)]
(5.39) QCn, Vi >V, foln) <VE, Spy = 2log f(n)] = > Q[AD)].
I=fp(n)

Since by hypothesis Q [~1;,, < €0 < I;;,] = 1, we have Uy (,) = = logl — I, < S; <logl Q.a.s., so

(L ()]
> QAD)]
l:fp(”)
(L] logi
- ; | /bgl_% Q[Cor Vi~ > Vit fo(n) < Vit Sp () > 2l0g fy(n), Diy) -
ey

with Dy, = {ﬂ] —fo(n) {S <logj}, S € dy} By the Markov property, we get

[L(n)] (L] logi
ONCIZIC) N SR ECA U i

I=fp(n) I=f,(n) V108" Tng
l

Q |:Sf (n) > 21ngp ﬂ {Sj > 0}7 Dl,y

Using that Q, [VO_ > th,y} is increasing in y, we obtain

[L(n)] [L(n)] log !
Z Q [A/(l)] < Z Qlogl |:‘/07 > Vftflogl] / Q [ﬂ {Sz > 0} ,Dhy
I=fp(n) I=fp(n) log i—1Iy, i=1
[L(n)] fo(n
< Quog((L(n)) [Vo > VI rog((L(m)]) } > Q ﬂ {Si >0}, Upmy
I=fp(n) | i=1
(5.40) = Qe Yo > Ve o] @ V6 > frm)]-
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Using p.40, p.39, b.3§ and p.37 we get
Q [A]]
(541)< Q[Vy > fy(n)] (Q2logfp(n) [VO_ > Vlj;172logfp(n)] + Quog(1L(n))) [Vo— > VI’tflog([L(n)])}> :

Now using Lemmata p.]] and p.3, there exists ng = ng (Q) and ¢y = ¢p(Q) > 0 such that for all n > ny

co logy(n)
(5.42) QAl] < ——=—=

Lo/ fp(n)
Using p.49, .34, once again Lemma p.1, and finally taking nf, = n; V ng ends the proof of .31
[

5.5 Proof of B.21] and B.23

For B.21], we use the fact that Lemma p.J remains true if we replace m,, by some [ € F,(n). Then we
use and finally we follow the method used in section [.4. is obtained in a similar way.
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