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Global controllability and stabilization for the nonlinear
Schrodinger equation on an interval
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Abstract

We prove global internal controllability in large time for the nonlinear Schrodinger equation
on a bounded interval with periodic, Dirichlet or Neumann conditions. Our strategy combines
stabilization and local controllability near 0. We use Bourgain spaces to prove this result on
L?. We also get a regularity result about the control if the data are assumed smoother.
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Introduction

In this article, we study the stabilization and exact controllability for the periodic one-dimensional
nonlinear Schrodinger equation (NLS).
(1) i0u+0*u = MulPu on [0,+oo[xT!
u(0) = wug € L*(T)
*Université Paris-Sud, Batiment 425, 91405 Orsay, France (camille.laurent@math.u-psud.fr).
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with A € R.

The well posedness in such a low regularity was proved by J. Bourgain [f]. The proof uses the
so called Bourgain spaces X*® to get local well posedness and the conservation of the L? mass for
global existence.

The aim of this article is to prove exact internal controllability of system ([l) in large time for
a control supported in any small open subset of T'. We also extend these results to ]0, 7| with
Dirichlet or Neumann boundary conditions. The strategy follows the one of B. Dehman, P. Gérard
and G. Lebeau [[] where exact controllability in H! is proved for defocusing NLS on compact
surfaces. Our result differs from this one because we obtain a control at a lower regularity. This
allows to consider the focusing and defocusing equation and to use a different stabilization term,
which seems more natural. Moreover, if the Cauchy data are smoother, that is H® with s > 0, the
control we build on L? keeps that regularity, without any assumption on the size in H*®. Yet, in this
low regularity, Strichartz inequality of [{] does not provide uniform well posedness, and this forces
us to use X% spaces.

The strategy is first to prove stabilization and to combine it with local exact controllability near
0 to get null controllability. Then, we remark that the equation obtained by reversing time fulfills
exactly the same properties and this allows to establish exact controllability.

Let a = a(z) € L>®(T") real valued, the stabilization system we consider is

2) i0u+ O*u+ia’u = Aul>u on [0,7] x T!
u(0) = wug € L*(T).

The well posedness of this system will be proved in Section ] and we can check that it satisfies the
mass decay.

t
(3) ()72 = u(0)]7= = —2/0 lau(r)|172
Our theorem states that we have an exponential decay.

Theorem 0.1. Assume that a(z)? > n > 0 on some nonempty open set. Then, for every Ry > 0,
there exist C' > 0 and v > 0 such that inequality

lu@®)llp> < Ce™ Jluoll> ¢ >0
holds for every solution w of system (B) with initial data ugy such that ||ug||;2 < Ry.

Then, as a consequence of stabilization and local controllability near 0 established in Section [,
we obtain the following result.

Theorem 0.2. For any nonempty open set w C T! and Ry > 0, there exist T > 0 and C > 0 such
that for every ug and uy in L*(T') with

uoll2 < Ry and  |Jugl|;2 < Ro

there exists a control g € C([0, T, L) with ||g| oo o.0.02y < C supported in [0,T] x w, such that the

unique solution u in X%b to the Cauchy problem

@ f(n e = futg on DT

uw(0) = wo € L*(T)
satisfies u(T) = u;.
Moreover, if ug and uy € H®, with s > 0, one can impose g € C([0,T], H).
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We deduce the same results on L?(]0, 7[) with the Dirichlet (respectively Neumann) Laplacian.
To accomplish this, we use the identification of D(—Ap) (resp. D(—Ay)) with the closed subspace
of H*(R/27Z) of odd (resp. even) functions. We only have to check along the proof that the control
we build on T! = R/27Z remains odd (resp. even) if ug is so. The propagation of regularity for
the control takes the form : if ug € D(—A%), then one can choose g € C([0,T], D(—A%)) (and
similarly for Ay).

The continuity in time for g is obtained with time cutoff at each stage : the stabilization term is
brought to 0 and the local control we build is identically zero at initial and final time. For example,
if ug and u; are assumed in C*, it allows to impose u and g in C*([0,T] x T*).

The independence of C'; v and the time of control 7" on the bound R, are an open problem. Yet,
it is an interesting fact that even if we want a control in H*, the time of controllability only depends
on the size of the data in L?. However, it is unknown whether there is really a minimal time of
controllability. This is in strong contrast with the linear case where exact controllability occurs in
arbitrary small time and the conditions are only geometric for the open set w. For example, exact
controllability is known to be true when Geometric Control Condition is realized, see G. Lebeau
[[3], but also for any open set w of T", see S. Jaffard [[J and V. Komornik [[4]. N. Burq and M.
Zworski [ also proved the equivalence with a resolvent estimate. Moreover, some recent studies
have analysed the explosion of the control cost when 7" tends to 0 : K.- D. Phung [[9] by reducing to
the heat or wave equation, L. Miller [[7] with resolvent estimates, G. Tenenbaum and M. Tucsnak
[P3] with number theoretic arguments.

Let us now describe briefly the main arguments of the proof of Theorem and D.2. First, the
functional spaces used are the Bourgain spaces which are especially suited for solving dispersive
equations. In our problem, we use some multilinear estimates in X*° (see the definition in Section
). The first step is the following estimate for b > 3/8, uniformly for 7" < 1

(5) ||u||L4([O,T]><’]I‘1) <C ||U||X;b :

This was first proved by J. Bourgain in [J]. A simpler proof, due to N. Tzvetkov, can be found in
the book of T. Tao [2T] p 104. This allows to prove multilinear estimates in X%, as follows.

Lemma 0.1. For every s > 0, b,/ > 3/8, there exists Cs independent on T < 1 such that for u
and @ € X3°, we have

2
(6) [fulPul| g < Cllull oo [lull o0

(7) e = laPl| v < € (Jlu

2 ~ 112 ~
e+ l5g0) llu =il

This type of multilinear estimates was introduced in [B], but we refer to []] p 107 where the
estimates we need are stated during the proof of Theorem 2.1 chapter V. In the Appendix, we recall
the proof and precise some dependence in s of the estimates.

We prove the control near 0 by a perturbative argument near the one of E. Zuazua [RJ]. We use
the fixed point theorem of Picard to deduce our result from the linear control. The propagation of
H? regularity from the state to the control is obtained using this property for the linear control and
a local linear behavior. The idea comes from the work of B. Dehman and G. Lebeau [[] about the
wave equation where only some smallness on a finite number of harmonics is required. A notable
fact in our case is that no assumption of smallness is made on the H* norm. We only need the
L? norm to be small. Yet, to obtain a bound independent on s, we have to make some estimates



with constants independent on s. This will only be possible up to smoother terms, but this will be
enough to conclude.

The proof of stabilization is more intricate. In a contradiction argument, following B. Dehman,
G. Lebeau, E. Zuazua [f] and [§], we are led to prove the strong convergence to zero in X%b of some
weakly convergent sequence (u,,) solution to damped NLS. In [f], the authors use some linearisability
property of NLS in H*'. Yet, this is false in the L? case. Moreover, as it was seen by L. Molinet in
[[g], a weak limit u of solutions of NLS is in general not necessarily solution of the same equation.
Indeed, we have to proceed a little differently.

We first establish the strong convergence by some propagation of compactness. For a sequence
(u,) weakly convergent to 0 in X%b satisfying

Oy + Pu, — 0 in X TP
u, — 0 in L*([0,T] X w),
we prove that u, — 0 in L? ([0,7] x T'). As the geometric control assumption is fulfilled, the
propagation of compactness could be proved using microlocal defect measure introduced by P.
Gérard [[[7], adapting to X*? spaces the argument of [J] inspired by C. Bardos and T. Masrour [[].
In dimension 1, the microlocal analysis is much simpler and we have chosen, for the convenience of
the reader, to prove it with elementary arguments (even if the ideas are the same).
Once we know that the convergence is strong, we infer that the limit u is solution to NLS. We
use a classical unique continuation theorem to infer that it is 0.

Proposition 0.1. For every T > 0 and w any nonempty open set of T', the only solution in
C>([0,T] x TY) to the system

i0yu + 0*u = b(t, x)u on [0,T] x T!
u=0o0n[0,T] X w

where b(t,r) € C°°([0,T] x T') is the trivial one u = 0.

This was proved by Isakov [[J] (see Corollary 6.1) using Carleman estimates.

Yet, the weak limit a priori belongs to X%b. Therefore, to apply Proposition D.J], we need u
smooth enough. We prove that a solution of NLS with u € C°°([0,T] x w) is actually smooth. The
proof is an adaptation to the X’ spaces of propagation results of microlocal regularity coming
from [§]. Again, we present it in such a way that no knowledge of microlocal analysis is necessary,
even if the ideas deeply come from this theory.

While writing this article, we learnt that L. Rosier and B. Y. Zhang [20] independently obtained
a result of local controllability of NLS near 0.

Notation Denote D" the operator defined on D’(T') by

® Dru(n) = sgn(n)n["@(n)  if n#0
= u(0) if n=0.
In this article, b and o’ will be two constants, fixed for the rest of the article, such that 1 > b+,

b>1/2 > ¥/, and estimates () and (i) hold, see Lemma [[.3 below for the justification of these
assumptions.



C will denote any absolute constant whose value could change along the article. It could actually
depend on s. Yet, when the dependence on s will be needed, this will be announced and we will
denote C' if it is independent on s and Cy otherwise.

Acknowledgements. The author deeply thanks his adviser Patrick Gérard for attracting his
attention to this problem and for helpful discussions and encouragements.
1 Some properties of X*" spaces

We equip the Sobolev space H*(T') with the norm

He = 1 D%ull7. = [@O) + > [k* [a(k)*.
k0

|

The Bourgain space X*? is equipped with the norm

. s % |= 2
fulles = 10O ey + 3 [ I (o 2 [t )
k

H“# Hifb(R,Hs(Tl))

where () = \/1+[]2, u = u(t,z), t € R, z € T, and u#(t) = e "%Zu(t). 5(7‘, k) denotes the
Fourier transform of u with respect to the time variable (indice 7) and space variable (indice k).
u(t, k) denotes the Fourier transform in space variable.
X}’b is the associated restriction space, with the norm

lull s = inf {]|a]] . | =won[0,T] xT"}.

Let us study the stability of the X*° spaces with respect to some particular operations.

Lemma 1.1. Let 1 € C°(R) and u € X*° then ¢(t)u € X*°.
Ifu € X3 then we have (t)u € X5,

Proof. We write

[4ul

s = He_”a%@/)(t)u‘

_ # #
Hb(Hs) B ku HHb(HS) =C Hu HHb(Hs) <cC HUHXSJ"
We get the second result by applying the first one on any extension of v and taking the infinimum.
]

We easily get that D" (using notation (§)) maps any X*? into X*~"°. In the case of multiplication
by C*°(T!) function, we have to deal with a loss in X*? regularity compared to what we could expect.
Some regularity in the index b is lost, due to the fact that multiplication does not keep the structure
in time of the harmonics. This loss is unavoidable : take u, = (t)e”“e™ (where ¢ € C°(R)
equal to 1 on [—1,1]) which is uniformly bounded in X% for every b > 0. Yet, if we consider the
operator of multiplication by €, we get ||eu, | yo, ~ n’. We can prove that our example is the
worst one.



Lemma 1.2. Let =1 < b <1, s € R and ¢ € C®(T"). Then, if u € X** we have p(x)u € X*~1Phb,

Simalarly, multiplication by ¢ maps X}’b into X;f‘b"b.

Proof. We first deal with the two cases b = 0 and b = 1 and we will conclude by interpolation and
duality.

For b =0, X*° = L*(R, H*) and the result is obvious.

For b = 1, we have u € X*! if and only if

u € L*(R, H®) and i0u + 0%u € L*(R, H®)

with the norm

2 2 : 2
[ullen = llullpem s + H"atu + 8§UHL2(R,HS) :
Then, we have
2 2 . 2 2
le@)ullxemsn = llolzag ) + [|10:(pu) + 0(ew)|| 1o g o
2 : 2
< C <||U||L2(R,HS*1) + H@ (z@tu + 8§u) HL?(R,HH)
2 2
+ H [0, 07] UHL2(R,H5*1)>
2 : 2 2
< C (HuHLQ(R,HS—l) + Hlatu + aﬂ%uHL2(R,H5—1) + HuHLQ(R,HS)>
< Clullfe
Here, we have used that [p,d%] = —2(0,¢)0, — (0%¢) is a differential operator of order 1. To

conclude, we prove that X*® spaces are in interpolation. For that, we consider X*° as a weighted
L*(R X Z, p® §) spaces, where 1 is the Lebesgues measure on R and § is the discret measure on Z.
Using the Fourier transform, we can interpret X*? as the weighted L? space

L2 (R x Z w ol K @ 6)
where wg (7, k) = \k\?s (1 + k2)*. Here, we denote
9) |k, = |k| if £ # 0 and 1 otherwise.

Then, we use the complex interpolation theorem of Stein-Weiss for weighted LP spaces (see [} p
114):for0<f <1

(20, x) s (R x 2, [k (7 k) @ 6) e X040,
Since ¢ maps X*° into X*° and X*! into X* ! we conclude that for 0 < b < 1, ¢ maps
X0 = (X0, Xs’l)[b} into (X*0, Xsfl’l)[b} = X750 which yields the b loss of regularity as announced.
Then, by duality, this also implies that for 0 < b < 1, p(z) maps X *T%7% into X *~°. As there is
no assumption on s € R, we also have the result for —1 < b < 0 with a loss —b = |b|.

To get the same result for the restriction spaces X}’b, we write the estimate for an extension u of
u, which yields

lpullgamme < llptll xomoo < Cllalxon

Taking the infinimum on all the @, we get the claimed result. O
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We will also use (see [LT] or [B])
Lemma 1.3. Let (b,V) satisfying

1
(10) 0<b’<§<b, b+V <1

If we note F(t) =0 (%) fot f(&Hdt', we have for T <1
|l < CT 7 1l oo -

In the futur aim of using a boot-strap argument, we will need some continuity in 7" of the X:‘,i’b
norm of a fixed function :

Lemma 1.4. Let 0 < b < 1 and u in X*° then the function

{f :0,7) — R

t— |l

s,b
Xt

is continuous. Moreover, if b > 1/2, there exists Cy, such that

lim f(t) < Cy||u(0)]

Hs -

Proof. By reasoning on each component on the basis, we are led to prove the result in H°(R). The
most difficult case is the limit near 0. It suffices to prove that if u € H?(R), with b > 1/2, satisfies
u(0) =0, and ¥ € C§°(R) with U(0) = 1, then

T—0

t
m(i)UHo in H°

Indeed, such a function u can be written fot f with f € H*~'. Then, Lemma gives the result we

want if u € H"*¢. Nevertheless, if we only have v € H?, ¥(£)u is uniformly bounded. We conclude

by a density argument. O
The following lemma will be useful to control solutions on large intervals that will be obtained
by piecing together solutions on smaller ones. We state it without proof.

Lemma 1.5. Let 0 < b < 1. If U]ax, b[ is a finite covering of [0, 1], then there exists a constant C
depending only of the covering such that for every u € X*°

< Z .
||U||X[sd}1] <C k IIU||X[SG,Z’%]

Finally, we have the following Rellich type lemma
Lemma 1.6. For everyd >0,n1>0,s, b€ R and T > 0, we have

with compact imbedding.



2 Existence of a solution to NLS with source and damping
term

Theorem 2.1. Let T >0, s >0, A € R and a € C*(T?), ¢ € C°(R) taking real values.
For every g € L*([=T,T), H®) and uy € H®, there ezists a unique solution u in X3" to

(11) { iOhu + O2u+ip(t)a(x)u = Aul>u+ g on [-T,T] x T'

u(0) = wug € H?
Moreover the flow map

F : H(T') x L*([-T,T), H(T")) — X[S_’bT,T]
(Uo,g) = u

1s Lipschitz on every bounded subset.
The same results occur for s = 0 with the weaker assumption a € L>®(T?).

Proof. Tt is strongly inspired by Bourgain’s one (see [B], ] and [[T]). First, we notice that if
g € L3([=T,T], H*), it also belongs to X" as & > 0. We restrict ourself to positive times. The
solution on [—7),0] is obtained similarly. The distinction on the case s = 0 and s > 0 for the
regularity assumption on a will appear along the proof with the following statement : with the
assumptions of the Theorem, multiplication by a maps X% = L*([0, T], H®) into itself.

We consider the functional

t
O(u)(t) = " ug — z/ eit=7)% [—ia®@’u + A lul?u + g] (T)dr.
0

We will apply a fixed point argument on the Banach space X;’b. Let ¢ € C§°(R) be equal to 1 on
[—1,1]. Then by construction, (see [LT]) :

i 2
[ || = 10l ol

Indeed, for T' < 1 we have

152
eztax uo ’

o S C ol

T

The one dimensional estimate of Lemma [[.3 implies

t
H%/T) P 1G] e e L
0 Xs,b
and then
¢
’/ (ilt—")92 [—ia2g02u+)\\u|2u+g] (r)dr
0 X;’b
< Ccritv H —ia’Q*u + X |ul’ u + g} e
T
1-b—b' [|] 2 2 2
< CT [ng a’ul x0T | [ee]* ] xa—v + ||g||X;,-b/}
—b—b 2
(12) < O ful e (14 ullos ) + gl
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Thus

(13) 1)l s < Clluoll s +Cllgl

- 2
s+ OT 7 ] (1+ HuHX%b)
and similarly,

(14) [®(u) — @(a)l

77/ ~
X < CT" 7" ||lu — 4

2 ~ 112
xr (14 Tl + al3ge)

These estimates imply that if 7" is chosen small enough ® is a contraction on a suitable ball of X}’b.
Moreover, we have uniqueness in the class Xfp’b for the Duhamel equation. To get the uniqueness
in X;’b for the Schrodinger equation itself, we prove that every solution u in X:‘,i’b of equation ([LT)
in the distributional sense is also solution of the integral equation. Let us put

t
w(t) = g — z/ % [—ip?a®u + X\ [ul*u + g] (7)dr.
0
Asu e X' we have [u]*u € stfb/ and since b’ < 1/2, we infer

O {/t im0k [—ia*@*u+ A u|® u+ g] (t)dr
0
= 0% [—ip*a®p’u + A lul?u + g] (t)
in the distributional sense which implies that w is solution of
idyw + 0*w + ip*a’p*u = X u|* u + g.

Then, r = e % (y — w) is solution of d;r = 0 and r(0) = 0. Hence, r = 0 and w is solution of the
integral equation. Actually, the above proof also gives that the solution u of the integral equation
is also solution in the distributional sense.

We also prove propagation of regularity.

If up € H*, with s > 0, we have an existence time T for the solution in X%b and another time 7T
for the existence in X;{b. By uniqueness in X°, the two solutions are the same on [0,T]. If we

assume T < T, we have the explosion of ||u(t,.)||. as t tends to T whereas |ju(t,.)| > remains
bounded on this interval. Using local existence in L* and Lemma [, we easily get that [lu|| zo. is
T

finite. Then, using tame estimate ([[J) on a subinterval [T’ — &, T, with ¢ small enough such that

Clel—b—t (1 + Huﬂioib ~) < 1/2, we obtain
T

e, T]

Xs,fb/

[l o0
[T— [T—e,T)

y ST =&l + gl

g,

We conclude that u € X%’b, which contradicts the explosion of ||u(t,.)|| ;. near T. Therefore, the
time of existence is the same for every s > 0.

Next, we use L? energy estimates to get global existence in X%b and indeed in X:‘,i’b. By multiplying
equation ([1) by u, taking imaginary part and integrating, we get

@ = o) = =2 [ aptryur)l+2 [ [ g0
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lu@)llz. < Hu(O)HiﬁC/O Hu(T)Hinr/0 lu(m)l 2 (|9 (T 2

t
2 2 2
< Ju(O)llz: + C/O [w(T)[z2 dm + Cllgll L —r iy 2)
Then, by Gronwall inequality, we have

(15) le(®)3: < C (1) + Igla-riry o)) €

This ensures that the L? norm remains bounded and the solution u is global in time.
For the continuity of the flow, we use a slight modification of estimate ([[4) for two solutions u and

u
lu = all xsp < Cllu(0) = a(0)l s +Cllg = gll o-v

2
ot (1 + |yl XT) .

Then, for T" small enough (depending on the size of ug, ug, g and §), we get

+CT Y |lu — 4

2 ~
2 |

lu = all o0 < Cllu(0) = @(0)]| o +Cllg = gll v -

Then, we just have to piece solutions together on small intervals. Using the control of the X:‘,i’b
norm on L*®([0,7], H*) and Lemma [[.5, we get that F' is Lipschitz on bounded sets for arbitrary
T. O

After this point and until the end of the proof of local controllability, we will express the
dependence on s of the constants by writing them C; or C(.) if some other dependence is considered.
b, V', A\, a and ¢ being fixed, we will not write the dependence of constants in these variables.

The following Propositions establish a linear behavior on bounded sets of L?.

Proposition 2.1. For every T > 0, n > 0 and s > 0, there exists C(T,n,s) such that for every
u e X3P solution of ([T1) with ||uo| . + 19[r2(0.77,12) < 1, we have the following estimate

el gz < O, ) (ol s + 9 paosry e )
Proof. Using ([J), we obtain that u satisfies
—b—b 2
Jullggo < € (aolzs + Nolzaqoynm) + O Tulgo (1 + luliyen

With T such that C,7'"*Y < 1/2, it yields

xp < C (Jluol

I e+ N2 o,00)) + T 7 Jul

2
oo lullyge
First we use it with s = 0. As we have proved in Lemma [[.4 the continuity with respect to T of

. . . —b— /
|l yo» we are in position to apply a boot-strap argument : for 717" < !
% 2Co([luoll 2 +ll9ll 12 0 77,22) )

2

we obtain :
(16) lull oo < € (Ioll e + gl 2.0 ) -
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The mass estimate ([3) gives ||u(t)]|;» < Cne®Yl. Then, we have a constant £(n, T) such that ([[§)
holds for every interval of length smaller than £(n,T). Repeating the argument on every small
interval, using that X%b controls L>(L?) and matching solutions with Lemma [[.5, we get the same
result for some large interval [0, T], with a constant C' dependent on 7 and T'. Tt expresses a local
linear behavior.

Then, returning to the case s > 0 and C, T < 1/2, we have the estimate

CT 7 [ul o0 < T2 C 0, T) .

Then, for T' < (s, n,T'), this can be bounded by 1/2 and we have

(17) lullzo < € (uoll e + 191 2oz )

Again, piecing solutions together , we get the same result for large T, with C' depending on s, 7
and T 0

A notable consequence of this result is that NLS has a linear behavior in any H* on any bounded
set of L2.

Yet, in the last estimate, the constants strongly depend on s. We will use the more precise
estimates of the Appendix to eliminate this dependence in s, up to some smoother terms.

Proposition 2.2. For every T >0, n > 0, there exists C(T,n) such that for every s > 1, we can
find C(T,n, s) such that for every u € X3 solution of (1) with ||uo| > + 191l z2(o.7,12) < 1, we
have

e < COT) (ol + 19l oy ae))
(18) O3, ) [l g ro [l go g + Csm, Tl v

[l

Proof. We first assume 7' < 1. Lemma [[.J gives a constant C' independant on s such that

xS O (ol
+oTt Y (Ha2cp

o o+ 190 2o 7100

o+ ([l

—t/
X7 )

Estimate ({7) of Proposition [A.] and Corollary [A.] of the Appendix gives some constant C' and Cy
such that

ZUHLQ([O,T},HS

[l

wir < C (Nl + gl agorym)
FT (O ull g + Cs oo

_b_b 2
AT (Ol o + C llull s el g Nl )

From the previous Proposition, we have

lull oo < € T) (ol e + 90l 2oy ) < COLTIm.

11



Actually, C'(n,T) can be bounded by C(n) = C(n,1) if T < 1.
Again, for T small enough (depending only on 7 and not on s), we have

lullgze < C (luollge + 9l aoiry e
+C ||u|

X;ﬂ,b HUHX%J) HuHX%b + Cs Hu| X;ﬂ,b .

Then, piecing solutions together, we finally obtain the result on a large interval [0, 7. U

Remark 2.1. If g = 0, the solution u € X" of ([[1) actually satisfies

lu(®)I[72 = u(0) 72 = —2/0 lag(r)u(r)IIz:

Remark 2.2. If a is even and u € X3 solution of () with source term g, then +u(t, —z) is
solution with source term +g(t, —x). As a conclusion, by uniqueness in X%b, we infer that if ug
and g are odd (resp. even), then u is also odd (resp. even). This gives an existence and uniqueness

theorem for Dirichlet and Neumann conditions if a € C°(]0,x[) (by identification it will become
a € C>(T) even,).

3 Controllability near 0

We know (see [§], [[3] or [[d]) that any nonempty open set w satisfies an observability estimate
in L? in arbitrary small time 7" > 0. Namely, for any a(z) € C*°(T"') and ¢(t) € C°(]0,T[) real
valued such that a = 1 on w and ¢ = 1 on [T/3,27/3] (we add the cutoff in time to impose that
the control g is zero at 0 and T'), there exists C' > 0 such that

dt

2
L2

(19) ol < € atwewern|

for every ¥, € L%

As a consequence, using the HUM method of J-L. Lions, this implies exact controllability in L? for
the linear equation. More precisely, we can follow [§] to construct an isomorphism of control S from
L? to L?. For every data ¥, in L2, there exists ®; = S™1U,, ¥, = SP; such that if ® is solution
of the dual equation

(20) {i8t¢+8§<1> = 0

O(x,0) = Po(x)
and U solution of

10,V + 020 = a*(z)p*(t)®
(21) { W(T) = 0 -

we have ¥(0) = W,

Lemma 3.1. S is an tsomorphism of H® for every s > 0.

12



Proof. We easily see that S maps H® into itself. So we just have to prove that S®q € H® implies
g € H®, i.e. D*®, € L? (with notation () of the end of the Introduction). We use the formula

T
SPy =1 / e’“aﬂ%@QaQe“aﬂ% d, dt.
0
Then, using that S~! is continuous from L? into itself and Lemma [AT] of the Appendix, we get

T
||DS(I>0||L2 < C ||SDS(I>O||L2 <C ’ / e—it8£a2sp26it8§Dsq)O
0

L2

T
< C HDS / e—it8§a2w26it8§ ®,
0

L2
+C / e*ltax [0127 DS] ()026@158% (I)O
0

< OISl s + Cs ||Po]

L2

Hs—1-

This yields the desired result for s € [0,1]. We obtain it for every s > 0 by iteration.
Moreover, if we track the dependence of each constant, especially their dependence in s, we get for
s>1

(22) IERRZ]

we < Clap, T) [[Woll s + Cla, .5, T) [ Vol o-s -
O

Theorem 3.1. Let w be any nonempty open subset of Tt and T > 0. Then there exist ¢ > 0
and n > 0 such that for every ug € L* with ||ugl|,. < €, there exists g € C([0,T], L?), with
HgHLoo([O,T]’Lg) <n, compactly supported in |0, T[Xw such that the unique solution u in X%b of

(23) u(z,0) = wup(z)

{ 0+ Pu = MulPu+g
satisfies u(T) = 0.
Moreover, if ug € H®, with s > 0, eventually with a large H* norm, we can impose g € C([0,T], H).

Proof. We first choose a(z) € C§°(w) and ¢(t) € C§°(]0,T[) different from zero, so that, observ-
ability estimate ([9) occurs. We seek g under the form p?(t)a?(x)® where ® is solution of system
(R0), as in linear control theory. The purpose is then to choose the adequate ®; and the system is
completely determined.

Actually, we consider the two systems

i0,®+ 020 = 0
(24) { B(r,0) = Bolz)
and
25 O+ 2 = Nulu+ a0
w(z, T) = 0

13



Let us define the operator

L: LXTY) — L(TY
(I)O — L(I)OIU():TL(O)

We split u = v + ¥ with ¥ solution of

(26) {iat‘l’+5’§‘1’ = a(x)p*()®

W(T) = 0

This corresponds to the linear control, and indeed ¥(0) = S®,. As for function v, it is solution of

(27) {i@tv+8§v = Mul’u

v(T) = 0
Then, u, v, ¥ belong to X" and u(0) = v(0) + ¥(0), which we can write
L(I)O = K(I)O —|— S(I)O

where K&y = v(0).
L®y = uy is equivalent to &g = —S 'K ®y + S~ luy. Defining the operator B : L? — L? by

Bdy = —-S'K®y + S tuy,

the problem L®; = vy is now to find a fixed point of B. We will prove that if ||ug|;» is small
enough, B is a contraction (for the L? norm) and reproduces the closed set

ls]—1

F = B2(0,n)() ﬂ B (0, Ry) | () Bu= (0, Ry)

for n small enough and for some large R;.

We may assume 7' < 1, and fix it (actually the norm of S~! as an operator acting on L? or H*
depends on T" and even explode when T tends to 0, see [[9], [I7] and [3]). In the rest of the proof,
as we want a bound for 7 independent on s, we will denote C' any constant depending only on a,
o, b, b/ and T that are fixed. We will write Cj if a dependence on s is allowed.

Since S is an isomorphism of H*®, we have

(28) [1B®o|| s < Cs (1K Dol 75 + l[uoll ) -

So, we are led to estimate ||K®q|| s = [|v(0)|| .-
Indeed, if we apply to equation (27) the same X3 estimates (Lemma [[3 and estimate () of Lemma
0.1) we used in the existence Theorem P.1|, we get

[0l < Cllvllyse
< 1-b—b 2 .
~ CT H|u| u’ X;’ b
< Cl[ful*ul x5
2
(29) < Cuulligs Nullge

14



Let us first consider the L? norm and use the local linear behavior of u (see Proposition B.1]). We
obtain that for [|¢*a®|| 120112y < C l|Poll 2 < Cn < 1, we have

Jall oo < C o]
Finally, applying (B§) and (B9) with s = 0, this yields
1B®oll 2 < C (|1 @oll72 + fluoll2) -
Choosing 7 small enough and |[uo|| ;. < n/2C, we obtain || B®||;» < n and B reproduces the ball
B, of L*.
For the H® norm, we distinguish two cases : s <1 and s > 1.

For s < 1, we return to (B9) with the new estimate in X5".

Ol < Con® [[ull o

1B®ollz0 < Co (0 llull gz + loll - )

Then, using Proposition .1 we have a linear behavior in H® norm when we have only a bounded
L? norm. More precisely, for [¢?a®®|| 2o 7y z2) < C'[|[Poll 2 < Cn < 1 we get

(30) ]

yoo < Cs || ®o

HS

and
| Bdy|

we < Cs (1|90

)

Then, for Csn* < 1/2, B reproduces any ball in H* of radius greater than 2C; ||uol| ;.-

As a conclusion, we have proved that if 7 < Cs, |Juol/,» < C(n) and R > C(||ugl|y.), then B
reproduces F'. Moreover, we can check that all the estimates are uniform for s < 1 and so the
bound on 7 is uniform.

we T+ lluol

If s > 1, we choose the R; by induction. R; is chosen as for the case s < 1 so that B reproduces
By1(0, Ry). The crucial point will be to make some asumptions of smallness on 7 that will be
independent on ¢ and s. This will be possible using some estimates uniform in s, up to some
smoother terms (that could be very large). First, we use estimate (BZ) about S

[B®ol| i < C 1K Dol + Ci [[KDol| i + Ci [|uo]| s
The same analysis we made for the case s <1 yields
1K @o|| yims < Cian® [| o]l s < Ciman® Ry,
Then, using the more precise multilinear estimate (1) of Proposition [A.1 of the Appendix, we get

Ol < C|luf*]

i,—b!
X7

2
< Clull2os llull gso + G llull imva ull oo oo

15



For the term with maximal derivative, we use the refinement ([[§) of Proposition .2 and Corollary
[A7] of the Appendix

”u”XZTb < C H902a2q)HL2([0,T]7Hi) + C; HuHX;—l’b HUHX;” Hung’b + C; ”uHX;—U’
< Ol + C: I oll s + il ol o 1l o
4G ull g
For the terms with lower derivative, we only need estimate (B0]), which yields
[0 < o ullgso + CiRisBan
< Cp? Dol i + Cn* (CiRi—1 + CiRi_1Rin) + CiR;_1 Ryn.

Finally, we obtain
1B®oll i < C0* (| Roll s + C (i, Rus Ricy, ol ).
If we choose Cn? < 1/2 independant on s and R; = 2C(i,n, R, Ri_1, ||uol|;:), we obtain that B
reproduces Byi(0, R;). The same arguments work for Bys(0, Ry) if s > 1.
Let us prove that B is contracting for L? norm. For that, we examine the systems

iOu—1)+ 0%(u—a) = Mul?u—|a2@) + a2 (® — D)
(31) { (w—a)(T) = 0 ’

{ i0(v—0)+ 0w —0) = M|ul?u—|u|*a)
woB)T) = 0

We obtain
|Boo—B%| | < Cliw-DO)
< OT""7|||ulu — |a@)*a|| o
2 ~ 112 ~
< O (llullygo + lalige) llu — ] oo
(32) < Cn?|lu— @l yoo -

Considering equation (BI]), we deduce

Ju—llgor < CT*Y |[ulPu — (@] o +C]g02a2(<1>—213)
T

L2([0,T],L2)

2 ~ 112 ~ =
< (IulBeas + lilFae ) e = @l g0 + C |0 - @ |,

< O u—iiflyou +C H(I)o = 5}70)

2
If 7 is taken small enough (independent on s) it yields
(33) = @l oo < CH(I)O—%’ "
Combining (B3) with (B) we finally get
HB@O . B<T>H < On?||@, - &TO’ .
L2 L2

Therefore, for 1 small enough (independent on s), B is a contraction of a closed set F' of L? and
has a fixed point that by construction belongs to H*. This completes the proof of Theorem B.I. O
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Remark 3.1. To get control for Dirichlet or Neumann condition, we have to check that if ug is odd
(resp even), then the control we built is so. Suppose that a € C(T") is even on T' and ug is odd
(resp even). Then @(zx) = —u(—=x) is solution of (B3) with ® replaced by ®(x) = —®(—x). We have
up = Uy = LPy and indeed, Bdy = Dy. Since Dy has the same norm as o and by uniqueness of
the fized point in the closed set F, we obtain ®y = ®y and Py is odd. Therefore, the control a®p>®
and u are odd. The same argument works similarly for ug even.

4 Propagation of compactness

In this section, we adapt some theorems of Dehman-Gérard-Lebeau [ in the case of X*? spaces.

Theorem 4.1. Let u, be a sequence of solutions of
such that for some 0 < b <1, we have

||un||X%b S C, ||'UJn||X;1+b,fb — 0 cmd ||fn 14+b,—b — 0

lx-

Moreover, we assume that there is a nonempty open set w such that u,, — 0 strongly in
L2([0,T], L*(w)).
Then u,, — 0 strongly in L2 ([0, T], L*(T")).

loc

Proof. Let o € C°(T') and ¥ € Cg°(]0,T[) taking real values, that will be chosen later. Set
Bu = ¢(z)D™! and A = U(t)B where D! is the operator defined at the end of the Introduction
in (§). We have A* = U(¢t) D 'p(z).

Denote L the Schrodinger operator L = id; + §2. For € > 0, we denote A, = At = U(t)B. for
the regularization. We write by a classical way

e = (Lug, AZun)2qox1) — (Actin, Ltin, ) 1200,71x11)
= ([Ac, P, upn) — i (V' (t) Bott, uy).

But we have also
Ape = (fn7 A:un)LQ(]O,T[X'H‘l) - (Aeuna fn)L2(}o,T[x1r1)

Using Lemma [[.3, we obtain

|(fay AZtn) p2gorixryy| < Il full xoreos | AZun] xa-vo

(34) <l o

Then, sup, ‘( fny AZuy) £2(0,7(x M)‘ — 0 when n — oco. The same estimate for the other terms gives
sup, oy, . — 0 and likewise for the term (V'(¢) Bouy, uy,).
Finally, taking the supremum on ¢ tending to 0, we get

([A, 8§]un, un)LQ(](],T[XTl) — 0 When n — o0

17



Then, as D~! commutes with 92, we have

[A,62) = —20(1) (D)0 D" — W(1)(0%) D",

T

Making the same estimates as in (B4), we get
(W) (029) D, un) L2 o 7<) — 0.

Moreover, —id, D! is actually the orthogonal projection on the subspace of functions with u(0) = 0.
Using weak convergence, we easily obtain that 1, (0)(¢) tends to 0 in L?*([0,7]) and indeed,

(W () (0up)un(0)(t), un)r2o,r(x1) — 0.

Our final result is that for any ¢ € C*(T') and ¥ € C§°(]0, T[)

(W (1) (Orp)tin, un)LQ(]O,T[le) — 0.

Now, we remark that the functions that can be written 0,¢ are actually all the functions ¢ that
fulfill [, ¢ = 0. For example, for any x € C§°(w) and any zg € T', ¢(x) = x(x) — x(x — x¢) can be
written ¢ = 0.

The strong convergence in L?([0,T], L?(w)) implies

(W (t)Xtn, Un)L2(}0,T[x1r1) — 0.
Then for any zo € T*
(W(E)x(- — zo)un, Un)L2(}0,T[x1r1) — 0.

We close the proof by constructing a partition of unity of T' with some functions x;(. — z})) with
xi € C5°(w) and zf) € T O

5 Propagation of regularity

We write Proposition 13 of [§] with some X*? assumptions on the second term of the equation.

Theorem 5.1. Let T >0,0<b< 1 and u € X;’b, r € R solution of
i+ 0Pu=fe Xy’

Moreover, we assume that there exists a nonempty open set w such that u € L2 (]0,T[, H(w))
for some p < 17_17
Then u € L2 (]0,T[, H*(T")).

loc

Proof. We first regularize : u, = ex%u = Z,u and f, = Z,u with [tn ] yro < C and || fo ]| yr—v < C.
Set s =r + p. ' '

We will make a proof near the one we did for propagation of compactness.

Let ¢ € C°(T!) and ¥ € C§°(]0, T']) taking real values. Set Bu = D*'p(x) and A = ¥(¢)B (with
notation (B) of the Introduction). If L = i9; + 0%, we write

(Lttn, A"up) 20,7 <11y — (Atl, Ly, ) 120,711
= ([4, ?|un, Un) r2(0,71x1t) — (W' (t) B, up)

18
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| (A, fn) L2015 [Avn | x=ro [ full 70

Huong‘”P—Hb’b”anxg—b

IA

As we have chosen p < =% we have r + 2p — 1+ b < r. Indeed, we obtain
P 2
|(‘ 1una fn)LQ(}O,T[XT1)| < C(H'U%HX;:J7 ||fn||X;;—b < C

The same estimates for the other terms imply that ([A, 0%]u,, u,) £2(o,7[xT") 18 uniformly bounded.
Yet, we have

[A,07] = 2% () D>~} (0,p) 0, — T () D>~ (35 0)

while
B D= (020 ) ) agoiriery] < Clltall o ltall g0 < C.
Finally we can control
(35) [(W(t) D>~ (0,0) gt up )| < C.
If feCf(w) then

+(U(H)[D*, £10ptn, DPuy,).
Our asumption gives fu € L2 ([0,T], H*) and fd,u € L3 ([0, T], H*™). Indeed, fu, = Z,fu +

loc loc

[f, Zn]u is uniformly bounded in L2 ([0, T], H*) thanks to Lemma of Appendix and s < r + 1.

loc
Making the same reasoning for fd,u,, we obtain

(W () D~ fOpun, D* fuy)| < C.

Lemma [A]] of the Appendix and u € L*([0,T], H") yields (and likewise for the other term of
commutator)

|(U() D fOun, [D*, flun)| < |[D"H founl| o oy 1 D7ID®, Fluunllpaqrey

<
< ||un||L2(HT) HunHL?(HS*Hp) <C.
And finally,

’(\Il(t)DQS’Ifzarun, un)’ <C
Then, writing 0, = f%(z) — f?(x — ) and using (BF]), we obtain

}(\I/(t)DQS*IJd(. — xo)axun,un)} <C.

Finishing the proof as in Theorem with a partition of unity, we obtain

(¥ (t)D* '0,u,u)| < C

T

/ > w@)kPlack, o dt < C
0 ko

which achieves the proof. O
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Corollary 5.1. Here b > 1/2 and w is any nonempty open set of T'. Let u € X%b solution of

i0yu + 0*u = AMu|*u on [0,T] x T
u € C>(]0, T[xw)

Then u € C*(]0, T[xT")

Proof. We have |u|>u € X" by multilinear estimates.
By applying once Theorem .1, we get u € L2 _([0,T], H 1+1T_b). Then we can choose ty such that

loc
u(to) € H'2". We can then solve in X2 * our nonlinear Schrédinger equation with initial data
1-b
u(ty). By uniqueness in X%, we conclude that u € X;r 70,
By iteration of this process, we get that uw € L*(]0,T[, H") for every r € R and u € C*([0,T],T").

O
Corollary 5.2. Let w be any nonempty open set of T' and u € X%b solution of
i0u+ 0*u = Mul*uon [0,T] x T!
u = 0on|0,T[xw
Then u =0
Proof. Using Corollary p.1, we infer that u € C>(]0, T[xT").
Proposition 0.1] of unique continuation implies u = 0. U

Remark 5.1. We have the same conclusion for u € X%b solution of

i+ 0%u = 0on[0,T] x T
u = 0on|0,T[xw

6 Stabilization

Theorem is a direct consequence of the following Proposition.

Proposition 6.1. Let a € L°°(T') taking real values such that a®>(z) > n on a nonempty open set
w of T, for some constant n > 0.
For every T' > 0 and every Ry > 0, there exists a constant C > 0 such that inequality

T
lu(O)|2: < C / w2 dt

holds for every solution u € X%b of the damped equation

(36) { 10y + 0?u+ia*u = Mu|?uon [0,T] x T

u(0) = wug € L?

and |jug|| ;2 < Ro.
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Proof. We argue by contradiction, we suppose the existence of a sequence (u,,) of solutions of (Bg)
such that
[un(0)]| 2 < Ro

and
T 2 1 2
(37) | ol de < 5 o
: n
Denote oy, = ||[tuon||;2 < Ro. Up to extraction, we can suppose that o, — .

We will distinguich two cases : @ > 0 and a = 0.

First case : o, — a >0

By decreasing of the L? norm, (u,) is bounded in L=([0,T], L?) and indeed in X2, Then, as X"
is a separable Hilbert we can extract a subsequence such that u, — wu weakly in X%b for some
u € X%b.

By compact embedding, as we have b < 1 and —b < 0, we can also extract a subsequence such that
we have strong convergence in X, 1+o,—b

At this stage, we have to be careful because as it was seen by L. Molinet in [[§], the weak limit
u is not necessarily solution to NLS. See Remark [.1] below. Thus, A|u,|*u, is bounded in X%*b,.
We can extract a subsequence such that it converges weakly in X%_bl to some f and strongly in
X070 (here, we use b > V).

Using (B7) and passing to the limit in the equation verified by w,, we get

iOu+0*uw = fon|0,T]xT!
(38) v
u = 0on[0,7T] xw
Denote r,, = u, — u and f, = —ia*u, + Au,|*u, — f, we have

10T, + 0§rn = fn

Moreover, because of (B7) we have

a(x)u, —
£2((0,T),L2)

and so, f, converges strongly to 0 in XT_1+b’_b.

It also implies that u,, — 0 and the same for r,.
L2([0,T],L2 (w))

We are then in position to apply Theorem [.1. We infer

Tn — 0.
L2 ([0,T],L?2)

loc

Then, we can pick one ¢, € [0, T such that r,(ty) tends to 0 strongly in L? and indeed w,,(ty) — u(to)
in L2, Denote v the solution of

{ i0w+ 0?v = A|?von [0,T] x T!

(39) olty) = ulto)

The main problem is, at this point, we still do not know whether u = v.
Yet, we have seen in the existence Theorem that the flow (even backward) is Lipschitz on

bounded sets. Then, as we have u,(ty) — v(to) and ia*u, — 0 in L?([0,T], L?), we get u,, — v in
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X" Therefore, u = v and u is solution of (BY). Corollary .3 implies u = 0.

In particular, we have [|u,(0)||,> — 0 which is a contradiction to our hypothesis a > 0.
Second case : «,, — 0

Let us make the change of unknown v, = u, /a,. v, is solution of the system

1040y, + 020, + ia’v, = AaZ|v,[Po,,

and
r 1
(40) / llav,||3, dt < =
0 n
Thus, we have
(41) [0 (0) ]| 2 = 1

and v, is bounded in L>([0, T, L?) as the L? norm of u, decrease.

By Duhamel formula and multilinear estimates, we obtain
Y 3
[onllxge < C lwaO)llz + CT = (Junllygo + o llonlyse ) -

Then, if we take CT' "% < 1/2, independant of v,,, we have
2 3
lvallxor < €+ Cas [lvallos

Lemma [ states that ||v,|| o+ is continuous in 7. Since it is bounded near ¢ = 0 and a,, — 0,
T

a classical boot strap argument gives that v,, is bounded on X%b. Using Lemma [[.5, we conclude
that it is bounded in X%b even for large T'. Therefore, o2 |v,|*v, tends to 0 in X%fb and indeed in
X—1+b7—b

T .
Then, we can extract a subsequence such that v, — v in X%b and strongly in X,

of

(42) i0w+0* = 0on[0,T] x T
v = 0onl0,T[xw

14b,-b . )
070 4 is solution

which implies v = 0 by Remark [5.]] of unique continuation.
Estimate (fid) implies
ia*v, — 0
L2([0,T],L?)
and so in XT*Hb’*b.
Then, we can apply Theorem [I.1] as in the first case, to get that v, converges to 0 in L2 ([0, T], L?).

Take to such that v, (to) strongly converges to 0 in L? and solve with initial data v, (o), we obtain
that v, converges to 0 in Xo*. This contradicts (). O

Remark 6.1. We could have used a variant of Theorem 1 of [I§] to get directly that the weak limit
can only be zero.
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A Appendix

In this Appendix, we recall some basic microlocal analysis estimates that can be easily proved in
dimension 1, without using any general theory. We also give the proof of some multilinear Bourgain
estimates.

Following notation (f)) of the Introduction, we have

Lemma A.1. Let f denote the operator of multiplication by f € C(T?).
Then, [D", f] maps any H*® into HS~"+1.

Proof. We denote | |, the modification () of | | introduced in Lemma [[.3. We also write sgn(0) = 1.
We have

o —

D (Fa(m) = sgn(w ol 3 Fln — 0

D) an— )sen(k) [k[; (k).
And then
Dy, flun) = > Fln = k)(sgn(n) [nl; — sn(k) k] )a(k)
1Dy, flu(n)| < Z B)lln = kI (inl; ™+ R ()
k

Using [n[” < C'|n — k\?lm k| for any p € R, we get

D Al < 3l (z) n—k)(n — k)| [atk) \)2

= Z >k Fn = k)n = )|l >|>2
ijln—klz
(44) + 0y Z|n ks

n

(43)

(]

Fin = k)(n — k)| [ >|>

Fin = k)n = k)| 1k \).

We estimate ([[3) using Cauchy-Schwarz 1nequahty7 and it is the same for ([[4).

M@ < Z(zm—kuﬂf(n—k)(n—kﬂ) x
(Zm kI F(n — k) (0 — k)| K] aw)
< (ZMW ) (Zw )
< Oy llull..
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Corollary A.1. If f € C®(T?!), there exists some constant C' such that for every s € R, there
exists Cs such that the following estimate holds

| ful
Proof. We just write D*(fu) = fD*u + [D?, f]u. O

Lemma A.2. Let f € C®(T") and p. = e % with 0 < e < 1.
Then, [p-, f] is uniformly bounded as an operator from H* into H*T!.

e < Clul

ws + Cs ul

Hs—1

Proof. Tt is exactly the same as for Lemma [A ] using

kI ((n) ™+ (k)7

2,2 27.2
—e“n —e“k
— €

e
because
() se0
O

We give the proof of multilinear Bourgain estimates. We also get some information about the
dependence on s of the estimates.

Proposition A.1. For every s > 0, we have uniformly on T < 1

(45) H|u|2u’

xoos < COF ||u||§(3,3/8 ] o

(46) ||uu — |a*a)

e < O3 (||u||§(;,3/8 + ||a||§(;,3/8) o = i s

Moreover, there exists C' > 0 such that for every s > 1, we can find Cy > 0 such that for every
T<1

llul*«|

X;,fs/s S C ”u”;%s/s Hu! X;,S/S

(47) +CS ||’LL||X;—1,3/8 ||u||X;,3/8 ||'LL||X3,3/8 .

Proof. We follow closely [[] p 107. For estimates (£5) and (f@), it is enough to prove

xomss < O (Jlua

+ lluall xoars l[uall o l[usll xoss + sl xosss luzll xoss llusll xosrs) -

|| urus| xoas |[u2]] o8 ||usl] xo/8

Denote w = u Tzus. We argue by duality. Let v € X ~3/8

We write U(\, k) instead of U(A, k) the Fourier transform in time and space variable. | |, still denotes
the modification ([) of | | defined in the proof of Lemma [[.3

(48) //lev—Z/ @\, k)o(N k) Z/|k|“Ak|k|ﬁW

— Z / |k’| ()\1, kl)Uz()\z, ]{32) ()\3, ]{33) |k:|l SA()\ k’)
A1,A2,A3

k1,k2,ks
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Wherek:kl—k2+k3 and)\:)\l—)\g—i-)\:g.
Observe that |k|; < 3°max(|ki]}, [kal, , [ks|;). We assume |k|; < 3° |k1];, and the other possibilities
will produce the other terms of the right hand side of the estimate we want (we do not write them

any more, each inequality is true if we add the same term with uy and ug).

) <3 ) |} | (Aas k)| | (Ao, o) | 3 (As, 3)| K], [0(A, k)
ki ko, k3 A1,A2,A3

Denote u! the function with Fourier transform equal to |@1(\, k)|. Then, using dispersive estimate

B)

Hy) < // (D*u)uful D0t
§ § —5,,8
< O3 DsulHUL‘u2 B ug}MHD v HL4
< 0 |pu ] g 1071
- 1 X0,3/8 2 X0,3/8 3 X0,3/8 X0,3/8
< O3 [lunll xoars lluall xouss llusll xours 0]l x5 -

Estimate ([[7) is obtained similarly using the following inequality, if for example

[Fa| = max([ky], [kl [ks]),

k1 — ko + ks3] < |k

NN e <|/€2\Z i \kg\l) .

This is a consequence of the fundamental theorem of calculus applied to the function (14+z+y)*. O
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